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Abstract

The discovery of quantum theory has led to explanations for nearly all physical phenomena from
the smallest to largest length scales. In recent decades, as quantum theories have become better un-
derstood, scientists and engineers now seek to apply the unique advantages of quantum systems to
solve practical problems. The purpose of this dissertation is to engineer quantum light-matter sys-
tems, or quantum optical matter, for practical applications by using theoretical and computational
methods at the intersection of quantum chemistry and quantum optics. This dissertation consists of
three parts. In the first, we design and control a class of quantum optical matter, defects in solid-state
materials, that can be used as a nanoscale interface between quantum light and quantum matter de-
grees of freedom. In the second part, we click together simple and generic systems of quantum optical
matter, where the particular features of specific systems like defects in solid-state materials have been
abstracted away, to form more complex composite systems. We then show that certain composite
systems can emit entangled photons and perform multi-qubit gates on photons with applications in
photonic quantum computing. Finally, in the third part, we study another application of quantum
optical matter: chemistry. In particular, we propose an explanation for experiments in the field of
vibrational polariton chemistry where it has been observed that molecules packed into a cavity with
fundamental modes resonant with molecular vibrational resonances exhibit altered chemical reactiv-
ity.
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Themagnetic dipole-allowed and forbidden transitions are labelled in green and red,
respectively. The real and imaginary parts of the components of the spin transition
densities (b)-(c) Sx(r) and (d)-(e) Sy(r). Sz(r) is 0. . . . . . . . . . . . . . . . . . 50
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2.17 (a)Real and imaginary components of the surface potential φ(R) looking along the
y-axis of the equatorial multipolar modes of the nanomagnonic cavity, specifically
the dipolar mode where n = 1 andm = −1, quadrupolar mode where n = 2 and
m = −2, and octupolarmodewheren = 3 andm = −3. (b) Spectral density J(ω) of
the nanomagnonic cavity coupled to a magnetic point dipole including multipolar
terms up to n = 25 for R = 30 nm, a = 5 nm. The relevant dipolar, quadrupolar,
and octupolar modes are highlighted in red, pink, and blue, respectively. . . . . . 52

2.18 Coupling rate gn,m between the dipolar, quadrupolar, and octupolar modes in red,
purple, and blue, respectively, for the (a) allowed ψe+(r)| ↑⟩ → ψe+(r)| ↓⟩ and (b)
forbidden transition ψe+(r)| ↑⟩ → ψe−(r)| ↓⟩ of SiV

− for varying distance a from
the surface of themagnetic nanoparticle at θ = π/2 and φ = 0. Note that the y-axes
are in different units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1 Energy level diagrams anddipole-allowed transitions,where allowed x- and y-polarized
transitions are in red and blue, respectively. (a)A single three-level emitter. (b)Two
distantly separated three-level emitters such that dipole-coupling is negligible. (c)
Two dipole-coupled, three-level emitters. Bolded states and transitions (with transi-
tion frequencies ωX,1, ωX,2, ωY,1 and ωY,2) are accessible when the system is prepared
in |xyS⟩. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2 Spectra of emitted polarization-entangled photon pair. (a)The single-photon spec-
tra NX(ωj) and NY(ωk) corresponding to x- and y-polarized photons, respectively,
and (b) the cross-correlation function NXY(ωj, ωk). Based on experimentally ob-
served ranges of parameters, we set ωyS = 2 eV, ωxS = ωyS + 10 µeV, dx = dy = 1 eÅ,
|rα − rβ| = 5 nm, εr = 2, and γg,yS = 0.2 µeV. . . . . . . . . . . . . . . . . . . . 65

3.3 Entanglement optimization. (a)Entanglement entropy S, Bell state efficiency η, and
Bell state fidelity F for varying ωY,2 − ωY,1 = ωX,2 − ωX,1, effected by changing
dx. The pink line (i) corresponds to the conditions in Fig. 3.2. (b)Magnified near
ωY,2 − ωY,1 = 0. Both S and F are minimized at (ii), and both η and F > 0.90
at (iii). (c) Singular values (wave function coefficients) of entangled photon pairs
corresponding to conditions marked by (i), (ii), and (iii) in Fig. 3.3(a)-(b). . . . . . 65

3.4 a) Schematic of N = 2 two-level emitters on the x-axis with transition dipole mo-
ments d1 = dx̂i and d2 = dx[cos(θ)̂i + sin(θ)̂j]. We assume the wave functions of
the ground state are tightly localized, while the excited state are delocalized enough
to interact through the hybridization interaction. b) Level diagrams for N = 2
two-level emitters for Ĥ = Ĥ0 + Ĥdip (left), Ĥ = Ĥ0 + Ĥdip + Ĥhyb (middle), and
Ĥ = Ĥ0+Ĥhyb (right). Allowed transitions, or thosewithnon-zero transitiondipole
moments, via cascade decay from the doubly excited state |ee⟩ are in red. Emission
of frequency-entangled Bell states is only possible for two two-level emitters with
both dipole-dipole and hybridization interactions. . . . . . . . . . . . . . . . . 76
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3.5 We sweep (a) themagnitude of the transition dipolemomentdx, (b) the excited state
hybridization interaction energyGe

hyb, (c) the relative angle θ between the transition
dipolemoment vectors d1 and d2, and (d) the dephasing rate γd relative to the fastest
radiative decay rate max(γlmr ). In each subplot, we show the fidelity F (solid blue)
with an ideal Bell state, efficiency η (dotted blue), and ΔEmin (solid orange), or the
minimum energy difference between emitted photons mapped onto logical basis
states to determine themaximal photon peak broadening permissible for frequency
resolution. All system parameters not being sweep in each respective plot are as fol-
lows: h̄ω = 1 eV, dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr, Ge

hyb = 80
meV, and εr = 1. Increasing the magnitude of the hybridization interaction in-
creases F and ΔEmin. Meanwhile, increasing the dipole-dipole interaction via in-
creasing dx decreasesF but eases the challenge of resolving the photon frequencies
due to increasing ΔEmin. F and ΔEmin are stable for small deviations around θ = 0
but drop precipitously near θ = π/2 at which point the dipole-dipole interaction
disappears. Decoherence rates on the order of and higher than the emission rate
reduces entanglement fidelity. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.6 (a) Configuration forN = 3 two-level emitters positioned on a line parallel to their
dipole moments di and capable of emitting frequency-entangled GHZ states via
cascade decay from the triply excited state |20⟩. We sweep (b)Ge

hyb, (c) dx, (d) θ, and
(e) γd. All system parameters not being sweep in each respective plot are assumed
to be as follows: h̄ω = 1 eV, dx = |d1| = |d2| = |d3| = 6 e·Bohr, r3 − r2 =
r1 − r2 = 20̂i in Bohr except in (e) where θ is set to the value that maximizes F in
(d),Ge

hyb = 80 meV, and εr = 1. By optimizing the system parameters,F and η can
be simultaneously 90% with ΔEmin ∼ 10 meV. . . . . . . . . . . . . . . . . . . 80

3.7 Gate schematic. The control photon and the control transition |g⟩ ↔ |e1⟩ of the
ladder system are horizontally polarized, and the target photon and target transition
|e1⟩ ↔ |e2⟩ are vertically polarized. The detuning ΔT of the central frequency of
|1T⟩ relative to ΩT controls the controlled-phase φ imparted on the target photon. 83

3.8 Gate performance. Contour plot of the fidelity F versus ΓT/σT and σT/ΓC for
ΔT = 0 and Lorentzian lineshape for the input single-photon pulse of the target
qubit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.9 Tunability of the controlled-phase gate. (a) Fidelity F versus detuning ΔT and
σT/ΓC = ΓT/σT. (b) Phase φ in radians and fidelity F versus the detuning ΔT
when σT/ΓC = ΓT/σT = 103. Note that the conditional phase starts near−π and
goes to zero from the negative side, indicating a phase lag. . . . . . . . . . . . . . 92
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4.1 Model of a cavity-coupled molecule. (a) Schematic of the model triatomic model
in a cavity. The local vibrational degrees of freedom of the molecule are labelled q1
(stretch length between left and center atoms), q2 (stretch length between center
and right atoms), and q3 (bending angle between bonds of left-center atoms and
center-right atoms), while the cavity mode displacement isQc. (b)Dipole moment
function in the x-direction, or μx, when θ = 0 and the anharmonicMorse potential
of local stretch q1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.2 Dipolemoment spectrumof themolecule outside and inside the cavitywith varying
vibrational mode-mode coupling ε and initial energy in the molecule Emol relative
to the dissociation energyDi. The size and direction of the arrows indicate the rela-
tive magnitude and phase of local bond displacement in the normal modes. As the
energy increases andmore of the anharmonicMorse potentials can be explored, the
peaks broaden. We couple the cavitymode to the bending-likemodeswith the high-
est intensity and observeRabi splitting indicative of strong interactions between them.100

4.3 IVR-mediated dissociation. (a) Single trajectory of a molecule initialized with en-
ergy of 34 kcal/mol that is greater than the dissociation energyD = 24 kcal/mol. Lo-
calmode displacements qi−q0i are in atomic units. Themolecule dissociates at∼3.4
ps, marked by the green region, when q1 − q01 exceeds dissociation length rdis = 5
Bohr. (b)Dipole moment spectrum of short-lived (dissociation time tdis < 0.5 ps)
and long-lived (tdis > 4 ps) trajectories of the molecule outside the cavity. Long-
lived trajectories exhibit sharp resonances, suggesting that strongly coupling the cav-
ity mode to these particular modes can influence dissociation dynamics. . . . . . . 104

4.4 Cavity-modified unimolecular dissociation rate with survival probability as a func-
tion of time (top) and time required for 95% of molecules with initial energy of
34 kcal/mol (bottom) for an initially empty cavity. In (a)-(b), we vary the cavity
strength λc for ωc = 520 cm−1 and x-polarized cavity mode, resulting in the disso-
ciation rate slowing down with increasing λc. In (c)-(d), the cavity frequency ωc is
varied for λc = 0.02 a.u. and x-polarized cavity mode; the dissociation rate slows
down between ωc ∼520 and∼600 cm−1, close to the same frequencies of the peaks
in |μx − μ0x | in Fig. 4.3(b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.5 Time-dependent energy distribution of the first 0.5 ps in themolecule-cavity system
for short-lived (0.5 < tdis < 1 ps) and long-lived (tdis > 4 ps) trajectories where
λc ∈ {0, 0.02, 0.05} a.u. The resonantly tuned cavity mode couples efficiently to
molecules with highly excited local bending modes and functions as a reservoir of
molecular vibrational energy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
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4.6 Dissociation time tS=0.05 inside a hot cavity with varying (a) cavity frequency ωc and
(b) cavity strength λc at the resonant cavity frequency ωc = 520 cm−1. The total
molecule-cavity energy is 34 · 4/3 ∼ 45 kcal/mol, where the factor of 4/3 accounts
for the additional degree of freedom by the cavity mode. As a guide to the eye, we
also plot tS=0.05 for the bare molecule with 34 kcal/mol (segmented yellow). The
resonance is broader for the hot cavity than for the empty cavity in Fig. 4.4, and the
reaction rate for a given λc is fastest at the resonance. The reaction rate decreases
toward a plateau that is faster than the rate outside the cavity beyond λc = 0.05 a.u.
At off-resonant cavity frequencies and when cavity-molecule interactions are weak,
energy localized in the cavity cannot be efficiently transported to the molecule. . . 110

4.7 (a) Schematic ofNmol molecules coupled to an infrared cavity. Each molecule com-
prises three local vibrational modes: anharmonic stretch q1, anharmonic stretch q2,
and harmonic bend q3. We fix the orientation θ betweenQc and the molecular axis.
(b)Nmol-dependence of the splitting in the dipolarmoment spectra under collective
coupling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.8 Cavity frequency-dependent chemical reactivity for constant λc
√
Nmol = 0.07with

aligned molecules. The curves converge forNmol ≳ 30, suggesting that in the limit
ofmanymolecules, λc

√
Nmol dictates the effect of collective vibrational coupling on

chemical reactivity for aligned molecules. I will add curves for larger Nmol as they
finish. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.9 (a)Time-dependent survival probability and (b) energy distributionwithin the first
0.2 ps for λc = 8 · 10−4 a.u. for varying Nmol. Increasing Nmol, e.g. from 1 to
2 · 103, at first decreases the reaction rate for t ≳ 0.5 ps, and further increasing
Nmol, e.g. from 2 · 103 to 104, increases the reaction rate at early times t ≲ 0.5
ps. These changes can be attributed to cavity-mediated vibrational energy transfer,
where increases in molecular energy result in faster reaction rates, and vice versa. (c)
Survival probability after 4 and 1 ps to demonstrate change in reaction rate due to
the dipole-field force and dipole self-energy term, respectively. (d)MinimumNmol,
above which the reaction rate exhibitsNmol-dependence, for varying λc. We overlay
a fitting curve Nmol = C/λ2c with C = 0.0676 that agrees well with the numerical
data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
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4.10 Cavity-modified dissociation closer to experimental conditions. (a) A hot reacting
molecule in a bath of coldmolecules. We show theNmol-dependent survival S of hot
molecules after t = 1 ps for cavity strength λc from 5 · 10−3 to 10−2. We compare
two cases: ‘one hot’ (dotted) where each ensemble has one hot molecule among
Nmol − 1 cold molecules, and ‘all hot’ (lines) where each molecule in an ensemble
is hot. Although relative change in reaction rate is smaller for the ‘one hot’ case
than for the ‘all hot’ case, we observe similar changes in reaction rate with increasing
Nmol. (b) Cavity frequency-dependent survival probability S after 1 ps for varying
Nmol and λc = 10−2. As expected, we observe a resonant effect for Nmol = 1 at
ωc = 520 cm−1 and a weaker one at 600 cm−1. As Nmol increases, however, the
resonant cavity frequencies shift. . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.11 Cavity-modified chemical reactivity of randomly oriented molecules, specifically
Nmol-dependent survival S after t = 1 ps with varying cavity strength λc. Notably,
there is no clear λc-dependent onset ofNmol dependence. Inset: The lack of consis-
tentNmol-dependence for varying λc can be attributed to themonotonic decrease in
per-molecule light-matter coupling, as can be observed from the Nmol-normalized
dipolar spectrum. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

A.1 (a) Absorption spectra and (b) ionization energies of the double defect CB-VN@Y
from Y = 5 to 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

A.2 Convergence. For all four systems, the upper polariton interacts with the near-
continuum of electronic transitions starting from 4 eV to ∼9 eV in the coupling
strength range studied. We ensure that the total light-matter coupling is converged
for a given cavity mode and vacuum electric field by converging the integrated ab-
sorption relative to the number of (a) occupied and (b) unoccupied states included
in the electronic component of the Casida linear-response time-dependent density
functional theory for the pristine hBN nanoflake. At 9 eV, the cumulative absorp-
tion is converged within 1% for 80 occupied states and 100 unoccupied states. . . 130
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A.3 The ground state |g, 0⟩ and first excited electronic state |e1, 0⟩ of benzene with en-
ergy h̄ωel1 = 6.93 eV and transition dipole moment d1,x = 0.96 eÅ comprise an
effective two-level electronic system. (a) Coupling |e1, 0⟩ with lossy cavity modes
|g, 1k⟩ centered at h̄ωc = h̄ωel1 results in unresolved polaritonic states. (b) |e1, 0⟩
couples with a resonantly tuned, low loss optical cavity |g, 1⟩ to form distinct upper
and lower polaritonic states. (c) Normalized optical x-polarized absorption spec-
trum of benzene in the absence of light-matter coupling. (d)Normalized optical x-
polarized absorption spectrum of benzene in the presence of light-matter coupling
for spectral broadening h̄Γ = 0.001 eV. As the cavity strength λc increases from (i)
0.001 to (ii) 0.002 to (iii) 0.008 eV

1
2 /nm with loss h̄κ = 0.001 eV in (i)-(iii), the

energy splitting between the lower and upper polaritons increases; they are unable
to be resolved after increasing h̄κ from (iii) 0.001 to (iv) 0.004 to (v) 0.008 eV with
λ = 0.008 eV

1
2 /nm in (iii)-(v). The color of the curve corresponds to the relative

photonic and electronic weight of the polaritonic eigenstate. To retrieve the unnor-
malized absorption spectra, multiply the absorption intensities by the scaling factor
on the right side of the plot. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

A.4 The cavity strength λk with constant frequency spacing Δω = 0.0001 eV of the
cavity modes for curves (i)-(v) for (a) benzene in Fig. A.3(d) and (b) toluene in Fig.
A.5(d). For toluene in Fig. A.6(a)-(b), the cavity mode energy range is truncated to
6.35 eV to 6.95 eV with Δω = 0.001 eV. . . . . . . . . . . . . . . . . . . . . . . 140

A.5 Theground state |g, 0⟩ and three excited electronic states–|e1, 0⟩, |e2, 0⟩, and |e3, 0⟩,
in order of increasing energy–of toluene comprise a many-level electronic system.
(a) For coupling between |e1, 0⟩ and a resonantly tuned, low loss optical cavity |g, 1⟩
where energy splitting ωp ≪ ωel12 (ωel12 = ωel2 − ωel1 ), we observe splitting into upper
and lower polaritons with little interaction with |e2, 0⟩ and |e3, 0⟩. (b)When the
coupling strength is tuned such that ωp ≈ ωel12, the upper polariton can be tuned
in resonance andmixed with |e2, 0⟩. (c)Normalized x-polarized optical absorption
spectrumof toluene in the absence of light-matter coupling. (d)Normalized optical
x-polarized absorption spectrum in the presence of light-matter coupling for spec-
tral broadening h̄Γ = 0.001 eV. The coupling strength λc is set to (i) 0.01, (ii) 0.10,
and (iii)-(v) 0.43 eV

1
2 /nm. The loss h̄κ is set to (i)-(iii) 0.01, (iv) 0.10, and (v) 0.32

eV. The color of the curves corresponds to the relative photonic and electronic char-
acter of the polaritonic eigenstate. To retrieve the unnormalized absorption spectra,
multiply the absorption intensities by the scaling factor on the right side of the plot. 144
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A.6 (a)Normalizedweights of original, unmixed electronic states in thepolaritonic states
calculated with QEDFT framework. All electronic states are decoupled from each
other with low light-matter coupling in (i). The upper polariton resulting from
mixing between |e1, 0⟩ and |g, 1⟩mixes with |e2, 0⟩ in (iii). λ and κ for (i)-(v) in Fig.
A.6(a) equal those in (i)-(v) in Fig. A.5(d). The unnormalized weights are recovered
by scaling the plotted curves by the listed scale factors. (b) Population transfer in
the time domain via a cQEDmodel with inputs from first principles calculations of
the excited electronic eigenstates and photonic spectral profile. Toluene is initially
prepared in |e1, 0⟩. Rabi oscillations in (ii) are a clear indication of strong coupling
between |e1, 0⟩ and |g, 1⟩. Population transfer between |e1, 0⟩ and |e2, 0⟩ occurs
when ωp ≈ ωel12, as in (iii) and schematically illustrated in Fig. A.5(b). Increasing κ
in (iv)-(v) decreases excited electronic state lifetimes and enables slight population
transfer to |e3, 0⟩, as observed in (v). λ and κ for (i)-(v) in Fig. A.6(b) equal those in
(i)-(v) in Fig. A.5(d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A.7 Comparison of normalized x-polarized absorption spectra for (a) benzene and (b)
toluene betweenQEDFT and a cQEDmodel parameterized with the eigenenergies
and transition dipole moments of the electronic excited states and the same respec-
tive cavity mode profiles as the first principles, self-consistent QEDFT calculations.
QEDFT curves of Fig. A.7(a) and Fig. A.7(b) are re-plotted from Fig. A.3(d) and
Fig. A.5(d), respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.8 Comparison of QEDFT (solid lines) and cQED model (dotted lines). As in Fig.
2.11, for all four defect systems, we show the (a) excitation energy, (b) absorption
with zero spectral broadening, and (c) photonic weight of the lowest-lying excita-
tion, or the lower polariton for coupling strength λ from 0.010 to 0.986 eV1/2/nm.
QEDFT and cQEDmodel present similar results that differmore strongly at higher
coupling strengths evidently due to the inclusionof thedipole self-energy andcounter-
rotating terms in QEDFT. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

A.9 Normalized x-polarized absorption spectra for toluene in a lossy cavity with λc =
0.43 eV

1
2 /nm and h̄κ = 0.01 eV with spectral broadening h̄Γ =(0.005, 0.002,

0.001, 0.0005, 0.0002) eV for (a)-(e), respectively. Curve (c) corresponds to Fig.
A.5(d)(iii). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.1 Entanglement entropy S, Bell state fidelityF , and Bell state efficiency η are (a) unaf-
fected by varying ωX,1 and (b) impacted by increasing the emission line width. The
pink line (i) corresponds to the conditions in Fig. 2 of the main text. . . . . . . . . 170

B.2 Fidelity Fde in the presence of Gaussian dephasing with dephasing rate σ, normal-
ized by the radiative rate γg,xS, for the conditions corresponding to the pink line in
Fig. 3.3 and Fig. B.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
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B.3 Binding energy vs. fidelityF (solid blue) with an ideal Bell state, efficiency η (dotted
blue), and ΔEmin (solid orange). h̄ω = 1 eV, dx = |d1| = |d2| = 6 e·Bohr, r1 −
r2 = 40̂i in Bohr, Ge

hyb = 80 meV, and εr = 1. Increasing binding energy results
in less effective asymmetric mixing of the hybridization interaction, lowering the
entanglement quality. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

B.4 Ground-state hybridization vs. fidelity F (solid blue) with an ideal Bell state, effi-
ciency η (dotted blue), and ΔEmin (solid orange). h̄ω = 1 eV, dx = |d1| = |d2| = 6
e·Bohr, r1 − r2 = 40̂i in Bohr, and εr = 1. Non-zero ground state hybridization en-
ables asymmetric mixing of singly excited states for increased entanglement fidelity
at a smallerGg

hyb = Ge
hyb than for non-zeroG

e
hyb andG

g
hyb = 0. . . . . . . . . . . 174

B.5 Time-dependent population for cascade decay from the doubly excited state of two
two-level systems using the quantummaster equation (solid) and classical rate equa-
tion (circles) approaches. A schematic of such a level diagram is shown in the center
of Fig. 3.4(b). The system is initialized with pee(t = 0) = 1. We set h̄ω = 1 eV,
dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr, Ge

hyb = 80 meV, and εr = 1.
The x-axis is unitless time, where the time t is scaled by the radiative rate γ0 = C|dx|2
of the bare emitter. There is virtually zero difference in the time-dependent pop-
ulations between the classical and quantum approaches in this case, enabling us to
compute the on-diagonal terms of the photon densitymatrix ρmore efficientlywith
the classical approach. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

C.1 Schematic of a model cavity-modified chemical reaction. When the cavity mode is
resonant with a vibrational excitation of the molecule, dissociation of the molecule
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C.2 Experimental data demonstrating the (a)N-dependence, (b) resonance, and (c) sym-
metry effects. (a) and (b) are reproduced from Ref. 391. Copyright 2016 JohnWi-
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C.3 Theories. (a) Increasing the light-matter coupling strength up to λ = 0.035 cor-
responding to a Rabi splitting that is 0.1 of the bare transition energy, coupling
strengths inaccessible in current Fabry-Perot cavities, shifts the Eyring curve. (b)Po-
tential energy surfaces demonstrating that the activation energy decreases from the
reactant (blue) to the lower polariton (red) of the product, although transfer to the
dark states (green) are still preferred. Thermal relaxation de-excites the lower polari-
ton, dark states, and upper polariton (purple) to the vibrational ground state of the
product (orange). (c)The photonicmode qc acts as a solvent cage along the reaction
coordinateR. (d)Outside the cavity, the reaction rate is a competition between the
forward rate kf from the reactant |R, 0⟩ to the vibrationally excited product |P, 1r⟩,
backwards rate kb, and thermalization rate γ. Inside the cavity, the dark modes en-
hance the thermalization rate, overall accelerating the reaction rate. (e) An emitter
A coupled to an ensemble of emitters B can experience an effective increase in cou-
pling to the cavity. (a) by Galego et al. in Ref. 130 is licensed under CC BY 4.0;
(b) by Campos-Gonzalez-Angulo et al. in Ref. 43 is licensed under CC BY 4.0; (c)
by X. Li et al. in Ref. 238 is licensed under CC BY 4.0; (d) by Du et al. in Ref.
87 is licensed under CC BY 4.0; (e) by Schutz et al. in Ref. 363 is reproduced with
permission (Copyright 2020 American Physical Society). (b) is modified to correct
the span of E‡000. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

C.4 Rabi splitting of the local bendingmode q3. We set ε = 0 and initialize themolecule
with low enough energy such that the vibrational coordinates are close to equilib-
rium. Themolecule is placed inside a cavity with frequency in resonance to the local
bendingmode, i.e. ωc = ω3 for varying cavity strength λc. The estimatedRabi split-
ting Ωest

R ∼ 10 cm−1 for λc = 0.01 a.u., closely matching the actual Rabi splitting
observed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

C.5 Cavity-modified unimolecular dissociation rate with survival probability as a func-
tion of time (top) and time required for 95% of molecules with initial energy of
34 kcal/mol (bottom) for an initially empty cavity. In (a)-(b), we vary the cavity
strength λc for ωc = 520 cm−1 and x-polarized cavity mode, resulting in the disso-
ciation rate slowing down the most around λc = 0.04 a.u. before decreasing with
further increasing λc. In (c)-(d), the cavity frequency ωc is varied for λc = 0.01 a.u.
and x-polarized cavity mode; the dissociation rate slows down between ωc ∼520
and∼590 cm−1, the same frequencies of the peaks in |μx − μ0x | in Fig. 4.3(b). . . 216

C.6 Dissociation in a y-polarized cavity. (a) y-polarized dipole moment spectra μy(ω)
of short- and long-lived trajectories of the molecule outside the cavity. (b) Survival
curves and (c)unimolecular dissociation rate for themodelmolecule in a y-polarized
cavity. We vary cavity frequency ωc for cavity strength λc = 0.05 a.u. and observe a
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1
Introduction

1.1 Engineering quantum optical matter

Since the discovery of quantum theory in the early 20th century, both the breadth and depth of the

natural world understood by humankind has increased dramatically. This change has not been with-

out growing pains, however: themathematical formalism of quantum theories is generallymore com-

plicated and abstract than their classical counterparts’, inhibiting physical interpretation. In parallel,

1



calculations and experiments have become more complicated, rendering validation of theories more

challenging. Thus, several decades were dedicated to simply understanding the basic and “weird” fea-

tures of quantum theory, such as superposition, interference, and entanglement of wave functions,

as well as the uncertainty of physical observables.

From the vantage point reached after a century of research, we now know that while quantum the-

ories are powerful enough to explain nearly all phenomena from the smallest to largest length scales,

they are—either in part or in whole—overkill, especially for systems involving both light and mat-

ter components. For instance, though an incandescent light bulb is composed of quantized atoms

emitting quantized light, all the quantum-ness can be abstracted away. Classical physics is then suf-

ficient to understand and engineer it. In other cases, such as in a photochemical reaction driven by a

laser, perhaps only thematter—the laser medium and reactive molecules—needs to be described with

a quantum theory, while the light it emits can still be described classically. In yet others, such as spon-

taneous parametric downconversion where a material is driven by lasers to emit entangled photons,

the matter component can be treated classically, while the emitted photons must be treated quantum

mechanically.

Nonetheless, many physical phenomena do require fully quantum theories. Consider the straight-

forward case of quantum transduction, where quantum information stored in a quantum state is con-

verted from one physical form to another, between light and matter degrees of freedom. In practice,

these degrees of freedom could be the polarization of a single photon and the spin of a single electron,

respectively. Collectively, these degrees of freedom compose a quantum light-matter system, or quan-

tum optical matter. For both degrees of freedom to represent quantum information, definitionally

they must also be treated with a quantum theory.

In the past few decades, we have not only better understoodwhich systems in fact require quantum

descriptions, but also discovered how the fully quantum nature of such systems confer unique practi-

cal advantages over their classical counterparts. The phenomenon of quantum transduction between
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light and matter degrees of freedom, for example, will likely prove invaluable for quantum network-

ing, where quantum information stored in matter degrees of freedom and manipulated locally on

quantum computers is transduced into light for transmission to quantum computers elsewhere.

Today, we have arrived at a critical junction in the study of quantum optical matter, where in some

cases, such systems are generally well understood but must be engineered to deliver practical advan-

tages, whereas in others, much remains to be understood about their fundamental physics. These

open questions require the attention of both quantum scientists and engineers, and it is the purpose

of this dissertation to chip away at these questions by leveraging theoretical and computational meth-

ods at the intersection of quantum chemistry and quantum optics.

1.2 Overview of this dissertation

This dissertation consists of three parts. InChapter 2, we focus on designing and controlling a class of

quantumopticalmatter, defects in solid-statematerials, that can serve as a nanoscale interface between

quantum light and quantummatter degrees of freedom. InChapter 3, we consider simple and generic

systems of quantum optical matter, where system-specific features of quantum dots, dye molecules,

atoms, or defects in solid-state materials have been abstracted away. By clicking them together like

LEGO to formmore complex composite systems, we show that they can emit entangled photons and

perform multi-qubit gates on photons, both of which are useful toward the development of pho-

tonic quantum computing. Finally, in Chapter 4, we direct our attention toward a relatively recent

application of quantum optical matter: chemistry. In particular, we study mysterious experiments in

the field of vibrational polariton chemistry, where molecules packed into a cavity with fundamental

modes resonant with molecular vibrations exhibit altered chemical reactivity.

Chapter 2 consists of three studies. In the first, Section 2.2, we add a chemical degree of freedom to

the toolbox for designing defects—often described as “artificial atoms”—by demonstrating that they
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become “artificialmolecules”when placed near each other. We leverage this physical understanding to

tune a candidate for emission of single photons in the visible spectrum of a 2D material and observe

changes in the predicted peak absorption wavelength from the visible to the near-infrared spectral

range. In the second, Section 2.3, with the first-principles method quantum electrodynamical density

functional theory, we demonstrate how to tune the optical properties of defect centers by strongly

coupling them to cavity photons and forming defect polaritons. In the third, Section 2.4, we show

that magnetic nanoparticles can concentrate microwave magnetic fields in a small volume to drive

spin transitions, even those forbidden under dipole selection rules, in spin emitters such as defects in

solid-state materials.

Chapter 3 consists of two studies. In the first, Section 3.2, we provide two methods of creating

composite emitters for deterministic generation of entangled photons. We first consider two dipole-

coupled, three-level emitters for Bell state generation in the polarization basis. Then, we generalize this

approach toward generation of arbitrary entangled photon states in the frequency basis by assuming

the emitters can also hybridize. In the second, Section 3.3, we present a scheme for implementing a de-

terministic, passive, and low-footprint multi-qubit quantum logic gate on photons with a composite

ladder emitter.

Chapter 4 consists of two studies. In the first, Section 4.2, we study the cavity-modified chemical

reactivity of a single molecule, finding concrete evidence for the resonance effect observed in exper-

iments. In the second, Section 4.3, we study changes in the chemical reactivity of many molecules

collectively coupled to an infrared cavity. We find conditions under which the reactivity can be mod-

ified, and by extrapolating this analysis to experimental conditions, we believe that this mechanism

may underlie experimental observations of modified chemical reactivity in a dark infrared cavity.
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2
Design and control of defects

2.1 Motivation

Quantum computational nodes embedded in a high-connectivity quantumnetwork for quantum in-

formation processing promise secure encryption, accelerated chemical and materials modeling, and

quantum-enhanced sensing, among other applications295,77,47,162,20. An ideal qubit platform must

be able to process, store, and transmit quantum information locally and across long distances from
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node to node. While many physical manifestations of qubits have been proposed, tested, and even

implemented as commercial devices hosted in the cloud235, no single qubit technology is currently

robust enough to support error-correcting codes for quantum advantage304 and transmit the result-

ing quantum information from quantum computational node to node. For instance, while one and

two-qubit gates can be performed quickly and with high fidelity on superconducting qubits, low co-

herence times limit qubit storage capabilities and implementation of deep quantum circuits. In addi-

tion, because the relevant frequency scale of superconducting qubits lies within the GHz range, it can

be challenging to transduce quantum information held in superconducting qubits to photonic qubits

with wavelengths in the near-infrared suitable for low-loss and high-speed transmission through opti-

cal fibers228,278.

Defect centers in solid-state materials—often deemed “artificial atoms” because they can exhibit

long coherence times, bright emission, and spatial localization of their electronicwave functionwithin

the angstrom-scale—have been proposed as potential qubit intermediaries between other physical

manifestations of qubits or as a qubit platform in their own right285,458, as we illustrate in Fig. 2.1.

Logical qubit states can be mapped onto the nuclear spin state460,2,32 with MHz frequency scales

or the electronic spin state in the ground state manifold of the defect center, well-known examples

of which include the NV and SiV− centers in diamond285,458, with GHz frequency scales. This fre-

quency scalenicelymatches those of superconductingqubits aswell asmicrowavephotons13, phonons

of the host lattice288,291, and ferromagnetic magnons46,292,429, suggesting a variety of physical mech-

anisms for manipulating and transducing defect center-based qubits. In addition, quantum emission

of single photons in the optical range from defects, even at room-temperature in monolayer hexag-

onal boron nitride (hBN)161,395,148,272, has been observed, paving the way for defect centers to be

used for local on-chip computation and state preparation whose quantum information can be out-

coupled via a solid state spin-photon interface for long-distance qubit transmission. Defect centers

are also expected to be scalable by leveraging the vast infrastructure and expertise of the semicon-
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ductor industry, especially for technologically mature materials like silicon carbide. They are also

expected to be highly customizable components in quantum devices due to their large chemical se-

lection space106,423, where the host lattice and defect type can be permuted, and tunable due to ex-

ternal strain, electric, and magnetic fields, as well as engineered electromagnetic environments in cav-

ities337,102,279,463,234,53,257,259,158,60.

While the potential impact of defect emitters on developing quantum information processors in

the near-term is evident, it remains an open question how to best design and control defect centers

and quantum interfaces to other platforms. To tune and harness their properties, defects can be cou-

pled to external fields, including electric, magnetic, and also strain, as well as to waveguides and cavity

environments337,279,102,53,463,257,292,432. Despite these advances, demands to the properties and con-

trol of defect systems are ever-increasing in complexity, such as specific level structures for emission

of entangled photonic states424,406 or implementation of multi-qubit photonic gates425. Therefore,

the need for defect centers with engineered electronic, optical, and spin properties285,17,16,7 has moti-

vated the search for novel methods of designing and controlling defects. In response, here, we present

two methods for tuning the properties of defects—hybridizing them to form new defect species, and

strongly coupling them to optical cavities—as well as a novel mechanism of controlling defect spins

with nanomagnonic cavities.

2.2 Hybridized defects as artificial molecules

2.2.1 Overview

Discoveries in synthesis and patterning of atomically-architectured materials have so far yielded a di-

verseportfolioofphotonic andoptoelectronicquantummaterials, including a variety of two-dimensional

layered architectures that can be crafted with structural precision approaching the atomic scale, en-

abling quantum defects-by-design. Inspired by advances in experimental techniques for atom-by-
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Figure 2.1: Spin qubits are capable of coupling to key GHz quantum systems, such as superconducting qubits, other
spin qubits, and microwave photons via dipole‐mediated (red), phonon‐mediated (green), and magnon‐mediated (blue)
interactions. Such functionality unifies their complementary strengths of quantum information processing, storage,
and transmission into one composite platform. The level structure of the silicon vacancy in diamond (SiV−) with transi‐
tions corresponding to each of the discussed interfaces is shown as an example, where the levels are split by spin‐orbit
coupling (SOC) and Zeeman shifts by external magnetic field B.
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atommanipulation, creation, andobservationof individual defects92,90,128,197,467,91,463,285,381,361,360,395,354,

we add the crucial chemical degree of freedom to the state-of-the-art in quantum defects by demon-

stratinghow these “artificial atoms”become “artificialmolecules”whenplacedwithin a fewangstroms

of each other and investigate the properties of such coupled defects. We study pairs of substitutional

defects within a monolayer of hexagonal boron nitride (hBN), which has a wide bandgap well-suited

for hosting well-defined defect orbitals.

In our calculations, we observe features analogous to molecules, such as the formation of delocal-

ized, bonding and anti-bonding “molecular” orbitals arising from the hybridization of the localized,

“atomic” orbitals of the single defects with splitting energies ranging from∼ 10 meV to nearly 1 eV.

Notably, we determine the energetics of paired in-plane defects and cis and trans paired out-of-plane

defects, showing that the paired in-plane defects interact more strongly than out-of-plane ones. With

these energies, we generate dissociation curves and find that they are not merely a function of the

inter-defect distance, as is the case in chemical bonding between centrosymmetric atoms, but also the

configuration of the defects within the host lattice. Importantly, we find that at these length scales,

the host lattice is not only a passive dielectric that screens interactions between defects in complexes,

but actively participates in structure relaxation and determines configuration-dependent interactions.

Armedwith this physical understanding, we demonstrate how this chemical degree of freedom can

be used to tune quantum emitters. Specifically, we vary the defect-defect distance inCBVN comprised

of CB and VN, a previously-proposed candidate for emission of visible light from hBN, and observe

changes in the predicted peak absorption wavelength from the visible to the near-infrared spectral

range. We anticipate that further exploring this chemical degree of freedom of defect complexes with

higher order predictive methods will enable nanotechnologists to precisely engineer defect properties

as quantummemories and quantum emitters for quantum information science.
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Figure 2.2: Schematic of model artificial molecules in hBN. Two defectsAα‐Bβ@X are placed in (a) a large nanoflake of
hBN, where boron is gray and nitrogen is blue. (b) The first defect substituent A replaces the α boron in position 0, and
the second defect substituent B replaces the β boron atom at position X from 1‐4. Out‐of‐plane and in‐plane views of
three model double defects (c) cis CHB‐CHB@1, (d) trans CHB‐CHB@1, and (e) CB‐CB@1, where hydrogen is bright blue
and carbon is yellow.
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2.2.2 Model system

We model the interactions between two defects spaced up to four unit cells apart in a nanoflake of

monolayer hBN large enough to simulate bulk behavior and terminated with hydrogen atoms. For

delineating the double defect structure, we adopt the notation to be generally of the form Aα-Bβ@X.

Here, substituents A and B correspond to the defect substituent or vacancy being introduced. The

indices α and β represent the atomic sites on which the substituents are placed, which in our case is

always boron B for α and either B or nitrogen N for β. Finally, X corresponds to the location of the

second defect marked in the schematic in Fig. 2.2(b). To theoretically model these systems, we use

the pseudopotential, real-space density functional theory method Octopus266,10,386 (see Appendix

A.1.1 for computational details). We choose a real-space as opposed to a periodic density functional

approach to avoid artificial interactions across neighboring supercells which could obscure the defect-

defect interactions of interest. Furthermore, it has been shown that real-space electronic structure

calculations on hexagonal boron nitride (hBN) nanoflakes can be extrapolated onto periodic calcula-

tions18,330. The size of the nanoflake, around 220 atoms in total, is chosen such that there are at least

4 unit cells of hBN beyond the boundaries of the localized defect orbitals before termination with

passivating hydrogen atoms. The calculated energy difference between the valence and conduction

bands is found to be Ebg = 4.28 eV±1% for all calculations presented here.

To develop a general understanding of the artificial molecule picture, we first study substituents

where A and B are either a carbon atom C or a carbon bonded to a hydrogen CH. Both present a

single defect orbital within the band gap, but upon relaxation the CHB defect adopts an out-of-plane

trigonal pyramidal geometry, while the CB defect adopts an in-plane trigonal planar geometry. From

these two single defects CHB and CB, we compare three distinct pairs of defects. Using the nomen-

clature defined above, these are cisCHB-CHB@X, transCHB-CHB@X, and CB-CB@X. Here, X = 1

to 4 corresponds to lattice sites; see Fig. 2.2(a). There is always one defect located at X = 0. The
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corresponding in-plane distances for the defect pairs forX = 1 to 4 are 2.62, 4.54, 5.25 and 6.93 Å, re-

spectively. The out-of-plane and in-plane geometries of these three distinct pairs of defects are shown

in Fig. 2.2(c)-(e). These defect pairs allow us to generate qualitative understandings of wavefunction

overlap in both in- and out-of-plane molecular configurations.

Figure 2.3: Orbital of single defects within the band gap for (a) and (d) CHB and (g) CB. Bonding (middle) and anti‐
bonding (right) defect orbitals, corresponding to lower and higher energy, within the bandgap for the nearest defect‐
defect positions calculated for (b)‐(c) cis CHB‐CHB@1, (e)‐(f) trans CHB‐CHB@1, and (h)‐(i) CB‐CB@1. Red and purple
colors of the wavefunction isosurfaces correspond to positive and negative values, respectively.

The single defects CHB and CB discussed above each contribute one orbital in the band gap be-

tween the highest occupied (“valence band”) and lowest unoccupied delocalized Kohn-Sham states

(“conduction band”), plotted in Fig. 2.3(a)/(d) and Fig. 2.3(g), respectively. When a second defect is

added, we find two orbitals collectively that are separated in energy from each other. In the spirit of

molecular orbital theory, we denote the lower energy one the “bonding orbital” and the higher one the

“antibonding orbital.” Figure 2.3 compares the orbital character of these defect orbitals of the most

strongly interacting configuration of each defect pair, where X = 1. For all three defect pairs, both

the bonding and antibonding orbitals are delocalized over both defect sites, supporting the “artificial

12



molecules” picture where the defects have hybridized.

2.2.3 Hybridization

We further understand the implications of these hybridized defect orbitals on the electronic structure

by analyzing the orbital splitting energies and occupations of the single defects vs. the paired defects

in molecular orbital-like diagrams atX = 1 in Fig. 2.4. The energies and occupations of the orbitals of

the single defects CHB and CB within the bandgap are plotted on the left and right in Fig. 2.4(a)/(b)

and Fig. 2.4(c), respectively. Their energetic positions are in qualitative agreement with results in Ref.

270. Upon hybridization of two single CHB or CB defect orbitals in the double defects, at X = 1,

we see that the double defect orbitals are symmetrically split by Δ = 70, 290, and 860 meV around

the energy of the single defect orbital for cisCHB-CHB@1, transCHB-CHB@1, and CB-CB@1 in the

middle of Fig. 2.4(a), (b), and (c), respectively. The splitting energy Δ of the in-plane paired defects

CB-CB@1 is several times higher than the out-of-plane defect pairs, cis and trans CHB-CB@1. The

occupation of these artificial molecular orbitals is based on the total number of electrons contributed

by the individual defects, where the single defect orbital of CHB or CB is doubly or singly occupied

for the charge neutral configuration in the absence of spin-polarization. The paired defects then result

in full occupation of the artificial molecular orbitals of cis and transCHB-CHB@1 and occupation of

only the bonding orbital of CB-CB@1.

Thehybridization andoccupationof the defect orbitals canbe analogized to the canonical examples

of bonding between two hydrogen or helium atoms to form H2 or He2, where H2 forms a covalent

bond, while He2 interacts via weaker dispersion interactions. In these cases, orbital hybridization

similarly results in a lower energy bonding orbital and a higher energy antibonding orbital. In the

gas phase, only H2 is stable, however, due to the full occupation of only the lower energy bonding

orbital. We can therefore anticipate the CB-CB@X defect pair to become more stable upon defect

orbital hybridization. Furthermore, as the atom-atomdistance increases beyond the equilibriumbond
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Figure 2.4: Energy, hybridization, and occupation of single defect orbitals and hybridized double defect orbitals for (a) cis
CHB‐CHB@1, (b) trans CHB‐CHB@1, (c) CB‐CB@1, and (d) unoptimized CB‐CB@1. The splitting energy is Δ. The bottom
and top gray bars correspond to the valence and conduction bands, respectively. All values shown are in eV.

position, we can also expect the potential energy of the the CB-CB@X defect pair to increase as the

orbital overlap decreases.

Figure 2.5: (a)Wavefunction overlaps, (b) splittings Δ of bonding‐antibonding orbitals, and (c) relative energies of forma‐
tion Er

Aα -Bβ@X for cis CHB‐CHB@X, trans CHB‐CHB@X, CB‐CB@X, and unoptimized CB‐CB@X.

We test this analogy by calculating important signatures of orbital hybridization for increasing

defect-defect distances in Fig. 2.5. In Fig. 2.5(a), we plot the wavefunction overlaps, calculated as the

modulus squared of the inner product of single defect orbitals placed at X = 0 and X = 1 to 4. Based
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on the molecular bonding analogy, since we observe larger Δ for the in-plane defect pair CB-CB@1

than for the out-of-plane defect pairs cis and trans CHB-CHB@X, we should observe larger overlaps

for the in-plane paired defects than the out-of-plane ones, and indeedwe do for allX. Based further on

themolecular analogy of bonding centrosymmetric atoms, we should also observe lower overlap with

increasing defect-defect distance. From X = 1 to 3 where the defect-defect distances increases from

2.62 to 5.25 Å, as expected, the overlap decreases. However, at X = 4, we see for all defect pairs that

the overlap does not continue to decrease, but rather increases. This trend reversal can be attributed

to the non-centrosymmetric nature of the defect orbitals. Evidently the X = 4 position is more con-

ducive than X = 3 for overlap between the lobes of the three-fold symmetric defect orbitals, despite

the larger defect-defect distance. The trends in splitting energies Δ indicating the degree or orbital

hybridization generally mirror those of the overlaps: the in-plane defect pairs have larger overlaps and

thus larger Δ than the out-of-plane ones, and Δ decreases with increasing defect-defect distances until

X = 3 to X = 4, where both the overlap and splitting are higher for the latter. The only notable

exception is cisCHB-CHB@X, where the overlap increases but splitting decreases from fromX = 1 to

X = 2. Recalling that overlap is calculated for single defects at positions 0 andX = 1 to 4, steric effects

may prevent effective overlap in this paired defect, resulting in lower Δ at X = 1.

In Fig. 2.5(c), we plot dissociation curves for the paired defects, computing the relative energy of

formation ErAα-Bβ@X relative to the energy EAα-Bβ@X of the geometry corresponding to the farthest

defect-defect distance at X = 4. We also take into account systematic energy differences for single

defects placed at positions X = 1 to 4. The overall expression for ErAα-Bβ@X is:

ErAα-Bβ@X = (EAα-Bβ@X − EAα-Bβ@4) + (EBβ@X − EBβ@4).

Based on the molecular analogy, for the CHB-CHB@X defects with fully occupied bonding and anti-

bonding orbitals symmetrically split in energy around the energy of the single defect orbitals, barring
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any other effects, we would expect low-magnitude energies of formation ErAα-Bβ@X. Indeed, the energy

of formation of cisCHB-CHB@X is barely impacted by the defect-defect interactions. However, its

trans counterpart in Fig. 2.5(b) experiences a substantial energy barrier of∼ 140 meV for the nearest

possible interaction at X = 1. Beyond X = 1, the defect-defect interaction quickly drops off. The

large formation energy of trans CHB-HB@1 may therefore be due to a locally strained environment,

demonstrating the importance of the host lattice in determining energetics. These trends for the out-

of-plane defects are in sharp contrast to that of CB-CB@X shown in Fig. 2.5(c), where the energy of

formation is opposite in sign and three times larger in magnitude at X = 1 compared to the energy

of formation of trans CHB-CHB@X, suggesting that CB defects are more stable when paired closely

together because the lower energy bonding orbital is occupied while the higher energy antibonding

orbital is left unoccupied. We also note that sign of ErAα-Bβ@X flips from X = 2 to X = 3 before

returning to 0 at X = 4 by definition, whereas in a traditional molecular dissociation curve, the po-

tential simply approaches 0with no sign flip. We can attribute this feature to the same trend reversal in

overlap and Δ discussed previously, overall illustrating that overlap, Δ, and ErAα-Bβ@X depend not only

on the defect-defect distance but also the geometry. We note that we also investigate the impact of

spin-polarization on the open-shell CB single defect and determine that the SCF energy is uniformly

lowered by∼ 270 meV for CB@Xwhere X = 1 to 4, resulting in no change to the relative formation

energy of the double defects ErAα−Bβ@X.

While the analogy of defects hybridizing as atoms do to formmolecules can be convenient, the host

lattice can non-trivially impact the electronic structure of the defects. To determine the quantitative

effect of host lattice relaxation, we show the orbital energies, occupations, and relative formation en-

ergies for the paired defect CB-CB@X and the single defect CB in Fig. 2.4(d) where the CB defects are

inserted into a relaxed, pristine nanoflake of hBN and not geometry optimized again afterward. Sim-

ilar to its optimized counterpart, the single defect orbital is singly occupied, but its energy relative to

the valence band is shifted downward by 180meV. The orbitals of the double defect are also split gen-

16



erally evenly around this energy, as in the three, optimized model double defects. Notably, however,

as shown in Fig. 2.5(b), the splitting is in general smaller than in the relaxedCB-CB@X double defects,

suggesting that host lattice relaxation enables more efficient overlap of the single defect orbitals. The

relative decrease in splitting then causes the magnitude of the relative formation energy to be smaller

for close defect-defect distances at X = 1 and X = 2, as shown in Fig. 2.5(c). These results highlight

the importance of including both the defect complex and host lattice in computational studies and

not simply computing the hybridization of the orbitals of single defects to predict properties of defect

complexes.

Figure 2.6: Double defect and emitter CB‐VN@Y. (a) Geometry of the double defect CB‐VN@5, or CBVN, in the same
sized nanoflake of hBN as shown in Fig. 2.2. For all double defects CB‐VN@Y, CB is at position 0 and VN is at position
Y from 5 to 8. Boron is gray, nitrogen is blue, and carbon is yellow. (b)Molecular orbital diagram of CB‐VN@5 and
its single defect constituents CB and VN, where all localized Kohn‐Sham orbitals are labelled, as well as the lowest‐
lying level in the “conduction” band φCB. (c) Splittings Δ12 and Δ23 between the defect orbitals of CB‐VN@Y. The
lower, dashed and upper, solid black lines correspond to energy differences between ψVN

1 ↔ ψCB and ψCB ↔ ψVN
2 ,

respectively, in the limit of zero hybridization. (d) Excitation energy of the lowest‐lying excitation in CB‐VN@Y for
Y = 5 to 8.

We leverage our general understanding of the picture of bonding artificial atoms into artificial

molecules to design quantum emitters with the chemical degree of freedom. As an example, we study

derivatives of the neutral CBVN defect. This well-studied defect in hBN is hypothesized to be a bright

emitter of visible light388,1withpotential applications as a single photon emitter in technologies, while

CBCB is less optically active. CBVN is conventionally treated as a single defect, but here, we consider

it a defect complex CB-VN@Y of single defects CB and VN, where CB is at X = 0 and VN is placed

at Y = 5 to 8, as labeled in Fig. 2.6(a). These geometries correspond to in-plane distances ranging
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from 1.46 Å to 5.46 Å. In our notation, therefore, CBVN is equivalent to CB-VN@5. As shown in

Fig. 2.6(b), CB-VN@Y has three defect orbitals within the band gap, labelled φ1, φ2, and φ3 in order

of increasing energy. One is fromCB (ψCB) and two are fromVN@Y (ψVN
1 and ψVN

2 ). We also label the

lowest-lying conduction orbital φCB. Because φCB and φ3 lie so closely in energy (a few meV apart),

numerical error results in somemixing in these two orbitals between the localized character of a defect

orbital and the delocalized character of a bulk-like band state. The single defect constituents CB and

VN each contribute one electron to the double defect CB-VN@Y, resulting in full occupation of the

lowest energy defect orbital φ1. As with the previously discussed in- and out-of-plane defect pairs, we

find that adjusting the relative geometry from Y = 5 to 8 of the single defects CB and VN results in

energy splitting Δ12 between the localized defect orbitals of CB-VN@Y, as shown in Fig. 2.6(c). At

Y = 5, where the defect orbitals have the largest overlap, this splitting is found to be 1.48 eV, closely

matching the results of Ref. 388. Because only the lowest-lying defect orbital φ1 is occupied, a larger

Δ12 results in a lower relative formation energy. Notably, however, Δ23 is largely unchanged by vary-

ing Y, as ψCB and ψVN
2 are well-separated in energy, resulting in less splitting for a given perturbation.

Finally, as expected, as the defects move farther apart and hybridize less, Δ12 and Δ23 approach the

energy differences between ψVN
1 ↔ ψCB and ψCB ↔ ψVN

2 , respectively, in the limit of zero hybridiza-

tion as the lower, dashed and upper, solid black lines in Fig. 2.6(c), which correspond to the energy

differences between the single defect orbitals in Fig. 2.6(b).

To demonstrate the impact of bonding on the optical activity of defects, in Fig. 2.6(d), we plot the

excitation energies for the lowest-lying excitation of CB-VN@Y for Y = 5 to 8 calculated within the

linear-response framework (Casidamethod)of the time-dependentdensity functional theory49,115,110,427.

From Y = 5 to Y = 8, the energy of this transition follows the same trend in splitting Δ12, decreasing

from 1.89 eV to 1.19 eV, or from red of the visible spectrum to the near-infrared. We note similar

trends in absorption wavelength with increasing defect-defect distance for the CB-CN defect in Ref.

247. These results indicate that angstrom-level control of defect geometry may be a powerful method
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for tuning the excitation energies of defect emitters.

2.2.4 Conclusions andOutlook

The presented results support the picture of artificial molecules formed by bonding artificial atoms

comprised of defects with localized orbitals within the band gap of a low-dimensional semiconduc-

tor or insulator. We theoretically describe specific defect pairs with varying defect-defect distances in

monolayer flakes of hexagonal boron nitride that remain either in-plane or move out-of-plane. We

show that orbital overlap-induced orbital splitting ranges from the order of tens of millielectronvolts

to nearly 1 eV, realized via a pair of in-plane defects, CB-CB, at the closest defect-defect distanceX = 1

corresponding to 2.62 Å. In this particular case, due to full occupation of the lower energy bonding

orbital and empty occupation of the higher energy antibonding orbital, the bonded defect pair ismore

energetically favorable than when the defects are separated farther apart and interact weakly by several

hundreds of millielectronvolts. In essence, we observe an effective chemical bond between defect or-

bitals. These concepts can be used to design quantum emitters with custom optical properties. As an

example, we show that the absorption wavelength of CB-VN@Y can be tuned from the visible to the

near-infrared range at different relative defect-defect geometries Y.

The results of this study drive twomajor conclusions. The first is that this study further illustrates

how the formation of artificial molecules, or multi-defect complexes, could be responsible for unas-

signed zerophonon lines in the emissionof defect centers in hBN29, and the observation that dramatic

shifts in the emission line of a given defect center cannot be explained with local strain alone161. The

second conclusion is that this chemical degree of freedom, coupled with recent experimental inno-

vations that enable deterministic placement of defect centers, offers another approach for precisely

engineering the optical properties of solid-state quantum emitters, properties that cannot be readily

accessed via coupling to cavities for example. Note, however, that the sign of the relative formation

energies predicted does not exclusively dictate what is observable experimentally, as the synthesis of
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defect centers depends strongly on many factors, such as the temperature, annealing procedure, and

implantation method157. In addition, our metric for the relative formation energy assumes that the

single defects CB, CHB, VN already exist within the hBN flake. The formation energy relative to

pristine BN of these single defects has previously been computed in Refs. 270 and 439. Ultimately,

further energetic and thermodynamical analysis is important for predicting how thermodynamically

stable these multi-defect configurations will be. We leave this to future work.

We anticipate that our predictions will motivate experimental studies towards systematic synthesis

and characterization of artificial molecules in solid-state materials via techniques with atomic pre-

cision. There are also many promising directions to consider for further theoretical studies, such as

electron-phonon297,8,192 coupling (includingpossible Jahn-Teller effects60,389,390,188), open-system162

and environmental interactions. Along these lines, unique hybridizationmay be achievable using dif-

ferent hostmaterials, defect species, and defect concentrations. An important aspect towards realizing

these systems is understanding the nature of thermodynamic stability in these systems, including for-

mation energies, charge state dynamics and charge transition levels125,85,158. In addition, group the-

oretical methods1 can be applied to efficiently describe the properties of optically excited states. We

expect these results to spur further fundamental and technological advances in the use of quantum

defects-by-design in solid-state materials for applications in quantum technologies.

2.3 Defect polaritons from first principles

2.3.1 Overview

For inspiration for additional control over the optical properties of defect emitters, we turn to re-

cent experiments in polaritonic systems, where the light-matter interaction is strong enough to hy-

bridize electronic excitations of molecules and materials with cavity photon modes. The light-matter

coupling in polaritonic systems can range from the weak to strong to ultrastrong coupling regimes
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that each manifest qualitatively different phenomena. Assuming no losses due to spontaneous emis-

sion or other processes, when the cavity loss is larger than the light-matter coupling rate, the sys-

tem is in the weak-coupling regime, characteristically resulting in the acceleration of excited state

decay via the Purcell effect323. When the light-matter coupling rate is larger than the cavity loss

rate, matter excitations hybridize with cavity photons to form polaritonic states72,93,165,336,114,110 that

are shifted in energy from the bare electronic excitations and photon modes. This coherent, non-

perturbative regime is denoted as strong light-matter coupling and results in modifications of, for

instance, chemical reactivity131,132,391,166,114,89,130,146,394,436, optical properties246,79,137,168,453,167,447,

and energy transfer64,466,196,86,427.

There has been previous interest in coupling spin states of individual or ensembles of defect emit-

ters in solid-state materials to MHz- and GHz-frequency cavities362,347, demonstrating tunability of

the emission of defect centers in diamond and hBN440,97,102,358,416,42 among other semiconducting

hostmaterials withwide band gaps. These experiments are generally within the weak coupling regime

characterized by Purcell enhancement and enhanced emission intensity at the original emission fre-

quency. While strong-coupling between optical excitations of a defect and a cavitymode has not been

achieved yet191, it is a widely sought after goal that has generated much research interest.

Here, we study beyond the weak-coupling regime to the strong-coupling limit between a defect

and cavity mode that is characterized by the shift in absorption frequency due to polariton forma-

tion. We demonstrate, from first principles, how to tune the optical properties of defect centers by

strongly coupling them to cavity photons and forming defect polaritons. Specifically, we investigate

a flake of monolayer hexagonal boron nitride (hBN) terminated with hydrogen atoms as a host mate-

rial, which has a wide band gap that is suitable for hosting spatially localized defect orbitals423. Impor-

tantly, quantum emission of single photons from defects inmonolayer hBN148,272 has been observed,

enabling defect centers in 2D materials to be used for local on-chip computation and state prepara-

tion. In addition to pristine (defect-less) hBN, we study three different defect types: CHB, CB-CB,
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Figure 2.7: Schematic of the 226‐atom nanoflake of hexagonal boron nitride (hBN) with defect centers (in the purple
region) inside an optical cavity. We simulate from first principles the coupling between the vacuum electric field (yellow‐
orange) of the optical cavity and the electronic transitions of defect centers.

and CB-VN. For all these systems, we couple the lowest-lying electronic excitation to a single photon

mode of an optical cavity. To quantitatively study defect polaritons in the strong coupling regimes,

we turn to the recently developed linear-response quantum electrodynamical density functional the-

ory (QEDFT) method398,340,115,110,427. With only the chemical structure and spectral profile of the

cavity as input, QEDFTpredicts the effects of non-perturbative light-matter coupling on themolecu-

lar properties, combining the power of parametric cavity quantum electrodynamics (cQED) models,

theories of open-quantum systems, and electronic structure theory.

We show that for all four systems, the polaritonic splitting that shifts the absorption energy of the

lower polariton is much higher than can be expected from a Jaynes-Cummings-like Hamiltonian. In

addition, we find that the oscillator strength of the lower polariton increases by several orders of mag-

nitude while the absorption intensity of excited states in the electronic conduction band necessarily

decreases due to the f-sum rule, suggesting a possible route toward overcoming loss- and decoherence-

limited single photon emission from defect centers. We find that electronic transition densities, even
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those that are localized on defect centers outside the cavity, can become delocalized across the entire

material inside the cavity. These discoveries are a result of a quasi-continuum of electronic transitions

to the conduction band near the lowest-lying electronic transition for both pristine hBN and hBN

with defect centers that enhances the strength of the light-matter interaction. We compare our first-

principles results against a cQED model and show excellent agreement. We expect our findings to

spur experimental investigations into strong light-matter coupling between defect centers and cavity

photons for applications in quantum technologies.

2.3.2 Model defect systems

Wemodel the system depicted schematically in Fig. 2.7, where a nanoflake of hBN is placed in an op-

tical cavity. In addition to pristine hBN, we simulate three defect systems—CHB, CB-CB, andCB-VN

whosemolecular structures are shown in Fig. 2.8—placed at the center of the hBNnanoflake, marked

as the purple region in Fig. 2.7. CB-VN, in particular, is a well-studied defect in hBN that has been

hypothesized to be a bright emitter of visible light388,1, while we show results for CHB and CB-CB

because they have studied extensively theoretically270,258,455,423 and to demonstrate the generality of

our results. Note that many defect species beyond the ones studied here likely exist in hBN, although

we expect qualitatively similar changes to their properties upon strong-coupling to a cavity178,129,401.

The subscripted letters in the names of the defect systems are the atoms of the hBN nanoflake that

are being replaced, and their substituents CH, C, and V correspond to a carbon atom bonded to a

hydrogen atom, a carbon atom, and a vacancy, respectively. The electronic structure of these defect

systems is computed as described in Appendix A.1.1.

As shown in Fig. 2.8(a), the pristine hBN nanoflake has an energy gap (“band gap”) of 4.25 eV

between the highest-occupied (“valence band maximum (VBM)”) and the lowest-unoccupied (“con-

duction band minimum (CBM)”) Kohn-Sham state. These Kohn-Sham states are delocalized across

the nanoflake. The three defect systems CHB, CB-CB, and CB-VN have an identical band gap within
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Figure 2.8: Energetic structure, geometry, and absorption spectra of pristine and defect systems. As depicted in (a), the
nanoflake of pristine hBN in this study has a calculated energy gap between the highest‐lying occupied (“valence band
maximum” or VBM) and lowest‐lying unoccupied (“conduction band minimum” or CBM) Kohn‐Sham state of 4.25 eV.
Within the band gap the defect systems (b) CHB, (c) CB‐CB, and (d) CB‐VN present one, two, and three spatially localized
defect orbitals, respectively, where the lowest‐lying defect orbital of each is doubly occupied. B is green, N is white,
C is brown, and H is pink. All energies are in eV and are relative to the valence band maximum. Chemical structures
are plotted with VESTA 280. Absorption spectra of the four systems outside an optical cavity are plotted on the bottom
from (e)‐(h). For the pristine flake, the entire absorption spectrum is shown from 4 eV, where the electronic excitation
continuum begins, up to 9 eV, whereas for the defects CHB, CB‐CB, and CB‐VN, the x‐axis is limited to show the lowest‐
lying excitation up to the electronic excitation continuum. The optical cavity mode, whose energy for each system
is marked by an orange arrow, is tuned in resonance with the lowest‐lying electronic excitation whose character is
dominated by the Kohn‐Sham states spanning the purple arrow in the energy diagram. For visual clarity, for the pristine
system, h̄Γ = 10 meV and Δω = 1 meV (as defined in the text), and for CHB, CB‐CB, and CB‐VN,h̄Γ = 1 meV and
Δω = 0.1 meV. The absorption intensity of the lowest‐lying excitation for CB‐CB, not visible on the plot, is 1.5·10−5 eV
Å2.

1% variation. In addition to these delocalized electronic states, the defect systems also present 1, 2, and

3 spatially localized defect orbitals for CHB, CB-CB, and CB-VN, respectively, where the lowest-lying

defect orbital for each defect system is fully occupied. The nature of these spatially localized defect

orbitals is further described in Refs. 270,423.

Using theCasida equationof linear-response time-dependentdensity functional theory (TDDFT)49,

we compute the electronic excitation spectrum of the four systems. Further details on computing the

absorption spectra are presented in Appendix A.2. For pristine hBN, the lowest-lying excitation has

energy of 4.25 eV, which corresponds to a transition between VBM and CBM, while the energies
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of the lowest-lying defect systems CHB, CB-CB, and CB-VN are lower at 4.00, 1.06, and 1.92 eV,

respectively, due to states inside the band gap. For pristine hBN, the lowest-lying excitation energy

corresponds closely to the difference in energy between the highest-occupied and lowest-unoccupied

Kohn-Sham states. For all four systems, the lowest-lying many-body excitation is dominated in char-

acter by the transition between the VBM and a low-lying unoccupied Kohn-Sham state, indicated

by the purple arrows in the energy level diagrams in Fig. 2.8. Finally, we note that throughout this

section for the pristine hBN and the defect systems CHB and CB-CB, we plot the x-polarized absorp-

tion spectrum, while for CB-VN, we plot the y-polarized absorption spectrum; we simply choose the

polarization direction corresponding to the higher transition dipole moment in the lowest-lying exci-

tation. The coordinate axes are shown in Fig. 2.7 and Fig. 2.8(a), where the out-of-plane direction is

the z-direction.

With these four systems, based on the energy level diagrams and absorption spectra in Fig. 2.8, we

sample electronic transitions with a representative variety of energy ranging from the near-infrared

to the ultraviolet. In addition, we can investigate the difference between coupling the cavity mode to

electronic transitions of different spatial character and localization, where the lowest-lying excitation

in pristine hBN is dominated in character by a transition between two delocalized states and the defect

systems involve transitions with localized defect orbitals. Within the defect systems, we note further

distinctions: in CHB and CB-CB, the electronic transition of interest is between a spatially localized

defect orbital and a delocalized conduction band, and in CB-VN, it is between two localized defect

orbitals and reminiscent of a canonical two-level system given how spectrally distant it is from the

quasi-continuum of electronic transitions beginning at∼4.25 eV.

2.3.3 Defect polaritons

Toformdefect polaritons,we strongly couple the four systems to a single, lossless cavitymode resonant

with the lowest-lying transition. To understand the impact of this coupling of the optical properties
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on the defects, we track changes in the excitation or absorption spectrum. By inputting only the

molecular structure and cavity coupling strength, we solve the Hamiltonian with QEDFT. The light-

matter interaction causes the M electronic excited states to hybridize with the N photon modes to

formM+N hybrid electron-photon states experimentally observable in the excitation (or absorption)

spectrum. We briefly describe the theoretical formalism of calculating the excitation spectrum based

on this light-matter interaction in Appendix A.2.

To demonstrate how the formation of defect polaritons changes the optical properties, we plot the

absorption spectrum of CHB inside an optical cavity in Fig. 3.3. In this case, we choose an x-polarized

cavity mode resonant with the lowest-lying transition at 4.00 eV with x-polarized transition dipole

moment of 0.027 Å and change the light-matter coupling strength λ from 0.001 to 0.986 eV1/2/nm.

In addition, in the same plot we overlay the logarithmof theweight of the photonic character, defined

further in Methods, in the observed polaritonic states. By tracking the photonic character, we know

whether the photon field is interacting with electronic excitations at a given energy. At the lowest

coupling strength λ = 0.001 eV1/2/nm in Fig. 3.3(a), where the coupling energy h̄gi,k, defined as

−
√

h̄ωk
2 λk · di for cavity mode k and excitation i, is larger than the spectral broadening h̄Γ, the upper

and lower polaritons are both visible as distinct peaks with approximately equal photonic weight. As

the coupling strength is increased to λ = 0.099 eV1/2/nm inFig. 3.3(b), where the spectral broadening

h̄Γ is again set to 30meV andmuch greater than the coupling strength, the lower and upper polaritons

are not well resolved from each other, resulting in a single peak of relatively higher photonic weight

affirming their polaritonic character. As the coupling strength increases to 0.197 eV1/2/nm in Fig.

3.3(c), the lower polariton is relatively brighter and contains more photonic character. At λ = 0.493

eV1/2/nm in Fig. 3.3(d), the lower polariton becomes even brighter and shifts lower in energy, while

the upper polariton mixes with the necessarily darker continuum of electronic transitions>4 eV due

to the sumrule66, increasing theweight of photonic character throughout the quasi-continuumof the

conduction band states. In Fig. 3.3(e), the coupling strength is further increased to 0.986 eV1/2/nm
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Figure 2.9: Absorption spectra of an x‐polarized cavity mode resonantly tuned to the lowest‐lying excitation of CHB
for coupling strength λ of (a) 0.001, (b) 0.099, (c) 0.197, (d) 0.493, and (e) 0.986 eV1/2/nm. The relative electronic and
photonic weight of each polariton state is overlaid on the absorption curves. Note that for the top pane, the x‐axis
range is smaller and the spectral broadening h̄Γ = 10 µeV and the energy spacing Δ(h̄ω) = 1 µeV are smaller for visual
clarity of the upper and lower polaritons, while h̄Γ = 10meV and Δ(h̄ω) = 1meV for (b)‐(e). At the lowest coupling
strength in (a), the lower and upper polaritons are distinct, while the quasi‐continuum of electronic excitations is largely
unchanged relative to the absorption spectrum of the pristine flake in Fig. 2.7(e). At higher coupling strengths, the lower
polariton decreases in energy and increases in intensity as the upper polariton mixes with and quenches the optical
activity of the electronic continuum starting at∼ 4 eV. As a guide to the eye in (b)‐(e), an arrow marks the maximum of
the absorption spectrum of the quasi‐continuum from (b).
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where we see the lower polariton continue to decrease in energy while increasing in intensity as the

upper polariton quenches the intensity the continuum of electronic transitions and contributes fur-

ther to the photonic character. Here, the lower polariton is at its brightest with an intensity 10,000

times higher than the bare lowest-lying electronic excitation in Fig. 2.8(b). We note that this change

of coupling strength effectively leads to a transition from a resonant coupling in (a) to an off-resonant

coupling best exemplified in (e). In (a), the typical resonant coupling situation with cavity mode with

energy of 4 eV tuned in resonance with the electronic excitation at 4 eV leads to distinct upper and

lower polaritons split nearly symmetrically about the original excitation energy, as also observed in

the two-level Rabi model193. As the coupling strength is increased in (b)-(e), the hybridization of

light andmatter states now also includes the states inside the conduction band with high spectral am-

plitude, leading to an effective detuning. In this setup, the main intensity of the matter part is located

around ∼6.2 eV interacting with the frequency of the photon mode at 4 eV, effectively leading to

off-resonant situation. Due to the detuning in this off-resonant situation, the photonic character of

the lower polariton becomes very high. Finally, we emphasize that the enhancement of absorption

intensity is a consequence of the strong coupling regime, not the weak coupling regime that results in

previously observed Purcell enhancement of defect emission.

However, in principle the effects of such cavities could also be included in the QEDFT formal-

ism427, as described inAppendixA.2.2 to further enhance the decay rate of defect polaritons ormodel

the outcoupling from the cavity to the measurement apparatus, as we show in Fig. 2.10 by replacing

the cavity strength λc of a cavity with energy h̄ωc with many photon modes whose spectral density

follows a Lorentzian profile:

|λk|2 = |λc|2L(Δω, κ, ωkc), (2.1)
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where

L(Δω, κ, ωkc) = Δω
1
2π

κ
(ωk − ωc)2 + (κ/2)2

, (2.2)

where κ is the cavity loss rate. Notably, the peak intensity of the lower polariton decreases and the

linewidth increases, while the quasi-continuum remains largely unchanged.

In summary, we observe that the character of the defect polaritons changes drastically with in-

creasing coupling strength λ for CHB. The absorption peak of the lower polariton remains sharp and

becomes orders of magnitude brighter compared to the lowest-lying electronic transition outside of

the cavity. Meanwhile, the upper polariton couples to the electronic quasi-continuum, quenching

the optical activity of the latter and distributing photonic character throughout until the energy of

the upper polariton exceeds the quasi-continuum.

In Fig. 2.11, we compare the changes in the lower polariton upon changing the cavity strength λ

for all four defect systems resonantly tuned to a cavity mode and note the universality of the behavior

described in detail forCHB in Fig. 3.3. The cavitymode is x-polarized for pristine hBN,CHB, andCB-

CB and y-polarized for CB-VN to couple with the corresponding component of the transition dipole

moment of the lowest-lying excitation with the higher magnitude. Starting with Fig. 2.11(a), we plot

the energies of the lower polariton. As expected, at λ = 0.010 eV1/2/nm, the excitation corresponds

closely to the energy of the lowest-lying electronic excitations plotted at the bottom of Fig. 2.8. For all

four systems, as the coupling strength λ is increased, the energy decreases. While decreasing energy of

the lower polariton is expected for increasing coupling strength, the magnitude of the change far ex-

ceedswhat onewouldnaively expect froma Jaynes-Cummingsmodel that assumes coupling to a single

matter excitation. For instance, for CHB, the coupling energy h̄g from coupling only the lowest-lying

excitation with h̄ω = 4.00 eV and dx = 0.027Å to a photonwith cavity strength λ = 0.99 eV1/2/nm

should be 3.7 meV, but the lower polariton is in fact 435 meV lower in energy compared to the bare
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Figure 2.10: Cavity losses. Absorption spectra of an x‐polarized cavity mode resonantly tuned to the lowest‐lying ex‐
citation of CHB for coupling strength λ of 0.493 eV1/2/nm and cavity loss rate κ of (a) 0.00, (b) 0.05, and (c) 0.30 eV.
Therefore, Fig. 2.10(a) corresponds to Fig. 3.3(d). The relative electronic and photonic weight of each polariton state
is overlaid on the absorption curves. We set h̄Γ = 10meV and Δ(h̄ω) = 1meV. For increasing coupling strength,
for the peak corresponding to the lower polariton, the linewidth increases, the maximum intensity decreases, and the
central frequency does not shift. Meanwhile, the shape and intensity of the quasi‐continuum absorption do not change
significantly, as indicated by the black arrow indicating the peak absorption of the quasi‐continuum for κ = 0 in (a),
although the relative photonic character increases.
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Figure 2.11: Comparison among all four defect systems of the properties of the lowest‐lying excitation, namely (a)
excitation energy, (b) absorption intensity, and (c) photonic weight. The coupling strength λ is swept from 0.010 to
0.986 eV1/2/nm. All four systems exhibit similar behavior where the excitation energy decreases, absorption and thus
transition dipole moment increases, and photonic weight increases from∼0.5‐0.7 to∼0.9‐1 before decreasing with
increasing λ. The pristine and CHB defect systems change most rapidly, as the cavity mode tuned in resonance with
their lowest‐lying excitations is closer in energy to and therefore interacts more strongly with the electronic quasi‐
continuum starting at∼4 eV.
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electronic transition. The origin of the higher-than-expected polariton splitting energy can be under-

stood as follows: while the cavity mode is tuned in resonance with only the lowest-lying excitation,

as the cavity strength increases and the upper polariton shifts upward, the cavity mode can then in-

teract through the upper polariton with higher energy electronic excited states, effectively enhancing

the total coupling strength and shifting the lower polariton further thanwould be expected from cou-

pling to a single electric transition. Notably, the excitation energies for the systems with the highest

energy lowest-lying excitations, pristine hBN andCHB, decrease more for a given coupling strength λ

compared toCB-CB andCB-VN because the lowest-lying excitations of the former are closer in energy

to the bath of electronic transitions in the>4 eV range. Due to this polariton-mediated interaction

with higher energy excited states, we restrict the coupling strength to 0.986 eV1/2/nm because at this

coupling strength, the energies of the lower polaritons have shifted 10% or evenmore from the energy

of the bare electronic transition, driving the system into the ultrastrong coupling regime. We validate

our results up to this coupling strength in Fig. A.8 with those from a parametric cQED model and

note excellent agreement.

In Fig. 2.11(b), we plot the absorption of the lower polariton for increasing cavity strength λ for

all four defect systems. All four systems exhibit drastic increases in absorption and, thus, transition

dipole moment relative to their bare lowest-lying excitations. The maximum absorption for each of

the four systems—pristine, CHB, CB-CB, and CB-VN—in the range of coupling strengths considered

corresponds to transition dipole moments of 3.20, 2.95, 1.24, and 1.72 Å, respectively, compared to

the transition dipolemoment of their respective lowest-lying excitation of 0.16, 0.027, 0.015, and 0.16

Å.Assuming Fermi’s golden rule where the absorption rate∝ |d|2, from this effect alone the emission

rates of these states would increase by 2-4 orders ofmagnitude, potentially enabling the efficient emis-

sion of single photons by emitting faster than decoherence and loss processes. This prediction is likely

a naive one, however, given effects known to hinder emission of quantum light from defects, such as

electron-phonon coupling. Further studies incorporating effects that lower the Debye-Waller factor
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are therefore necessary to quantitatively predict whether the formation of defect polaritons enables

such phenomena.

We rationalize the differences in how strongly the excitation energy, absorption, and photonic

weight respond to increasing coupling strength among the four systems. For the two systems with

lower lowest-lying excitation energies that are farther from the onset of the electronic continuum,CB-

CB and CB-VN, the absorption intensities are lower than for the two systems with higher lowest-lying

excitation energies, pristine hBN and CHB. Just as the excitation energies of the lower polaritons for

the pristine hBN andCHB decrease more with increasing coupling strength than those of CB-CB and

CB-VN because the former are closer in energy to the electronic continuum, lower coupling strengths

are necessary to mix the upper polariton into the continuum and quench the optical activity of these

electronic transitions for the higher energy lowest-lying transitions in pristine hBN and CHB. The

relatively higher interaction of the photon with the electronic continuum for pristine hBN and CHB

can also be seen in Fig. 2.11(c). While the photonic weight of all four systems is∼0.5-0.7 when the

resonant electronic transition interactswith the cavity photonmode at the lowest coupling strength of

λ = 0.010 eV1/2/nm, splitting photonic weight roughly equally between the lower and upper polari-

ton, the photonic weight of the lower polariton decreases more quickly for increasing λ for pristine

hBN and CHB as photonic weight is transferred to the upper polariton embedded in the electron

continuum.

Fig. 2.11 demonstrates qualitative similarities between the experimentally observable absorption

spectra of the four defect systems inside an optical cavity; in Fig. 2.12, we highlight a crucial differ-

ence that, from a methods perspective, is an understanding made possible only via a first-principles

description of light-matter interactions rooted in quantum chemistry methods. As noted in Fig. 2.8,

the lowest-lying excitations of the four systems differ primarily in the spatial character of their transi-

tion densities. For instance, the lowest-lying excitations of CHB andCB-CB are largely comprised of a

transition between the spatially localized defect orbital and spatially delocalized states in the conduc-
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Figure 2.12: Transition densities of the lowest‐lying excitation for CHB, CB‐CB, and CB‐VN (a)‐(c) outside the cavity and
(d)‐(f) inside the cavity with λ = 0.986 eV1/2/nm. The boron, nitrogen, and hydrogen atoms are gray, blue, and bright
blue, respectively, and the red and purple surfaces of the transition densities correspond to opposite signs. Inside the
cavity, the electronic transition densities become more uniformly delocalized across the entire hBN nanoflake, even for
CB‐VN, where the transition density is localized outside the cavity. Atoms and transition densities are visualized with
XCrySDen 211.
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tion band, resulting overall in a delocalized transition density outside an optical cavity as shown in Fig.

2.12(a) and (b). In contrast, the lowest-lying excitation ofCB-VN is between two spatially localized de-

fect orbitals, resulting in a transition density spatially localized on the defect as shown in Fig. 2.12(c).

The spatial localization of the electronic transition density is generally considered a fundamental re-

quirement of defect centers capable of quantum emission due to low electron-phonon coupling and

contributes to the possibility that the CB-VN defect is a source of quantum emission in hBN388,147.

Inside the cavity, the spatial localization of the transition density can change: for sufficiently high

coupling strengths, the electronic character of the lowest-lying excitation becomes delocalized for

CHB, CB-CB and CB-VN, as we show in Fig. 2.12(d)-(f), respectively. This change may be ratio-

nalized as follows: In Fig. 3.3, when the defect systems are placed inside an optical cavity and the

coupling strength is increased, the lower polariton increases in intensity as the lower and upper po-

laritons mix with and quench the oscillator strength of the electronic quasi-continuum. Because the

electronic quasi-continuum generally corresponds to spatially delocalized electronic transitions from

valence band and defect states to conduction bands, the electronic transition of the lower polariton

also becomes spatially delocalized. That the transition density of the lowest-lying excitation in CB-VN

is localized outside the cavity and delocalized inside the cavity may have important practical implica-

tions on optical properties of these defect systems. For instance, whether the emission rate of the

lowest-lying excitation or the electron-phonon coupling rate increases more inside a cavity will affect

whether the formation of defect polaritons is a viable method for improving quantum light emission

and warrants further investigation. In addition, leveraging the delocalization of the electronic transi-

tion density may enable energy transfer among spatially separated emitters.

2.3.4 Conclusions and outlook

The presented results demonstrate the drastic impact of the formation of defect polaritons on the

optical properties of defect systems. Using the first-principles approach of linear-response QEDFT,
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we couple the lowest-lying excitations of three representative defect systems—CHB, CB-CB, and CB-

VN—and pristine hBN to an optical cavity mode. The four systems are chosen to represent a variety

of energy ranges and transition character. We change the coupling strength up to the ultrastrong

coupling regime and discover several qualitatively different regimes in the experimentally observable

absorption spectra. At low coupling strengths, such that the cavitymode is coupled only to the lowest-

lying excitation, we observe the emergence of lower and upper polariton states, or electron-photon

hybrid states, split in energy symmetrically around the bare electronic transition. As the coupling

strength is increased further, the lower polariton decreases much further in energy than can be ex-

pected from a simple Jaynes-Cummings-type model where the cavity mode is only coupled to the

lowest-lying excitation. Instead, what occurs is that the upper polariton interacts with the quasi-

continuum of electronic states in the conduction band, effectively enhancing the coupling strength.

In addition, the absorption and, thus, magnitude of the transition dipole moment of the lower po-

lariton increases drastically as the upper polariton quenches optical activity from this electronic quasi-

continuum, which could result in emission rates that are orders of magnitude higher and potential

enablingmore facile emission of quantum light from defect centers given a constant electron-phonon

rate, an open issue that requires further study.

We find that the behavior of defect polaritons is largely universal among the four systems studied,

with the principal difference being how far in energy the lowest-lying excitation is from the coupling-

enhancing electronic continuum—for pristine and CHB whose lowest-lying excitation energies are

much closer to the electronic quasi-continuum than those of CB-CB and CB-VN, the magnitudes of

the change in excitation energy, absorption energy, and photonic weight are much higher. We there-

fore expect similar phenomena to manifest in other defect systems in wide band gap semiconductors,

such as diamond and silicon carbide, or other two-dimensional materials, such as the transitionmetal

dichalcogenides (TMDs). Such an effect has, in fact, been recently observed in large molecular com-

plexes150.

36



We also show that the transition densities of the studied systems can be differentially impactedwith

an example: the transition density of the lowest-lying excitation of CHB is spatially delocalized across

the entire hBN flake both inside and outside of the cavity, while the transition density of the lowest-

lying excitation of CB-VN is localized around the defect site outside the cavity and delocalized inside

the cavity. Therefore, furtherwork studyinghow thedelocalizationof the electronic transitiondensity

affects losses due to, for instance, electron-phonon coupling is necessary to fully predict their optical

activity ab initio. In addition, determining how to leverage delocalization of the electronic transition

density to transfer energy between spatially separated emitters warrants further investigation.

We discuss the experimental feasibility of entering the strong coupling regime necessary to observe

the predicted effects of this study. In defect systems, the strong coupling regime has been challenging

to achieve even for spin transitions in theMHz toGHz range, where the highest ratio of coupling rate

g to loss rate κ of a defect-cavity system achieved thus far is 0.326. In the MHz to GHz regime, the

mode volume necessary to increase the vacuum electric field high enough to observe strong coupling

is many orders of magnitude higher and therefore more straightforward to achieve from a fabrication

perspective than the mode volume necessary to strongly couple to transitions in the optical regime.

Despite the challenges of working in the optical regime, a recent study has already proposed a cavity

design for coupling single defects in hBNwith a maximum coupling energy of∼0.2 meV430. A sim-

ilar coupling energy was found in a recent study proposing a photonic cavity to couple to the optical

zero-phonon-line of an NV defect in diamond449. Considering that the study of defects in cavities is

a relatively nascent field, we believe further coupling enhancements are possible. We develop an un-

derstanding of what may eventually be feasible by turning to historical reports of strongly coupling

to optical excitations in other defect-like emitters, such as single quantum dots and excitons. Strong

coupling has been achieved repeatedly in these systems,417,331,163,89 with Rabi splittings of ∼1-100

meV for cavity coupling to single, energetically isolated transitions. As wemention in the Results and

Discussion section, coupling a cavity mode with strength of λ = 0.986 eV1/2/nm, the highest cavity
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strength explored in the present study, to CHB would result in a coupling of 3.7 meV when consid-

ering the transition dipole moment of just a single electronic transition. This value is well within the

Rabi splittings observed in the aforementioned studies in other emitter types. Of course, we expect

larger effective couplings to be observed because electronic transitions in defects are not well isolated

energetically, as the excitation spectra in Fig. 2.8 demonstrate. Therefore, we are optimistic that our

predictions may be tested in the near future.

Here,we anticipate several impactful theoretical and computational advances. GeneralizingQEDFT

to the ultrastrong coupling regime and to periodic systems will enable computationally driven discov-

eries of further complex phenomena in solid-state systems strongly coupled to light that explore the

full capability of optical cavities. Including the effects of electron-phonon coupling that result in

low Debye-Waller factors, a well known issue in achieving emission from defect centers, is crucial for

more accurate prediction of the emission properties of defect polaritons. In addition, experimental

investigations of hBN often involve substrate materials or multiple layers of hBN that should also be

considered for quantitatively accurate predictions. Further method development and improvements

in computational efficiency are also necessary. For instance, hybrid functionals and many-body per-

turbation theory methods, such as GW approximations and the Bethe-Salpeter equation, are known

to more accurately model the electronic properties of hBN133. In particular, the latter has been aug-

mented to include QED effects227. Both methods, however, are computationally expensive for the

hundreds of atoms necessary to simulate a defect in a bulk-like material. Finally, we anticipate that

applying these first principles-based approaches to spin-polarized systems to be especially fruitful for

engineering quantum technological systems, such as NV and SiV− defect centers in diamond where

logical qubits are oftenmapped to the spin state in the ground statemanifold that operate in the GHz

range and can be coupled to host lattice phonons, magnetic fields, and microwaves426.

Given the large shifts in absorption frequency, large increases in transition dipole moments, and

delocalization of the electronic transition density due to coupling between the electronic continuum
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and the cavity mode, coupling defect systems to optical cavities to form defect polaritons may be a

powerful control knob for tuning the optical properties of defects for quantum technological appli-

cations. We predict these properties of defect polaritons with a first-principles method that encapsu-

lates the full complexity of the electronic structure of defects in a a solid-state material, highlighting

the importance of electronic structure techniques in the development of quantum optical materials.

2.4 Nanomagnonic control of defects

2.4.1 Overview

The study of magnonics, or collective microwave excitations of electronic spins in ferromagnetic and

ferrimagnetic materials, has been spurred by advances in superconductor-based quantum systems

that have enabled efficient high-fidelity control of quantum states of light and matter206. Recent ad-

vances have revealed strong coupling between a microwave cavity photon andmagnons of a magnetic

(nano)particle376,461,144,216,245,177,116,67. Interactions of localized magnons among themselves319 and

with microwave cavities382,212 could be used to engineer nonreciprocal cavity responses212 or induce

cavity-mediated coupling of magnons to superconducting qubits432, enabling, for instance, single-

shot single-magnon detection224. Magnons can also be coherently manipulated and feature strong

nonlinearities96, which makes them attractive for applications in quantum technologies.

Coupling magnons to magnetic emitters405,327,225,46 is a natural, yet largely unexplored step to-

wards magnon-mediated efficient manipulation of spin-qubit states with applications in sensing404

and quantum information science, for instance, in the field of quantum-state transduction359,343 or

design of long-range quantum interconnects234. In particular, isolated spins of atoms, molecules103,

nuclear-spin or optically active defects in solids58,16,17,158,60,161 such as the diamond nitrogen-vacancy

defect or the silicon-vacancy defect, have become a robust qubit platform maintaining coherence of

quantum states for times exceeding seconds34. Defect-based quantum engineering furthermore relies
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on interfacing the defects with optical, mechanical or microwave excitations that allow for manipu-

lation of defect states and integration of defect qubits in quantum networks. Coupling to the fine-

structure states of solid-state defects is a challenge that requires the use of spin and orbitally mediated

interactions of the defect with its environment101,142,222,234,55,260,271,410,243,41,259.

Efficient coupling of magnonic excitations to nanometer-scale magnetic emitters is necessary to

concentrate the magnonic excitations to the characteristic scale of the emitter. This can be achieved

by reducing the size of the magnetic particles from∼mm scale, often used in the studies of the cou-

pling betweenmagnons and amacroscopicmicrowave cavity, down to the nanoscale. Here, wepresent

a scheme using magnetic nanoparticles that sustain antenna-like magnon resonances231,420,421,109 as

nanomagnonic cavities for microwave magnetic fields. These operate in analogy with optical or in-

frared metallic nanoantennas298,138,287 studied in the field of plasmonics378 that can be used to con-

centrate optical or infrared electric fields, or silicon nanoparticles able to concentrate magnetic fields

in the near-infrared range of the electromagnetic spectrum134,357. We show that nanomagnonic cav-

ities can modify the local magnetic environment of spin emitters in the microwave domain, allowing

coupling strengths of these emitters with single magnons to exceed intrinsic losses and decoherence

of both systems. We also show that the large spatial gradients of coupled magnon modes requires de-

scription of the emitters beyond the point-dipole approximation and enables selection rule-breaking

of orbital-spin transitions. We envision leveraging these phenomena to more flexibly manipulate the

quantum states of spin qubits, mediate qubit-qubit interactions necessary for quantum technologies,

and enable optical single-magnon sensing.

2.4.2 Strong coupling between dipolar spins and a nanomagnonic cavity

In the low frequency limit, magnonic responses of ferromagnetic and ferrimagnetic materials can be

understood within the macroscopic magnetic response theory277,205. In particular, we assume that

the magnetic intensityH is related to the magnetic induction B via the linear magnetic response B =
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Figure 2.13: Magnon modes of a sphere interacting with a defect spin transition. (a) A spin emitter is placed at a dis‐
tance a from the center of a YIG sphere of radiusR. The sphere is homogeneously magnetized along z to a saturation
magnetizationMs. Homogeneous external magnetic fieldHe is applied along z. (b) Magnon spectral density J(ω) for
a = 1.2R,R = 50nm as a function of the magnetic fieldH0. For presentation purposes we consider spherical mul‐
tipoles up to nmax = 7, Γ = 10/(2π)MHz, and use a nonlinear color scale. The dipolar Kittel mode (ω/ωK = 1)
is spectrally surrounded by a large number of higher‐order modes whose spectral position relative to ωK varies as a
function ofH0.
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μ0[I + χ(ω)] · H, where μ0 is the vacuum permeability, I is the identity tensor, and the magnetic

susceptibility tensor χ(ω) is defined byM = χ(ω) ·H. The magnetic response to external fields can be

obtained from the Landau-Lifschitz-Gilbert (LLG) equation231

χxx = χyy =
γ2H0Ms

γ2H2
0 − ω2 − iΓω

≡ χ, (2.3)

χxy = χ∗yx = i
γωH0Ms

γ2H2
0 − ω2 − iΓω

≡ iκ. (2.4)

Here γ is the gyromagnetic ratio γ/(2π) ≈ 28GHz · T−1 which we have defined as a positive quan-

tity even for negatively charged electrons. Γ is a phenomenological damping parameter related to the

Gilbert parameter α as Γ ≈ 2αγH0, andH0 = H0ez = He + Hd (with ez being the z-polarized unit

vector), whereHe is the external static field andHd is a demagnetization field associatedwith the shape

of the magnetic particle and the particle saturation magnetizationMs = Msez. For a homogeneously

magnetized spherical particleHd = −Ms/3420,421.

To describe the magnetic response of magnetic nanoparticles we invoke the Poisson equation:

∇ · [I + χ(ω)] · ∇φ(ω) = 0, (2.5)

where themagnetic scalar potentialφ is linkedwith thequasi-staticmagnetic fieldbyH(ω) = −∇φ(ω).

The spatial dependence of χ(ω) defines the shape of the magnetic nanoparticle. As a concrete ex-

ample we consider in the following a magnetic material described by a saturation magnetization of

μ0Ms = 0.178T. This closely corresponds to the value observed experimentally in yttrium-iron gar-

net (YIG)443, which is a widely studied ferrimagnetic oxide (ferrite) sustaining long-lived magnonic

oscillations (lifetime> 1 µs214).

The spin defect is described as a point magnetic emitter of magnetic dipole moment m̂ = −μBσ̂,

where σ̂ is the Pauli vector and μB is the Bohr magneton. The spin emitter is coupled to the magnon
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magnetic field by the interactionHamiltonianHi = −μ0Ĥ·m̂where Ĥ is themagnetic-field operator.

We note that the spin transition is associated with a circularly polarized transition magnetic dipole

moment as we detail in Appendix A.3.

To study themagnon-spin coupling, we place a spin defect close to the surface of a YIGnanosphere

as shown in Fig. 2.13. We then calculate the decay of the excited state of the spin emitter into the

magnon modes of the sphere. We obtain the full non-Markovian dynamics of the excited state by

invoking the Weisskopf-Wigner approach leading to the integro-differential equation for the excited-

state coefficient ce of the spin emitter (|ce|2 is the excited-state population):

_~ce = −
∫ t

0

∫ ∞

−∞
J(ω)ei(ω0−ω)(t−t′)dω~ce(t′) dt′, (2.6)

with~ce(t′)e−iω0t′ = ce(t′), and

J(ω) =
μ0|μB|

2

h̄π
k20(Im

{
[Gm]xx + [Gm]yy

}
+ Re

{
[Gm]xy − [Gm]yx

}
),

whereGm(r, r′) is themagnetic Green’s tensor that generatesmagnetic fieldHcl(r) = k20Gm(r, r′) ·mcl

at point r induced by a magnetic point dipolemcl positioned at r′ and oscillating at frequency ω, and

k0 = ω/c with c being the speed of light. The Green’s tensor can be finally expanded into magnon

modes represented by solid harmonic functions15,420,421,109. Details of the derivation of the above

equations are shown in Appendix A.3.

The spectral density J(ω) calculated as a functionof the staticmagnetic fieldH0 is shown inFig. 2.13(b)

for a = 1.2R and R = 30 nm. The spectral density features a large number of narrow spectral

peaks whose frequency varies as a function of H0. Each peak corresponds to a Walker mode of the

sphere420,421,109. The peak at ωK = γμ0
(
H0 +Ms/3

)
is particularly significant as it corresponds

to the Kittel mode. Due to its dipolar character, this mode can be efficiently excited by an external
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microwave magnetic field and thus transduce interactions between the microwave photon and spin

defects placed in the near-field region of the nanoparticle. The Kittel mode carries a homogeneous

circularly polarizedmagnetization in the particle volumeM ∝ e(−) [where e(±) = (ex± iey)/
√
2with

ex and ey being the x- and y-oriented unit vectors].

We next calculate the dynamics of the spin emitter whose frequency is tuned to ω0 = ωK and is

positioned at a = 1.2R for μ0H = 0.5T. We plot the corresponding spectral density in Fig. 2.14(a).

For these parameters the dipole peak highlighted in Fig. 2.14(a) in red is spectrally separated from

other intense magnon peaks. We calculate the time evolution of the population of the emitter excited

state as a function of the sphere radius R ranging between 30 nm and 100 nm and show the result in

Fig. 2.14(b). The dynamics features Rabi oscillations whose frequency decreases with the sphere size.

These oscillations are a signature of the strong spin-magnon coupling regime leading to the coherent

exchange of energy between the emitter and a single magnon excitation of the dipolar Kittel mode.

To further analyze the spin-magnon coupling we quantize the magnon field of the Kittel mode

using the canonical prescription372:

∫∫∫
μ0 ~H

∗ · ∂(ω[I + χ])
∂ω

∣∣∣∣
ωK

· ~H d3r = h̄ωK (2.7)

and estimate the spin-single-magnon coupling strength g = −μ0 ~H ·mxy withmxy = −
√
2μBe

(+). In

Eq. (2.7) the integral is performed over the whole space and the derivative is evaluated at the resonance

frequency of the magnon mode ω = ωK. This expression can be integrated for the Kittel mode and

allows us to approximate the operator of the magnonic microwave magnetic field as Ĥ = ~H b + H.c.,

where b is the bosonic annihilation operator, ~H = 3V~H/(4π)
(
3r⊗ r/r5 − I/r3

)
· e(−) with ~H =√

h̄ωK/(μ0Veff),Veff = 3V(Ms +3H0)/Ms is the effectivemagnonmode volume, and⊗ denotes ten-

sor product. The mode volume is proportional to the physical volume of the particleV, and depends

on the ratio of the magnetic fieldH0 to the saturation magnetizationMs. For a nanosphere of radius
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30 nm (large with respect to the 1 nm3 YIG unit cell) and μ0H0 = 0.5T we obtain the mode volume

Veff ≈ 0.3× 10−13mm3. Assuming a = 1.2Rwe finally calculate the associated single magnon-spin

coupling strength g/(2π) ≈ 1MHz corresponding to a Rabi frequency Ω/(2π) = g/π ≈ 2MHz

characterising the rate of exchange of energy between the magnon and the spin. This is corroborated

by the revival of the spin population seen in Fig. 2.14(b) at time t ≈ 0.5 µs. As g ≫ Γ, the magnon-

spin coupling is well within the strong-coupling regime.

We show now that the nanomagnonic cavity can be used for quantum state transduction between

distant spin emitters. To avoid intrinsic magnon losses that hinder the emitter-emitter state-transfer

fidelity, we consider two spin emitters positioned on opposite sides of the magnetic nanosphere, as

shown in Fig. 2.14(c), that are detuned from the Kittel mode. The detuning Δ is larger than coupling

g and damping Γ but much smaller than the detuning from other dominant peaks of the spectral

density. In this dispersive-coupling regime only a singlemagnonmode contributes to the dynamics of

the spin emitters and mediates their interaction via a virtual-magnon transition, thus mitigating the

intrinsic losses of the magnon. The effective magnon-mediated emitter-emitter coupling can then be

estimated as geff ≈ g2/Δ. For comparison, we calculate geff assuming Δ = 10g as a function of the

emitter-emitter separation 2awherewe increase the sphere radius and keep a = R+G, withG = 6 nm,

and plot it in Fig. 2.14(d) (blue solid line) alongside with the value of the corresponding dipole-dipole

coupling gdip/(2π) = μ0μ
2
B/[h̄(2π)

2(2a)3] assuming that the two emitters are in a vacuum (red dashed

line). The long-rangemagnonmediated coupling is approximately three orders ofmagnitude stronger

than the direct coupling and reaches values of∼ 100 kHz for emitter-emitter separation of 72 nm.

Using this single-mode approximation, we calculate the state-transfer dynamics between the two

spin emitters for R = 30 nm and a = 36 nm and show the result in Fig. 2.14(d) (details about the

model are provided in Appendix A.3.). We assume that emitter 1 is originally in its excited state and

emitter 2 is initiated in the ground state. The population of emitter 1 (blue line) and emitter 2 (red

dashed line) undergo periodic exchange of their population (quantum state) with frequency corre-
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sponding to the estimated value of geff. These slow oscillations are modulated by fast dynamics visi-

ble as ripples in Fig. 2.14(d) that are due to the direct coupling of the emitters to the magnon. This

demonstrates that magnon-mediated spin interactions can indeed mediate long-range high-fidelity

state transfer.

We have shown that magnetic particles can serve as microwave nanocavities able to squeeze the

oscillating magnetic fields of wavelength λ to mode volumes deeply below λ3. A single magnon of

such a cavity can strongly couple to isolated magnetic emitters and can induce vacuum Rabi oscil-

lations of the emitter population. Nanomagnonic cavities can also be used to mediate the energy

and state transfer between spatially separated magnetic emitters avoiding the magnon losses by dis-

persive coupling of the emitters. The strength of the single magnon-spin coupling could be further

increased by optimizing the geometry of magnonic cavities beyond the spherical shape. For exam-

ple, magnetic fields could be strongly enhanced in nanometric gaps between isolated magnetic parti-

cles15. Alternatively, magnonic waveguides relying on propagatingmagnonwaves100,73 could be used

to couple arrays of spin-emitters and mediate exotic non-reciprocal interactions among them due to

the time-reversal symmetry breaking induced by the external magnetic field leading, for instance, to

unidirectional propagation ofmagnonmodes. Additionally, thesemagnons can be driven by a variety

of microscopic mechanisms208,345 to enable external control of the magnon states on the nanoscale.

Indeed, the design and control of magnetic nanostructures for optimal spin-magnon coupling and

magnon-mediated spin-spin coupling remains an open question for future studies in the field of cav-

ity nanomagnonics.

2.4.3 Breaking spin selection rules

Precise control over transition rates between states of an emitter and, thus, absorption and emission of

phonons, photons, and magnons is crucial for a variety of applications ranging from quantum infor-

mation processing to energy harvesting in artificial and biological structures325,374,385,160,335. These
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Figure 2.15: The spatially‐varying vacuum magnetic field of a nanomagnonic cavity realized with a magnetic nanoparti‐
cle with radiusR drives the spin‐ and strain‐forbidden transition between the |e+, ↑⟩ and |e−, ↓⟩ states of a model spin
emitter, the SiV− defect center in diamond, placed a away from the surface of the nanoparticle.

transition rates are governed by selection rules that generally assume that these external fields are plane

waveswithnegligible spatial gradient and that the emitter canbe represented as a point dipole62,448,232.

Violating either or both of these approximations, however, can lead to exotic optical and chemical

phenomena, such as multipolar transitions that are faster than dipolar ones, multiquanta emission,

efficient spin-flip processes, and spatially-dependent near-field emission470,9,383,65,335,289. Further ex-

perimental development of such processes to tailor transition rates may lead to facile generation of

highly entangled multipartite states, for instance182,454,428.

Although previous research in breaking selection rules has been largely focused on the interaction

between plasmonic systems with emitters in the optical frequency range9,108,383,335,69,289,342, there

havebeen comparatively fewer studies onbreaking selection rules in spin emitters186,51,233,402,282,207,380,317,21

with transition frequencies in themicrowave range, wheremagnetic dipolar transitions are inherently

orders of magnitude slower than their electric dipolar counterparts63.

Here, we extend our approach for strongly coupling nanomagnonic cavities and dipolar spins to

spin emitters with length scales on the order of singlemolecular or defect emitters. Again, themagnon

modes are realized by ferromagnetic or ferrimagnetic nanoparticles as nanomagnonic cavities that con-

centrate microwave magnetic fields into deeply subwavelength volumes. This configuration is illus-

trated in Fig. 2.15, where the spin emitter is positioned close to the nanoparticle surface and efficiently

coupled via fields of dipolar or higher order magnon modes. The large spatial gradients of coupled
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magnon modes requires description of the emitters beyond the point-dipole approximation and en-

ables selection rule-breaking of orbital-spin transitions. This phenomenon is analogous to those real-

ized in studies that have demonstrated breaking of electric dipole-based selection rules in plasmonic

systems9,383,65,335,289. While Ref. 62,448 consider how magnetic nanostructures can generate mag-

netic fields with large gradients and catalyze intersystem crossing in molecular radical pairs, neither

the full spectral profile of the magnetic nanostructure nor the spatial variation of the spin emitters

was considered. To demonstrate selection rule breaking, we show a non-zero transition rate between

the logical |0⟩ and |1⟩ states in the ground state manifold of the negative silicon vacancy (SiV−) in

diamond, a leading materials candidate for spin-photon coupling in solid-state qubits for quantum

technologies380,317,21,158,60,292, coupled to a spherical nanoparticle of yttrium iron garnet (YIG) that

serves as the nanomagnonic cavity. This transition is typically forbidden under electric and magnetic

dipole selection rules. We show that this magnon-spin coupling rate can reach kHz frequency scales

with the potential to enter the strong magnon-spin coupling regime upon the development of lower-

loss magnetic materials.

As an example of a spin emitter with a transition forbidden bymagnetic diple-based selection rules,

we study the SiV− defect in diamond, a leading spin-photon interface candidate for various quantum

information processing technologies380,317,21. The SiV− is a split-vacancy defect that consists of the

silicon atom located between two adjacent vacant sites in diamond, resulting inD3d symmetry164,389.

The degeneracy of the ground state manifold is broken by spin-orbit coupling that has been experi-

mentally observed at∼50GHz. This value canbe closely reproducedwithab Initiodensity functional

theory calculations with a correction due to the Jahn-Teller effect, although this effect is not necessary

to predict the orbital and spin character389. The resulting ground state manifold—with lower energy

degenerate states ψe+(r)| ↓⟩ and ψe−(r)| ↑⟩ and higher energy degenerate ψe+(r)| ↑⟩ and ψe−(r)| ↓⟩—

can be coupled together via microwave drive. The degeneracies of the lower and upper levels of the

ground state manifold can be broken in the presence of longitudinal magnetic field along the [111]

49



Figure 2.16: (a) Energy‐level diagram of the ground state of the SiV− defect center in diamond. The magnetic dipole‐
allowed and forbidden transitions are labelled in green and red, respectively. The real and imaginary parts of the compo‐
nents of the spin transition densities (b)‐(c) Sx(r) and (d)‐(e) Sy(r). Sz(r) is 0.
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direction. The lowest two states ψe+(r)| ↓⟩ and ψe−(r)| ↑⟩ are of special interest, as they comprise a

spin qubit |0⟩ and |1⟩, respectively, used successfully in Refs.26,293. Notably, transitions within this

spin qubit are forbidden via homogeneous magnetic field due to the opposite parities of the spatial

orbitals ψe+(r) and ψe+(r) and via a homogeneous electric field due to their opposite spins164,288. This

transition, however, can be allowed with a combination of transverse magnetic field, such that the

eigenstates are mixtures of ψe+(r)| ↓⟩ and ψe−(r)| ↑⟩, and/or strain
410,271,288,259. We show here that

this transition can be driven solely with the vacuum magnetic field with a large spatial gradient of a

nanomagnonic cavity, physically realized here as a ferrimagnetic YIG nanoparticle.

To determine the magnon-emitter coupling rate g, we first obtain the spatially-varying spin transi-

tion density S(r) for the forbidden transition, enabling a beyond point dipole approximation, where

the α ∈ {x, y, z} component can be expressed as

Sα(r) = ψe+(r)
∗ψe−(r)⟨↓ |σα| ↑⟩, (2.8)

where the Pauli vector σ = (σx, σy, σz). These equations are the crux of our presented theoretical

advance in describing spin emitters beyond the point dipole approximation, and the nanomagnonic

cavity described previously is but one way of realizing magnetic fields with large spatial gradients; fur-

ther geometries for nanomagnonic cavities are certainly possible andwarrant further investigation. We

plot each component of the spin transition densities in Fig. 2.16, where the spin orbitals are calculated

as described in Appendix A.1.2.

The spectral density J(ω) for a spatially-delocalized spin emitter can then be written as

J(ω) =
μ0μ

2
B

h̄π
Im
{∫∫

S∗(r′) · k20Gm(r′, r, ω) · S(r)d3rd3r′
}
, (2.9)

where μB is the Bohrmagneton andGm(r′, r, ω) is the spatially-dependentmagnetostatic Green’s ten-
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Figure 2.17: (a) Real and imaginary components of the surface potential φ(R) looking along the y‐axis of the equatorial
multipolar modes of the nanomagnonic cavity, specifically the dipolar mode where n = 1 andm = −1, quadrupolar
mode where n = 2 andm = −2, and octupolar mode where n = 3 andm = −3. (b) Spectral density J(ω) of the
nanomagnonic cavity coupled to a magnetic point dipole including multipolar terms up to n = 25 forR = 30 nm, a = 5
nm. The relevant dipolar, quadrupolar, and octupolar modes are highlighted in red, pink, and blue, respectively.
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sor that connects two points r and r′ in the spin transition density, necessary to break conventional

selection rules as the vacuummagnetic field must also change over the spatial extent of the spin emit-

ter. This expression is generalized from the expression for the coupling between a quantized magnon

mode and a point-like spin emitter292. If either the Green’s tensor or the spin transition density were

not a function of space, J(ω) would vanish for the forbidden transition. To evaluate the Green’s ten-

sor Gm(r′, r, ω) we solve the Poisson’s equation in spherical geometry as described in Ref. 292 using

the expansion of the magnetic field in the magnon modes. The spectral function J(ω) determines the

dynamics of the spin excitation, with ce being the excited-state amplitude, as

_~ce = −
∫ t

0
f(t− t′)~ce(t′) dt′, (2.10)

where~ce(t′)e−iω0t′ = ce(t′) and

f(t− t′) =
∫ ∞

−∞
J(ω)ei(ω0−ω)(t−t′)dω. (2.11)

Assuming that the spectral density J(ω) within Γ around the frequency ωn,m of the magnon mode

defined bymultipole index n and angularmomentum indexm to which the spin transition frequency

is tuned corresponds only to this single magnon mode, valid in the limit of small damping Γ = 1

Mrad/s for YIG, we can determine the coupling rate gn,m by fitting

~J(ω) =
1
2π

Γg2n,m
(Γ/2)2 + (ω− ωn,m)2

(2.12)

to the full magnetostatic solution for J(ω). To calculate the coupling rate for the magnetic dipole-

allowed transition, we can repeat this procedure after first writing the spin transition density as

Sα(r) = ψe+(r)
∗ψe+(r)⟨↓ |σα| ↑⟩. (2.13)
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In Fig. 2.17(b), for a nanosphere with radius R = 30 nm and magnetic point dipole position a = 5

nm away, we plot the spectral density J(ω) under the dipolar approximation, where ψe+(r)
∗ψe+(r) in

Eq. (2.13) can be approximated by a delta function and Eq. (2.9) reduces to the form in Ref. 292.

Note that the three modes plotted in Fig. 2.17(a) have relatively large values of J(ω) and their peaks

are are well-separated from other magnon frequencies within their linewidths∼ Γ, in contrast to the

near-continuum of higher-order magnon modes above∼16.3 GHz.

We couple the SiV− spin emitter to equatorial multipolar modes n = −m of the magnonic cavity

realized by a nanomagnetic sphere to demonstrate non-zero, distance-dependent coupling g between

the forbidden spin transition and magnon modes in Fig. 2.18(b). As a comparison, we also calculate

the coupling rate g to themagnetic dipole-allowed transition between ψe+(r)| ↑⟩ and ψe+(r)| ↓⟩ in Fig.

2.18(a). For the allowed transitions coupled to the dipolar, quadrupolar, and octupolar modes in Fig.

2.16(a), we find g ∼ 1MHz, where the ordering of coupling rates with respect to indices n andmmir-

ror the trends in J(ω) in Fig. 2.17(b). Given that the coupling rate g is much larger than the damping

Γ, this transition lies within the strong-coupling regime when the magnon mode is resonantly tuned

to the transition, resulting in, for instance, Jaynes-Cummings-like coherent energy transfer between

the singly-excited magnon mode and spin emitter in accordance with calculations in Ref. 292. In

Fig. 2.18(b) plotting g as a function of sphere-emitter distance a for the forbidden transition, the or-

dering of coupling rates with respect to indices n andm identically mirror the trends in Fig. 2.18(a).

However, the magnitudes of g ∼ 10 kHz for the forbidden transition are two orders of magnitude

lower than g of the allowed transition and four orders of magnitude lower than the damping rate Γ,

placing this transition within the weak-coupling regime and enabling incoherent, accelerated energy

transfer from the singly excitedmagnonmode to the spin emitter’s |1⟩ from the |0⟩ state, or vice versa.

This mechanism could be used to more flexibly manipulate the spin states of defect centers. As the

cavity-enhanced decay rate follows g2/Γ, we expect decay rates∼1 kHz for the forbidden transition, as

compared to no decay whatsoever in a vacuum according to conventional selection rules. Lower-loss
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Figure 2.18: Coupling rate gn,m between the dipolar, quadrupolar, and octupolar modes in red, purple, and blue, respec‐
tively, for the (a) allowed ψe+ (r)| ↑⟩ → ψe+ (r)| ↓⟩ and (b) forbidden transition ψe+ (r)| ↑⟩ → ψe− (r)| ↓⟩ of SiV

− for
varying distance a from the surface of the magnetic nanoparticle at θ = π/2 and φ = 0. Note that the y‐axes are in
different units.
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magnetic materials, such as V[TCNE]x with magnon damping rate two orders of magnitude lower

thanYIG’s46, couldbeused toboost thenanomagnonic cavity-enhanceddecay rate of the spin emitter

and realize the strong-coupling regime where g ≫ Γ for further applications in quantum technolo-

gies. By comparison, in spin emitters realized by defects in solid-statematerials285, phonon fields with

frequencies also in the microwave range can be used to drive spin transitions23 with Rabi frequencies

on the order of 1-50 MHz271,259, but these interactions can require careful control and engineering

of phononic cavities. We rationalize the relative differences in coupling rates between the allowed and

forbidden transitions and describe how these differences can be modulated. The magnitude of the

coupling rate g with the allowed transition scales with the magnitude of the vacuum magnetic field

∼ |B|, as described in Ref. 292, while coupling to the forbidden transition relies on the spatial varia-

tion of B included in Eq. (2.9) over the spatial extent of the spin transition density given by Eq. (2.8).

Therefore, we can expect the coupling rate of the magnon to the forbidden transition to decrease for

an emitter with large spatial extent289 in a nanomagnonic cavity geometry corresponding to the re-

gion lying between the sharp tips of two nanoscopic magnetic spheres analogous to the “lightning

rod” effect in plasmonic dimer systems194.

We justify the assumption that the allowed and forbidden spin transition frequencies can be tuned

in resonance with the magnon modes of interest. The spin transition energy Es in the presence of a

total magnetic field Bz along the direction of the spin eigenbasis is164,234

Es = (fγL + γS)Hz/μ0, (2.14)

where the orbital gyromagnetic ratio γL = μB, the spin gyromagnetic ratio γS = 2μB, and the co-

efficient of the orbital Zeeman quenching effect f ≈ −0.1. The total magnetic field Hz = |He| +

|Hsphere| = |Hem
e |, where all magnetic fields point along the z-direction, the external magnetic field ap-

plied to the spin emitter SiV− μ0H
em
e can be chosen such that the spin transition frequency is resonant
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with the magnon frequencies plotted in Fig. 2.17, and μ0Hsphere is equivalent to the magnetic field of

a magnetic point dipole at the center of the sphere with magnetic dipole momentMsV. Due to the

magnetic field of the sphere acting on the spin emitter in addition to the externally applied magnetic

field, there is an frequency gap between the magnon eigenfrequencies and the frequency of the for-

bidden transition of the spin emitter of∼ 1 GHz. Therefore, for this particular sphere-emitter setup,

we require a difference of μ0H
em
e ∼ 35 mT in externally applied magnetic field between the sphere

and the spin emitter separated by 10 nm, feasible in recent demonstrations ofmicrocoils fabricated on

diamond chips with electrically tuneable magnetic field gradients of up to∼ 10 mT/nm459,190,28.

2.4.4 Conclusions and outlook

We provide the theoretical basis for breaking selection rules in spin emitters withmagnetic nanoparti-

cles. Specifically, we show that magnetic nanoparticles as nanomagnonic cavities generate fields with

spatial gradients with length scales on the order of the spatial delocalization of spin emitters. As an

example, we couplemagnonmodes of a YIGnanosphere to the SiV− defect center and show coupling

on the order of tens of kHz between several equatorial, multipolar modes of the nanosphere and the

forbidden transition between the canonical spin-based qubit states. Natural extensions of the present

work include exploration of the coupling between planar interfaces and spatially delocalized emitters,

which can support largermagnetic field gradients, analogous to the large electric near-fields supported

by plasmonic surfaces.
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Yes> no>maybe> no response.

Mitchell Doerzbacher

3
Emitters for photonic quantum computing

3.1 Motivation

Here, we abstract away system-specific features of quantum dots, dye molecules, atoms, or defects

in solid-state materials, considering them instead as simple and generic systems of quantum optical

matter. By clicking them together like LEGO to formmore complex composite systems with unique,

emergent capabilities„ we demonstrate how they can emit entangled photons and performing multi-
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qubit gates on photons. Both of these tools are useful toward the development of photonic quantum

computing.

3.2 Entanglement generation from composite emitters

3.2.1 Overview

Entanglement, especially among photonic qubits, is not only useful for testing the limits of quan-

tum theory95,309,121,367,305, but also a valuable resource in photonic quantum technologies, such as

quantum computers and quantum networks305,295,434,173,294. For instance, Bell states, or maximally

entangled photon pairs, are necessary for quantum teleportation, the fundamental mechanism by

which quantum repeaters send quantum information over long distances434; three-qubit maximally

entangled GHZ states are useful for quantum cryptography and secret sharing173; and cluster states,

or highly entangled states of many qubits, underlie measurement-based quantum computing that

is formally equivalent to more traditional quantum circuit-based models but requires only easy-to-

implement single-qubit gates upon successful creation of a cluster state294.

Despite the ubiquitous need for entangled photons in quantum technologies, producing them

with high fidelity, quickly, and deterministically—even just pairs of photons—remains a challenge.

Relatively successful approaches for producing pairs of entangled photons include spontaneous para-

metric down-conversion223,39,179,176,12 or four-wave mixing384,253, but the number of photon pairs

generated follows a Poissonian distribution419, rendering both the pair generation efficiency and rate

too slow for scalable quantum systems305. Another approach uses semiconductor quantum dots to

deterministically emit entangled photon pairs via biexciton decay cascade6,281,56,301,182,454,249,117,5.

Generalizing this approach to produce higher-order, multi-photon entangled states with fine con-

trol over the entanglement basis remains difficult, however, driving long-standing and active research

into alternative approaches469,471,141,248,269,94 that so far require complex, active control over photon
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emitters.

Here, we provide two methods of creating composite emitters for deterministic generation of en-

tangled photons. In the first, we consider two dipole-coupled, three-level emitters for Bell state gen-

eration in the polarization basis. In the second, we generalize this approach toward generation of

arbitrary entangled photon states in the frequency basis by assuming the emitters can also hybridize.

3.2.2 Two dipole-coupled, three-level emitters

Here, we provide the theoretical basis for a deterministic entangled photon pair source from a pair of

dipole-coupled255 three-level quantum emitters. The emergent electronic structure of the compos-

ite system then allows for the implementation of a radiative decay cascade from a symmetric doubly

excited state of the pair, which results in the emission of two entangled photons of orthogonal polar-

ization. To better quantify the entanglement of the emitted photon pairs in continuous frequency

space, we calculate their entanglement entropy S and Bell state fidelity F . Importantly, Bell state fi-

delityF can be optimized at the expense of the entanglement entropy Sby tuning the defect transition

dipole moments and concentrating the probability density within the states of interest, or the ideal

Bell state. In addition, we find that the entanglement measures of the emitted photons are robust to

relative differences in frequency between the intermediate states, while the fidelity in the presence of

phonon-based dephasing is limited when the dephasing rate is on the order of the radiative rate or

higher. We also present a method of initializing the system with orthogonally-polarized continuous

wave lasers that involves two-photon absorption to enable Rabi oscillations between the ground and

symmetric doubly excited state of the pair.

The system consists of two three-level systems denoted by i ∈ {α, β}. Each three-level system

consists of a ground state |gi⟩, excited state |xi⟩with energy h̄ωx and transition dipole moment dxi =

⟨xi|er|gi⟩ = dxi x̂, and excited state |yi⟩with energy h̄ωy and transitiondipolemomentdyi = ⟨yi|er|gi⟩ =

dyi ŷ, where r is the position operator and e is the electron charge. The energy level diagram and dipole-
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allowed transitions are plotted in Fig. 3.1(a). The HamiltonianHi of each isolated three-level system

can be written asHi = h̄ωx|xi⟩⟨xi| +h̄ωy|yi⟩⟨yi|.

Hi Hαβ Hel

x-polarized
y-polarized

xA
xS
yS
yA

g

yy

xyS

xyA

xx
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Figure 3.1: Energy level diagrams and dipole‐allowed transitions, where allowed x‐ and y‐polarized transitions are in
red and blue, respectively. (a) A single three‐level emitter. (b) Two distantly separated three‐level emitters such that
dipole‐coupling is negligible. (c) Two dipole‐coupled, three‐level emitters. Bolded states and transitions (with transition
frequencies ωX,1, ωX,2, ωY,1 and ωY,2) are accessible when the system is prepared in |xyS⟩.

When emitters α and β at positions rα and rβ, respectively, are brought close and couple via electric

dipole interactions, the total electronic Hamiltonian Hel can be written in the product space of the

two three-level systems as

Hel = Hαβ +Hdip, (3.1)
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whereHαβ = Hα+Hβ, and the dipole-couplingHamiltonianHdip, in the rotatingwave approximation

(RWA) where we have dropped double (de-)excitations, is given by

Hdip =
∑

pq∈{x,y}

Jpq(|gp⟩⟨qg| + |qg⟩⟨gp|), (3.2)

where |rs⟩ ≡ |rα⟩|sβ⟩ with r, s ∈ {g, x, y}, and transition dipole moments are real. Although we

assume the emitter states do not have permanent dipole moments, we can include the interactions of

static dipoles as diagonal terms in the single emitter subspace. We also assume the orbitals of neigh-

boring emitters do not hybridize in the interdefect ranges considered of a few to tens of nanometers

because, for defects specifically, orbitals can be localized within a few angstroms270,158,408,161,60. The

dipole interaction energy Jpq is255

Jpq =
|dpα ||dqβ |

4πε0εr|rα − rβ|3
[
epα · eqβ − 3(epα · n)(eqβ · n)

]
, (3.3)

where εr is the relative permittivity of the host material, esi is the unit vector of the dipole moment dsi ,

and n is the unit vector of rα−rβ. The coupling rates Jpq can be calculated from the ab initio transition

charge densities of the respective electronic transitions or can be obtained directly from the ab initio

calculations of the excited states of the coupled emitter pair. Since transition dipole moments can be

on the order of∼1 eÅ in small- tomedium-sizedmolecules27 on the same size-scale as defect emitters,

we estimate that emitters spaced a few nm apart can have dipole interaction energies on the order of

tens of µeV.

Assuming, for the sake of simplicity, that n lies on the x-axis and that the dipole moments of the

same polarizations of emitters α and β are identical (dx ≡ dxα = dxβ and dy ≡ dyα = dyβ),Hel can be

diagonalized to produce nine eigenstateswith eigenenergies listed inTable B.1. The subscripts “A” and

“S” stand for “anti-symmetric” and “symmetric” combinations, respectively. The energy diagram of
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the eigenstates ofHαβ andHel and their dipole-allowed transitions, derived from the dipole operator

d listed in Appendix B.1, are plotted in Fig. 3.1(b)-(c). Notably, direct transitions between symmetric

and anti-symmetric states are dipole-forbidden. From the energy diagram corresponding to Hel, we

see that a polarization-entangled photon pair can be emitted when the system is prepared in |xyS⟩ and

irreversibly decays.

Eigenstate Eigenenergy
1 |g⟩ ≡ |gg⟩ h̄ωg = 0
2 |yA⟩ ≡ 1√

2 (|gy⟩ − |yg⟩) h̄ωyA = h̄ωy − Jyy
3 |yS⟩ ≡ 1√

2 (|gy⟩ + |yg⟩) h̄ωyS = h̄ωy + Jyy
4 |xS⟩ ≡ 1√

2 (|gx⟩ + |xg⟩) h̄ωxS = h̄ωx − Jxx
5 |xA⟩ ≡ 1√

2 (|gx⟩ − |xg⟩ h̄ωxA = h̄ωx + Jxx
6 |yy⟩ h̄ωyy = 2h̄ωy
7 |xyS⟩ ≡ 1√

2 (|xy⟩ + |yx⟩) h̄ωxyS = h̄(ωx + ωy)
8 |xyA⟩ ≡ 1√

2 (|xy⟩ − |yx⟩) h̄ωxyA = h̄ωxyS
9 |xx⟩ h̄ωxx = 2h̄ωx

Table 3.1: Eigenstates and eigenenergies ofHel.

We calculate emission spectra into free space by coupling the emitter system initially prepared in

|xyS⟩ to an unexcited continuumof photonmodes and solving the time-dependent Schrödinger equa-

tion under the Weisskopf-Wigner approximation437, similarly to the approach introduced in Ref.

308. The total HamiltonianH of the coupled emitter-photon system is

H = Hel +Hph +Hel−ph. (3.4)

The photonic HamiltonianHph isHph =
∑

jlh̄ωja
†
jlajl, where ajl (a

†
jl) are annihilation (creation) op-

erators of the jth mode in the electromagnetic vacuum of free space with polarization l ∈ {X,Y}

and energy h̄ωj. InHph, we have dropped the zero-point contribution with no loss of generality. The

electron-photoncouplingHamiltonian in theRWAanddipole approximation isHel−ph = −
∑

opjl E jl·
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dop|o⟩⟨p|a†jl + H.c., where E jl is the electric field with magnitude E in the l direction that we assume

to be constant for all j, and dop = ⟨o|er|p⟩ with |o⟩ and |p⟩ being quantum states of the combined

two-emitter system.

The ansatz for a general electron-photon wave function, noting that for a system prepared in |xyS⟩

there can be a maximum of two excitations distributed among the electronic and photonic states, is

|Ψ(t)⟩ =
∑
jk

cgjk|g⟩a
†
jXa

†
kY|vac⟩ +

∑
j
cxSj |xS⟩a

†
jY|vac⟩ +

∑
j
cySj |yS⟩a

†
jX|vac⟩ + cxyS |xyS⟩|vac⟩,

where j and k are indices for the continuum of photon modes and |vac⟩ is the photon vacuum state,

and cgjk, c
xS
j , c

yS
j and cxyS are time-dependent amplitudes. We have dropped all anti-symmetric, |yy⟩, and

|xx⟩ terms because the emitter system is initially prepared in |xyS⟩.

We solve the time-dependent Schrödinger equation under the Weisskopf-Wigner approximation

to find the final state of the electron-photon system under irreversible spontaneous decay308:

|Ψ(∞)⟩ =
∑
jk

cgjk(∞)|g⟩a†jXa
†
kY|vac⟩, (3.5)

where

cgjk(∞) =

−Ωg,xSΩxS,xyS
iωxS−iωj+γg,xS

+ −Ωg,ySΩyS,xyS
iωyS−iωk+γg,yS

i(ωxyS − ωj − ωk) + γxS,xyS + γyS,xyS
, (3.6)

andΩop = −E|dop|/h̄, γop = E2|dop|2/Δ, and Δ is the frequency spacing. Further details on obtaining

Eq. (3.6) are in Appendix B.1.2.

We explore the physical parameters that result in photon pair entanglement. First, we calculate

spectra for a photon pair emitted by a dipole-coupled emitter pair and note spectral signatures of en-

tanglement. We optimize the Bell state fidelity by tuning transition frequencies. These changes can
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Figure 3.2: Spectra of emitted polarization‐entangled photon pair. (a) The single‐photon spectraNX(ωj) andNY(ωk)
corresponding to x‐ and y‐polarized photons, respectively, and (b) the cross‐correlation functionNXY(ωj, ωk). Based on
experimentally observed ranges of parameters, we set ωyS = 2 eV, ωxS = ωyS + 10µeV, dx = dy = 1 eÅ, |rα − rβ| = 5
nm, εr = 2, and γg,yS = 0.2µeV.

Figure 3.3: Entanglement optimization. (a) Entanglement entropy S, Bell state efficiency η, and Bell state fidelityF for
varying ωY,2 − ωY,1 = ωX,2 − ωX,1, effected by changing dx. The pink line (i) corresponds to the conditions in Fig. 3.2.
(b)Magnified near ωY,2 − ωY,1 = 0. Both S andF are minimized at (ii), and both η andF > 0.90 at (iii). (c) Singular
values (wave function coefficients) of entangled photon pairs corresponding to conditions marked by (i), (ii), and (iii) in
Fig. 3.3(a)‐(b).

be implemented by appropriate selection of an emitter system or applying external fields.

The emission cascade caused by the radiative decay of the optically excitable |xyS⟩ state of the com-

posite emitter-emitter system results in the emission of x− and y−polarized photons whose number

spectra are generally distinct, as we show in Fig. 3.2(a) for parameters given in the figure caption. We

calculate the number spectra, or the probability of finding an x−polarized (y−polarized) photonwith
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frequency ωj [ωk], asNX(ωj) =
∑

k |c
g
jk|

2 [NY(ωk) =
∑

j |c
g
jk|

2]. While the x−polarized photon spec-

trumNX(ωj) (blue curve) peaks around the frequencies ωX,1 and ωX,2, themaxima of the y−polarized

spectrum are found at ωY,1 and ωY,2, corresponding to the respective transitions in the two-photon

cascade depicted in Fig. 3.1(c) as blue and red lines.

The emitted x− and y−polarized photons of different frequencies exhibit nontrivial correlations.

We plot in Fig. 3.2(a) the cross-correlation functionNXY(ωj, ωk) = |cgjk|
2 measuring the probability to

simultaneously detect an x-polarized photon of frequency ωj and an y-polarized photon of frequency

ωk. The cross-correlation function features local maxima at two points. When an x-polarized photon

is detectedwith frequencyωX,1, the y-polarized photon ismost likely detectedwith frequencyωY,2 [i.e.

NXY(ωX,1, ωY,2) is a maximum], and when an x-polarized photon is detected with frequency ωX,2, the

probability of simultaneously finding an y-polarized photon peaks for frequency ωY,1. This correlated

behavior for a pure state is an intuitive signature of bipartite entanglement.

We consider two metrics to rigorously quantify the entanglement of emitted photon pairs. The

first metric is the entanglement entropy S307,230,181:

S = −
∑
n

|λn|2log2|λn|
2. (3.7)

We find the singular values λn by Schmidt decomposition of the photonic portion |Ψph⟩ of the final

state in Eq. (3.5):

|Ψph⟩ =
∑
n

λnb†nXc
†
nY|vac⟩, (3.8)

where the creationoperators b†nX =
∑

j ψnja
†
jX and c

†
nY =

∑
k φnka

†
kY in the Schmidt basis, λn represent

wave function coefficients in decreasing order with n, and ψnj and φnk are the eigenfunctions of c
g
jk.

The entanglement entropy is zero if the state is factorizable and greater than zero for an entangled
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state.

In protocols based on entanglement, it is often convenient to work directly with Bell states, so the

second and third metrics we consider are the Bell state efficiency η and fidelityF , where the Bell state

|Ψ+⟩ = 1√
2 (|10⟩ + |01⟩) in the logical basis. To write |Ψph⟩ in the logical basis, we assign the Schmidt

states defined by the two pairs of b†nX and c
†
nY with the highest λn to |10⟩ and |01⟩, respectively:

|Ψph⟩ = λ0|10⟩ + λ1|01⟩ +
∑
n≥2

λnb†nXc
†
nY|vac⟩. (3.9)

We trace out all states where n ≥ 2 to write the reduced density matrix ρR as

ρR = (λ20 + λ21 )|ψ⟩⟨ψ| +
∑
n≥2

λ2n|00⟩⟨00|, (3.10)

where |ψ⟩ = 1/
√

λ20 + λ21 (λ0|10⟩ + λ1|01⟩). The efficiency η of collecting |10⟩ and |01⟩ is

η = λ20 + λ21 , (3.11)

and the Bell state fidelityF = |⟨Ψ+|ψ⟩|2 is

F =
1
2
(λ0 + λ1)2

λ20 + λ21
. (3.12)

In Fig. 3.3 we show how the entanglement can be optimized by tuning emitter parameters. In

Fig. 3.3(a), we sweep dx while holding all other physical parameters described in Fig. 3.2 constant.

As a result, ωY,2 [ωX,2] shifts relative to ωY,1 [ωX,1], modulating the distance between peaks of the

single-photon spectrum of a given polarization. Notably, for the exact conditions plotted in Fig. 3.2,

dx = dy, F is nearly 1 while η = 0.69. In Fig. 3.3(b), we zoom into the region around ωY,2 = ωY,1,

corresponding to dx = 1√
2dy. Here we observe a minimum in S and F and a maximum in η. The
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entanglement entropy drops here because the frequency of a photonwith a given polarization emitted

by one of the two decay paths is the same as the photon with a given polarization emitted via the

other decay path, so photon pairs emitted by either of the two decay paths are identical. The finite

linewidth of the emissions, however, permits entanglement among photon modes within this peak,

so the entanglement entropy does not bottom out at 0.

F and η of the Bell pair change in opposite directions surrounding the minimum ofF and S. To

understand the origin of this observation, in Fig. 3.3(c) we plot the first few Schmidt coefficients λn

when: (i) dx = dy corresponding to the state analyzed in Fig. 3.2, (ii) S andF are minimized, and (iii)

both η andF > 0.90. In (i), we see that λn come in pairs, meaning that this state is a superposition of

many high-fidelity polarization-entangled Bell states. In (ii), where S andF are minimized, λn decays

morequickly than in (i). Nearly all of the population is concentrated in thefirst state, so there are fewer

entangled states, lowering S. A balance is achieved in (iii) where probability density is concentrated

within the first two pairs of entangled states, but λ0 ̸= λ1. Thus, by tuning the transition frequencies,

we can optimize forF or η. The entanglement measures are robust to changes in ωX,1 − ωY,1, andF

andS are relatively unaffected by up to an order of magnitude increase in γg,yS , as shown in Appendix

B.1.3. We also show that the fidelity in the presence of dephasing is limited by the radiative linewidth

∼ γg,yS in Appendix B.1.4, suggesting optimal operation under dilution fridge conditions. Finally,

we note that the emitted photon pairs can undergo entanglement distillation to further enhance the

Bell state fidelity464,31,307,22,217.

We next describe a possible pumping scheme involving two-photon absorption via continuous

wave lasers to initialize the composite emitter system in the doubly excited |xyS⟩ state from which

the entangled photon pair is emitted after radiative decay cascade, analogous to schemes proposed

for the Mølmer-Sørensen gate375 and biexcitonic semiconducting quantum dots55. We consider a

general scenario where the transition frequencies ωX,1 ̸= ωX,2 and ωY,1 ̸= ωY,2. In this case each

electronic transition of the system can be selectively addressed by choosing the right polarization and
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frequency of an external laser drive. In particular, the following two-photon driving HamiltonianH

can be realized if two lasers of polarizations and amplitudes Exx̂ and Eyŷ, and respective frequencies

~ωX,1 = ωX,1 + δ and ~ωY,2 = ωY,2 − δ are used to illuminate the system:

Hdrive
h̄

= |g⟩⟨xS|
√
2(Exe−i~ωX,1t + E∗

x ei
~ωX,1t) + |xS⟩⟨xyS|(Eye−i~ωY,2t + E∗

y ei
~ωY,2t)

+ |g⟩⟨yS|
√
2(Eye−i~ωY,2t + E∗

y ei
~ωY,2t) + |yS⟩⟨xyS|(Exe−i~ωX,1t + E∗

x ei
~ωX,1t)

+ |xS⟩⟨xx|
√
2(Exe−i~ωX,1t + E∗

x ei
~ωX,1t) + |yS⟩⟨yy|

√
2(Eye−i~ωY,2t + E∗

y ei
~ωY,2t) + H.c. (3.13)

If we further assume that δ < |ωX,1 − ωX,2|, |ωY,1 − ωY,2|, the first two lines of Eq. (3.13) represent a

drive that is nearly resonant with the respective electronic transitions, whereas the remaining lines are

off resonant. Furthermore, we assume that the sum of the drive frequencies is resonant with the two-

photon transition from the ground state |g⟩ to the doubly excited state |xyS⟩ (~ωX,1+~ωY,2 = ωX,1+ωY,2).

In this case it is possible to apply the rotating-wave approximation and neglect the off-resonant terms:

Hdrive
h̄

≈ |g⟩⟨xS|
√
2E∗

x ei
~ωX,1t + |xS⟩⟨xyS|E∗

y ei
~ωY,2t + H.c.

We derive the effective Hamiltonian of the driven system by first considering the dynamics of a trial

wave function:

|ψdrive⟩ = ag|g⟩ + axS |xS⟩ + ayS |yS⟩ + axyS |xyS⟩, (3.14)

under the Hamiltonian in Eq. (3.14) expressed in the interaction picture with respect to the Hamito-

nian of the bare system (neglecting the small broadening due to spontaneous emission for the purpose
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of this derivation):

Hsys

h̄
= ωX,1|xS⟩⟨xS| + ωY,1|yS⟩⟨yS| + ωxyS |xyS⟩⟨xyS|.

The following differential equations can be obtained:

_ag =− i
√
2E∗

x eiδtaxS − i
√
2E∗

y e−i(ωY,1−~ωY,2)tayS , (3.15)

_axS =− i
√
2Exei(ωX,1−~ωX,1)tag − iE∗

y e−i(ωY,2−~ωY,2)taxyS , (3.16)

_ayS =− i
√
2Eyei(ωY,1−~ωY,2)tag − iE∗

x e−i(ωX,2−~ωX,1)taxyS , (3.17)

_axyS =− iExei(ωX,2−~ωX,1)tayS − iEyeiδtaxS . (3.18)

Equations (3.16) and (3.17) can be used to eliminate axS and ayS in the adiabatic approximation:

axS ≈
√
2Exag + E∗

y axyS

δ
e−iδt, (3.19)

ayS ≈
√
2Ey

~ωY,2 − ωY,1
e−i(~ωY,2−ωY,1)tag +

E∗
x

ωX,2 − ~ωX,1
e−i(ωX,2−~ωX,1)taxyS . (3.20)

Eqs. (3.19) and (3.20) can be inserted into Eqs. (3.15) and (3.18). Neglecting rotating terms and small

energy shifts, the effective dynamics are

_ag = −igeffaxyS , (3.21)

_axyS = −ig∗effa
g, (3.22)

which correspond to the effective Hamiltonian

Heff
drive ≈ h̄geff|g⟩⟨xyS| + H.c., (3.23)
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with

geff =

√
2E∗

x E∗
y

δ
. (3.24)

This Hamiltonian induces Rabi oscillations between |g⟩ and |xyS⟩ with frequency 2|geff|. If the il-

lumination is applied for time τdrive = π/(2|geff|) the system is driven from the ground state to the

desired state |xyS⟩. An analogous pumping scheme exploiting the state |yS⟩ with two lasers of polar-

izations and amplitudes Exx̂ and Eyŷ, and respective frequencies ~ωX,2 = ωX,2 − δ and ~ωY,1 = ωY,1 + δ

could be used to drive the system into the doubly excited state as well. Lastly, we remark that optimiz-

ing pumping schemes for state preparation of highly excited states, such as the |xyS⟩ state here, that

account for phonon-based dephasing and phonon-assisted transitions is a complex and active area of

research, as evidenced in the field of semiconducting quantum dots for deterministic generation of

entangled photon pairs48,119,286,80,152,326,322,328,411,435.

The proposed scheme is especially amenable to defect emitters, although quantum dots or fixed

molecules may be used to realize the scheme as well. Defects in both 2D and 3D have wide applicabil-

ity in quantum technologies, especially as quantummemories because they combine the favorable co-

herence and non-classical emission properties of isolated atoms221,148 with the scalability and stability

of solid-state technologies77,4,16,59. A key breakthrough that highlights their applicability is the exper-

imental demonstration of memory-enhanced quantum communication for quantum repeaters26.

Defects are natural candidates because of their fixed geometries enabling stable dipole-coupling,

diverse symmetries that allow well-defined and orthogonal transition dipole moments, and emission

properties that can be tailored chemically or externally and can be integrated on-chip for a variety of

quantum technologies. In addition, the chemical selection space of defect systems is vast, as the chem-

ical identity of the defect and surroundingmatrix can be permuted to discover the appropriate system

for a specific application285. Because accurately computing multiply excited states remains a signifi-
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cant challenge252, the present scheme involving just singly excited states is more amenable to compu-

tational searches of defect system candidates. A current challenge of realizing defect-based quantum

emitters, however, is the relatively low phonon-limited quantum efficiency, the highest of which has

been observed to be 87%± 7% for single-photon emitters in hBN296 as compared to theoretical pre-

dictions of> 96% phonon-limited quantum efficiency in semiconductor quantumdots with realistic

experimental parameters185. As is the case in semiconductor quantum dots308,322,450,422,406, system

imperfections of defect-based systemsmay bemodulated by coupling defects to external fields, includ-

ing electric, magnetic, and strain, as well as to waveguides and sculpted electromagnetic environments

of cavities to improve fidelity and collection efficiency. Several of these effects have been studied ex-

tensively in defect systems337,279,102,53,463,257, thereby enabling near-term experimental observations

of the present proposal.

3.2.3 Arbitrary entanglement from hybridized and dipole-coupled emit-

ters

Many proposals for generating entangled photons, such as in the previous section, only consider

entanglement in the photon polarization basis. Encoding in the frequency basis, however, offers

several advantages for certain quantum technological applications, such as in quantum networking,

where, for instance, optical photon frequencies aremore suitable for on-chip computationwhilemid-

infrared frequencies transmitmore efficiently throughfibers forquantumcommunication339,203,56,305,348,426.

The continuous frequency degree also offers the opportunity for encoding higher-dimensional quan-

tum information, e.g. qudits instead of qubits25.

In this study, we demonstrate how to design the level structures of composite quantum emitters

for deterministic emission of entangled photons via cascade decay. We couple single emitters through

both the hybridization and the dipole-dipole coupling interactions, whereas typically emitters are as-

sumed to only interact through either the shorter-range hybridization or longer-range dipole-dipole
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coupling, but not both. However, at intermediate distances between emitters, both types of interac-

tion can be simultaneously relevant, such as in moiré excitons451, molecular aggregates169, and quan-

tum dots70.

We show that the two types of interactions lead to qualitatively different types of state mixing

and that this difference can be leveraged to generate a level structure amenable to emission of two-

photon Bell states from just two two-level emitters. We also show that this approach can be general-

ized to higher-order entangled states by designing a system consisting of three emitters that is capable

of emitting three-photon GHZ states with simultaneous efficiency η and fidelity F as high as 90%.

We anticipate these results will motivate research into designing composite emitters for the emission

of entangled photons from real emitters, especially molecular aggregates and colloidal quantum dots.

We introduce the theoretical formalism for computing the level structure, or eigenenergies El and

dipole-allowed transitions between eigenstates l and m indicated by non-zero transition dipole mo-

ment |dlm|, of N M-level emitters interacting via dipole-dipole and hybridization interactions. For

simplicity, we setM = 2 throughout, i.e. we study ensembles of two-level emitters.

Each emitter i is comprised of a ground orbital |gi⟩ and an excited orbital |ei⟩ with energy h̄ωi,

transition dipole moment di = ⟨gi|êr|ei⟩, and position ri, where h̄ is the reduced Planck constant,

e is the electron charge and r̂ is the position operator. We assume each orbital can be occupied by

one electron. Therefore, in the number basis |Ng
i ,Ne

i⟩, there are four possible states: |0
g
i , 0ei⟩, |0

g
i , 1ei⟩,

|1gi , 0ei⟩, and |1
g
i , 1ei⟩.

The total Hamiltonian Ĥ, including dipole-dipole and hybridization interactions, can be written

as:

Ĥ = Ĥ0 + Ĥdip + Ĥhyb. (3.25)

Thebare-emitterHamiltonian is Ĥ0 =
∑N

i Ĥi, where the isolated emitterHamiltonian Ĥi = h̄ωiâ†e,iâe,i,

and â†o,i (âo,i) is the creation (annihilation) operator for an electron in orbital o ∈ {g, e} of emit-
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ter i. The bare-emitter Hamiltonian Ĥ0 can be augmented to incorporate single-emitter binding as

Ĥbind =
∑N

i Kia†e,ia
†
g,iae,iag,i; we explore this effect in Appendix B.2.1.

The dipole-dipole interactionHamiltonian differs from the previous section’s in that we retain the

double (de-)excitations to preclude limitations of the rotating wave approximation:

Ĥdip =
N∑

i,j>i
Jijd̂id̂j, (3.26)

where d̂i = di(â†e,iâg,i+ â
†
g,iâe,i) is the dipole operator, and Jij is the dipole interaction energy as defined

previously. This form of the dipole-dipole interaction is appropriate only when the dipole-dipole dis-

tance |ri−rj| is smaller than the transitionwavelength λ 107. States that are dark under this approxima-

tion can, in fact, emit radiation with the full form of the dipole-dipole interaction. We quantitatively

estimate the impact of this approximation for the parameters studied here in Appendix B.2.2. In ad-

dition, Jij can be re-scaled by Dexter exchange coupling81 at short inter-emitter distances less than 20

atomic units (Bohr), the lowest value considered in this study.

The hybridization interaction Hamiltonian is

Ĥhyb =
N∑

i,j>i
Ge
ij(â

†
e,iâe,j + â†e,jâe,i). (3.27)

whereGe
ij is the hybridization interaction energy between excited orbitals |ei⟩ and |ej⟩. This interaction

is akin to inter-emitter electron, or charge, transfer that has been well studied in the molecular aggre-

gates169 and exciton communities14. While Ge
ij, like Jij, is dependent on the inter-emitter distance

|ri − rj|, in this study we fix the inter-emitter distances and directly vary Ge
ij, physically correspond-

ing to the strong dependence of the wavefunction overlap on the shape or principal number of the

orbitals. Note that we ignore hybridization interactions between orbitals |ei⟩ and |gj⟩ because they

are distant in energy, as well as interactions between ground orbitals |gi⟩ and |gj⟩ because the ground
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orbitals of real emitters of interest are often tightly localized. In principle, however, one can add, for

instance, the ground orbital hybridization term
∑N

i,j>i G
g
ij(â

†
g,iâg,j + â†g,jâg,i) to Ĥhyb; the impact of

this term is further studied in Appendix B.2.3.

Finally,wedetermine the level diagramofN two-level emitters bydiagonalizingH and transforming

the total dipole operator d̂ =
∑

i d̂i into the eigenbasis. With the level diagram, we can evaluate the

quality, specifically the efficiency η and fidelity F , of the emitted photons via cascade decay from

multiply excited states of cascade emitters, as described in Appendix B.2.4.

We explainwhy the combination of both dipole-dipole and hybridization interactions enable fuller

control over the level diagram ofN two-level emitters, including those that are amenable to the emis-

sion of entangled photons. As an example, we study in detail the simple scenario illustrated in Fig.

3.4(a), where r1 − r2 = rx̂i) and h̄ω = h̄ω1 = h̄ω2. We also assume θ = 0, or the angle between

the x-axis and the transition dipole moment of the second emitter, so that d1 = d2 = dx̂i. Finally,

with two electrons in the system, there are 6 possible states in the number basis |Ng
1,Ne

1,N
g
2,Ne

2⟩. For

notational convenience, we label these number states as, e.g., |0g1, 0e1, 1
g
2, 1e2⟩ ≡ |g2e2⟩, where only the

occupied orbitals are included.

First, to understand the role of dipole-dipole coupling, we plot the level diagramwithout hybridiza-

tion (Ĥ = Ĥ0 + Ĥdip) on the left of Fig. 3.4. In this well known result, the eigenstates |l⟩ and eigenen-

ergies El, in order of increasing El, are as follows: ground state |g⟩ ≈ |g1g2⟩ with Eg ≈ 0; symmetric

bright state |S⟩ ≈ 1/
√
2(|e1g2⟩+ |g1e2⟩) with ES ≈ h̄ω−|J12|; two states |g2e2⟩ and |g1e1⟩ correspond-

ing to double occupation of emitter 1 and 2, respectively, bothwith energy of h̄ω; anti-symmetric dark

state |A⟩ ≈ 1/
√
2(|e1g2⟩ − |g2e2⟩) with EA ≈ h̄ω + |J12|; and doubly excited state |ee⟩ ≈ |e1e2⟩ with

Eee ≈ 2h̄ω. Note that the energiesEl are generally listed here with their approximate values as opposed

to exact ones due to the inclusion of the double (de-)excitation terms. The dipole couplingmixes only

two of the singly excited states |e1g2⟩ and |g1e2⟩ with each other. Assuming that the doubly excited

state |ee⟩ is initially populated via, for instance, two-photon absorption428, the only dipole-allowed
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Figure 3.4: a) Schematic ofN = 2 two‐level emitters on the x‐axis with transition dipole moments d1 = dx̂i and
d2 = dx[cos(θ)̂i + sin(θ)̂j]. We assume the wave functions of the ground state are tightly localized, while the excited
state are delocalized enough to interact through the hybridization interaction. b) Level diagrams forN = 2 two‐level
emitters for Ĥ = Ĥ0 + Ĥdip (left), Ĥ = Ĥ0 + Ĥdip + Ĥhyb (middle), and Ĥ = Ĥ0 + Ĥhyb (right). Allowed
transitions, or those with non‐zero transition dipole moments, via cascade decay from the doubly excited state |ee⟩ are
in red. Emission of frequency‐entangled Bell states is only possible for two two‐level emitters with both dipole‐dipole
and hybridization interactions.
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cascade decay path is |ee⟩ → |S⟩ → |g⟩, emitting two unentangled photons.

Now we seek understanding of the role of the hybridization interaction in the level diagram by

plotting the level diagram without dipole-dipole coupling (Ĥ = Ĥ0 + Ĥhyb) on the right of Fig. 3.4.

The level diagram is as follows when G12 > 0: ground state |g⟩ = |g1g2⟩ with Eg = 0; | + +⟩ =

1/2(|g1⟩+|g2⟩)(|e1⟩+|e2⟩) and |−+⟩ = 1/2(|g1⟩−|g2⟩)(|e1⟩+|e2⟩) withE++ = E−+ = h̄ω−|G12|; two

singly excited states |+−⟩ = 1/2(|g1⟩+|g2⟩)(|e1⟩−|e2⟩) and |−−⟩ = 1/2(|g1⟩−|g2⟩)(|e1⟩−|e2⟩) with

E−− = E+− = h̄ω + |G12|; and doubly excited state |ee⟩ = |e1e2⟩ with Eee = 2h̄ω. The hybridization

interaction mixes all four of the singly excited states by allowing electrons to hop between emitters

1 and 2. In this case, there are two possible decay paths. At first blush this cascade decay may seem

appropriate for emissionof entangledphotons. However, due to the equallyweightedmixingbetween

all four singly excited states, h̄ω1 = h̄ω4 and h̄ω2 = h̄ω3, the two photons emitted by the pathway on

the left are the same as the photons emitted on the right, resulting in zero entanglement.

For emission of frequency-entangled photon pairs, another interaction, such as dipole-dipole cou-

pling, is required to asymmetrically shift the bright eigenstates of Ĥ = Ĥ0+Ĥhyb. Weplot this scenario

in the center of Fig. 3.4, where the eigenstates are |g⟩, bright states |B1⟩ and |B2⟩, dark states |D1⟩ and

|D2⟩, and |ee⟩. The allowed transitions |ee⟩ → |B1⟩ → |g⟩ and |ee⟩ → |B2⟩ → |g⟩ all emit photons

with unique frequencies from each other, enabling emission of a Bell state.

We optimize the entanglement by tuning the system parameters in Fig. 3.5(a)-(d), respectively. Ef-

ficient evaluationof the level diagrams for cascade emission of entangledphotons involves explicit time

propagation of the excited electronic system with the Lindblad master equation, followed by genera-

tion of the off-diagonal elements of photon density matrix through the quantum regression theorem

and of the diagonal elements with a classical rate equation approach. This method is discussed in fur-

ther detail in Appendix B.2.4. In particular, we determine the impact of these parameters on fidelity

F with and efficiency η of emitting an ideal Bell state |φB⟩ = 1/
√
2(|0L1 0L2⟩ + |1L1 1L2⟩). We also plot

the minimum energy difference ΔEmin between all emitted photons that are mapped onto the logical
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Figure 3.5: We sweep (a) the magnitude of the transition dipole moment dx, (b) the excited state hybridization interac‐
tion energyGe

hyb, (c) the relative angle θ between the transition dipole moment vectors d1 and d2, and (d) the dephasing
rate γd relative to the fastest radiative decay ratemax(γlmr ). In each subplot, we show the fidelityF (solid blue) with
an ideal Bell state, efficiency η (dotted blue), and ΔEmin (solid orange), or the minimum energy difference between
emitted photons mapped onto logical basis states to determine the maximal photon peak broadening permissible for
frequency resolution. All system parameters not being sweep in each respective plot are as follows: h̄ω = 1 eV,
dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr,Ge

hyb = 80 meV, and εr = 1. Increasing the magnitude of
the hybridization interaction increasesF and ΔEmin. Meanwhile, increasing the dipole‐dipole interaction via increasing
dx decreasesF but eases the challenge of resolving the photon frequencies due to increasing ΔEmin. F and ΔEmin
are stable for small deviations around θ = 0 but drop precipitously near θ = π/2 at which point the dipole‐dipole
interaction disappears. Decoherence rates on the order of and higher than the emission rate reduces entanglement
fidelity.
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basis states. By doing so, we determine the maximum line broadening permissible to resolve photons

from each other via their frequencies.

We first sweep the magnitude of the transition dipole moment dx in Fig. 3.5(a). Throughout this

range, η remains 1, suggesting that all of the population follows the two decay paths resulting in the

two superpositioned states in the Bell state. As dx increases, ΔEmin increases to∼36 meV at dx = 6

e·Bohr, while F decreases from 1 to 0.97; the former can be understood as a result of the increasing

dipole-dipole interaction energy, while the latter is a result of the two decay paths having increasingly

different magnitudes of weights.

In Fig. 3.5(b), we then analyze the effect of changing the hybridization energy Ge
hyb. Throughout

this range, η remains 1. With increasing hybridization magnitude, the fidelity F increases, while the

ΔEmin increases until ∼36 meV. F increases with increasing magnitude of Ge
hyb for a fixed dipole-

dipole interaction because theweights of the two decay paths equalize, highlighting the importance of

the additional presence of the hybridization interaction. ΔEmin saturates at∼36meVwith increasing

magnitude of Ge
hyb because at that point, it is limited by the dipole-dipole interaction—recall that at

dx = 6 e·Bohr in Fig. 3.5(a), the same value of dx in Fig. 3.5(b), ΔEmin ∼ 36 meV.

We sweep the angle θ between the transition dipole moments of emitters 1 and 2 in Fig. 3.5(c).

Here, while F remains close to 1, both ΔEmin and η drop precipitously near θ = π/2. At this value,

the dipole-dipole coupling is 0, resulting in the effective Hamiltonian Ĥ = Ĥ0 + Ĥhyb.

Finally, in Fig. 3.5(d), we plot the effect of dephasing γd as a proportion of the bare emitter decay

rate γ0 = Cd2x where dx = 6 e·Bohr. Both η and ΔEmin remain constant, as expected because pure

decoherence should not change the central emission frequency nor result in population loss. The

fidelity F , meanwhile, is sensitive to γd, validating the physical intuition that high-quality quantum

emission requires fast radiative decay rates relative to environment loss and decoherence.

The present method can be generalized to construct level structures for emission of arbitrary en-

tangled photon states. As an example, we optimize the configuration in Fig. 3.6(a) for emission of
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Figure 3.6: (a) Configuration forN = 3 two‐level emitters positioned on a line parallel to their dipole moments di and
capable of emitting frequency‐entangled GHZ states via cascade decay from the triply excited state |20⟩. We sweep
(b)Ge

hyb, (c) dx, (d) θ, and (e) γd. All system parameters not being sweep in each respective plot are assumed to be as
follows: h̄ω = 1 eV, dx = |d1| = |d2| = |d3| = 6 e·Bohr, r3 − r2 = r1 − r2 = 20̂i in Bohr except in (e) where θ is set
to the value that maximizesF in (d),Ge

hyb = 80 meV, and εr = 1. By optimizing the system parameters,F and η can be
simultaneously 90% with ΔEmin ∼ 10 meV.
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a three-photon GHZ state 1/
√
2(|000⟩ + |111⟩). All three two-level emitters lie on the x-axis with

equal magnitude dipole moments that we assume to be in the x-direction for the left and right emit-

ters, while the transition dipole moment vector of themiddle emitter can be rotated θ from the x-axis,

resulting in> 105 possible decay paths.

We tune the system parameters in Fig. 3.6(b)-(e), respectively. In Fig. 3.6(b) and (c), we see that the

maximum η is only around0.9with a significantly lowerF = 0.55. While the quality of entanglement

is low, interestingly, all entanglement measures are much more stable with respect to changes in both

dx and Ge
hyb compared to the Bell state structures studied in Fig. 3.5. For instance, in (c), F and η

change by less than 1% andΔEmin is stablewithin 0.1meV. Stronger performance is possible by tuning

θ, where between θ = π/4 and π/2, bothF and η can be nearly 0.90withΔEmin approaching 10meV,

orF can be as high as 0.97with lower η = 0.70. While we expect further improvements to be possible

with multi-dimensional optimization techniques, these results already demonstrate the tantalizing

promise of high-efficiency, high-fidelity, deterministic emission of arbitrary entangled photon states.

Finally, we briefly discuss typical values of system parameters explored in the present study. In

molecular aggregates, dipole-dipole interactions interactions can be on the order of 1 meV170,462. In

colloidal quantum dots, a recent experimental study showed a red-shift of approximately 15 meV315

attributed to dipole-dipole coupling, and colloidal quantum dot molecules have exhibited hybridiza-

tion interactions in the tens of meV70. Colloidal quantum dots in the nanoplatelet morphology can

exhibit radiation-limited linewidths284, where γd/γ0 ≪ 1. More typically, however, colloidal quan-

tum dots have radiative rates on the order of 1 ns with dephasing rates of 100 ps202, suggesting low

entanglement quality without careful engineering of the quantum dots.

In summary, we leverage hybridization and dipole-dipole interactions between simple emitters to

construct composite emitters. These composite emitters have particularly valuable applications as

deterministic sources of frequency-entangled photon states via cascade decay from multiply excited

states. As two simple examples, we study two and three two-level emitters for emission of Bell and
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GHZ states, respectively. We explain why varying system parameters, including the strength of the

hybridization interactionGe
hyb and direction andmagnitude of the transition dipole moment dlm, af-

fects three relevant metrics of the emitted entangled photons: fidelity F , efficiency η, and minimum

energy difference ΔEmin between emitted photons. For the GHZ state, we achieve a fidelityF and ef-

ficiency η as high as 90%with ΔEmin on the order ofmeV using reasonable parameters. Future studies

should consider system-dependent challenges, such as efficient pumping of highly excited states, as

has been explored extensively in epitaxial quantum dots48,119,286,80,321,19, and interaction-dependent

loss and decoherence channels, as has been extensively studied for atoms256.

3.3 Photon-photon gate

3.3.1 Overview

Photonic qubits are promising candidates for enabling a universal quantum computer capable of

effective integration with long-distance quantum networks because photons offer long coherence

times compared to matter based qubits373, qubit transmission at light-speed373, and trivial realiza-

tion of single-qubit gates via linear-optical components273. Due to weak photon-photon interac-

tionswithout high-quality but difficult-to-fabricate cavities242,218,172,171,468, amajor challenge in pho-

tonic quantum computing is realizing multi-qubit gates273. Linear optical quantum computation

(LOQC) has provided a partial workaround by using measurement operations to create effective

photon-photon interactions. However, LOQC requires a high resource overhead via pre-prepared

ancillary photons and is non-deterministic209,299. To create a deterministic multi-photonic qubit

gate, multiple schemes using mediating systems to create effective photon-photon interactions, such

as atoms in a cavities, have been proposed. Many such proposals require active control, such as an ex-

ternal control laser tomanipulate the state of amediating atom, or amicrowave field to control a cloud

of atoms; these proposals include gates based on Rydberg atoms and the Duan-Kimble proposal and
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its variants143,396,442,261,74,88,215,153. While some photon-photon gates do not require active control,

i.e. they are are passive, their footprint is large, such as gates that require an array of many interaction

sites213.

Here, we present a scheme for implementing a deterministic, passive, and low-footprint controlled-

variable phase gate on photonic qubits. The physical system used is a three-level ladder emitter cou-

pled to a one-dimensional photon field in the reflection geometry, and we encode the qubits as single-

photon pulses in the frequency basis. By adjusting the frequencies of the photons relative to the emit-

ter’s transition frequencies, we enable any controlled-phase from 0 to π. This scheme does not utilize

any active control and needs only a single ladder emitter, whichmay be an advantage formore efficient

implementations of multi-qubit gates in quantum circuits for photonic quantum computers.

Figure 3.7: Gate schematic. The control photon and the control transition |g⟩ ↔ |e1⟩ of the ladder system are horizon‐
tally polarized, and the target photon and target transition |e1⟩ ↔ |e2⟩ are vertically polarized. The detuning ΔT of the
central frequency of |1T⟩ relative toΩT controls the controlled‐phase φ imparted on the target photon.

3.3.2 Theoretical formalism

The implementation of the controlled-variable phase gate considered here is illustrated in Fig. 3.7.

The energy level diagram of the emitter comprises a single ground state |g⟩, singly excited state |e1⟩,

and doubly excited state |e2⟩. The control transition |g⟩ ↔ |e1⟩ has frequency ΩC and radiative

decay rate ΓC, and we assume it couples to horizontally polarized light due to polarization selection
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rules. The target transition |e1⟩ ↔ |e2⟩ has frequency ΩT and radiative decay rate ΓT, and it couples

to vertically polarized light. The Hamiltonian, setting h̄ = c = 1 and assuming the rotating wave

approximation, is

Ĥ =ΩCσ̂11 + (ΩC + ΩT)σ̂22 +
∫

dk1
[
k1ĥ†k1 ĥk1 + i

√
ΓC
2π

(σ10ĥk1 − σ01ĥ†k1)
]

+
∫

dk2
[
k2v̂†k2 v̂k2 + i

√
ΓT
2π

(σ21v̂k2 − σ12v̂†k2)
]
,

(3.28)

where σij = |ei⟩⟨ej| is the atomic transition operator (|e0⟩ ≡ |g⟩), and ĥk (v̂k) is the annihilation

operator for the horizontal (vertical)mode k. We have implicitly assumed that the field-atom coupling

is constant since the frequency spreadof each single-photonpacket is small, andonlyphotons resonant

or near-resonantwith the transitions interactwith the system. Because the emitter is in its ground state

and there is a single horizontal and a single vertical photon at the start of gate operation, the general

photon-emitter wavefunction at all time t is

|ψ(t)⟩ =
∫

dk1dk2
[
f(k1, k2, t)e−ik1t−ik2tĥ†k1 v̂

†
k2 |0⟩|g⟩

]
+
∫

dk2
[
g(k2, t)e−iΩCt−ik2tv̂†k2 |0⟩|e1⟩

]
+ s(t)e−iΩCt−iΩTt|0⟩|e2⟩.

(3.29)

We insert this ansatz into the time-dependent Schrödinger equation to extract the equations of

motion for the coefficients in Eq. (3.29). In addition, at the beginning and end of gate operation,

the emitter is in its ground state, and there are two photons. Therefore, we apply the following

boundary conditions: only f(k1, k2,±∞) is nonzero, and g(k,±∞) and s(±∞) are zero. Integrat-

ing the equations of motion from t = −∞ to t = +∞ (see Appendix B.3.1 for details), the output

two-photon wave packet f(k1, k2,+∞) ≡ fout(k1, k2) is related to the input two-photon wave packet

84



f(k1, k2,−∞) ≡ fin(k1, k2) by

fout(k1, k2) = −
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

fin(k1, k2)

+
ΓTΓC/2π

∫ +∞
−∞ dν

[
fin(k1+ν,k2−ν)

ΓC
2 −i(k1+ν−ΩC)

]
[ΓC

2 − i(k1 −ΩC)
] [ΓT

2 − i(k1 + k2 −ΩC −ΩT)
] .

(3.30)

The logical basis state |1C⟩ (|1T⟩) of the control (target) qubit is assigned to a horizontally-polarized

(vertically-polarized) single-photon pulse that is resonant with the control |g⟩ ↔ |e1⟩ (target |e1⟩ ↔

|e2⟩) transition, while the |0i⟩ logical basis state is strongly detuned and has an identical lineshape and

polarization as its |1i⟩ counterpart. For the target photon, the central frequency of the logical basis

state |1T⟩ can be detuned slightly by ΔT on the order of ΓT to adjust the controlled-phase shift φ.

After gate operation, the qubits can be trivially separated with a polarizing beam splitter and rotated

into the same polarization, should doing so be necessary for the remaining circuit.

3.3.3 Gate performance

Before presenting gate performance results based on the full expression in Eq. (3.30), we outline the

intuition of the gate and make analytical approximations to rationalize the conditions necessary for

high fidelity. Generally, if a photon is far off-resonant with a transition, the photon will not interact

with the transition and pass unchanged, while if a photon is closely resonant, the photon will inter-

act with the transition and pick up a phase. Because the emitter is initialized in its ground state, the

second, vertically-polarized target transition is inaccessible to the target photon unless the first and

horizontally-polarized transition is first excited by the control photon. Therefore, the state of the hor-

izontally polarized control photon controls whether the target photon can interact with the emitter

and pick up a phase shift, yielding a controlled-phase gate. Given this framework, we outline the three

conditions for high fidelity.
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(i) To ensure that an on-resonant control photon will be fully absorbed by the emitter (i.e. the

control photon can excite the system to its |e1⟩ state fully), it must have a Lorentzian lineshape with

bandwidth σC = ΓC. Intuitively, we can understand this condition as a consequence of time-reversal

symmetry: because an emitter initialized in |e1⟩ will emit a photon with Lorentzian lineshape and

bandwidth σC = ΓC as it decays to |g⟩, the same lineshape and bandwith are required to fully excite

the emitter from |g⟩ to |e1⟩. While the target photon can have any lineshape that can be optimized for

maximal gate fidelity, for consistency we assume it also has Lorentzian lineshape. Therefore, we write

the two-photon input wave packet as:

fin(k1, k2) =
√ σC

2π
σC
2 + i(k1 − ωC)

√
σT
2π

σT
2 + i(k2 − ωT)

, (3.31)

where σC = ΓC. This packet is normalized as
∫
dk1
∫
dk2|fin(k1, k2)2| = 1 and ⟨0|ĥk1 v̂k2 ĥ

†
k′1
v̂†k′2 |0⟩ =

δ(k′1 − k1)δ(k′2 − k2). The bandwidth of the single-photon pulse σi is the same for logical basis state

|0i⟩ and |1i⟩, but ωi depends on whether the photon is in the |0i⟩ or |1i⟩ state.

(ii) To ensure that target photon picks up a uniform phase shift across its entire packet, the |e1⟩ ↔

|e2⟩ transition must adiabatically follow the target photon pulse. Essentially, the target photon is a

weighted superposition of different frequency components, with each frequency component picking

up a slightly different phase after interacting with the target transition. For this effect to be negligible,

the target photon’s pulse length∼ 1/σT must be much greater than the lifetime of |e2⟩ ∼ 1/ΓT, or

equivalently, the bandwidth of the target photon packet must be much smaller than ΓT.

(iii) To ensure that the target photon interacts with the ladder emitter only when control photon

has been fully absorbedor, equivalently, when the control transition is fully excited, the pulse length of

the target photon∼ 1/σT must bemuch smaller than the pulse length of the control photon∼ 1/σC.

Assuming the above three conditions for optimal gate performance, resulting in σC = ΓC ≪ ΓT ≪

σT, we plug fin from Eq. (3.31) into Eq. (3.30) and approximately evaluate it by pulling the slowly
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varying part of the integrand corresponding to the target packet out of the integral, yielding

fout(k1, k2) =
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

[
− fin(k1, k2) +

2
1− i(ωC−ΩC)

ΓC

fin(k1, k2 + ωC−ΩC
2 )

1− i(ωC+ωT−ΩC−ΩT)
ΓT/2

]
. (3.32)

With Eq. (3.32), we confirm our intuition for the gate operation. When the control photon is in the

|0C⟩ state, we have |ωC/ΓT − ΩC/ΓT| ≫ 1 and |ωC/ΓC − ΩC/ΓC| ≫ 1, reducing Eq. (3.32) to

fout(k1, k2) = fin(k1, k2) anddemonstrating that both the control and target photon are left unchanged

after interacting with the ladder emitter when the control photon is in its |0C⟩ state, regardless of the

state of the target qubit. When the control photon is in state |1C⟩, or nearly resonant with the control

transition |g⟩ ↔ |e1⟩ by ΔT, Eq. (3.32) reduces to

fout(k1, k2) = −
1 + i(k1−ΩC)

ΓC/2

1− i(k1−ΩC)
ΓC/2

[
−

1 + i(ωT−ΩT)
ΓT/2

1− i(ωT−ΩT)
ΓT/2

]
fin(k1, k2). (3.33)

The target photon, therefore, collects a conditional phase shiftφ = arg[−(1+ i(ωT−ΩT)
ΓT/2

)/(1− i(ωT−ΩT)
ΓT/2

)] =

π + 2 arctan ( ΔT
ΓT/2

) upon re-emission that is dependent on the target photon’s detuning ΔT = ωT −

ΩT. Meanwhile, regardless of the state of the target photon, the control photon is mirrored and ro-

tated in the complexplane from |1⟩C =
∫
dk1

√
ΓC/(2π)

ΓC/2+i(k1−ΩC) ĥ
†
k1 |0⟩ to |1

′⟩C = −
∫
dk1

√
ΓC/(2π)

ΓC/2−i(k1−ΩC) ĥ
†
k1 |0⟩.

Because this transform is deterministic and always occurs for the |1C⟩ state, it does not impact the

gate’s information processing capability; it can be viewed as a re-definition of the logical basis |1C⟩

to |1′C⟩. Furthermore, it can be trivially rectified via linear optical components or an additional re-

flection of the control packet329,199,324,377; these methods for controlling the pulse shape of single

photons may also be used to use a photon as the target photon during one operation of the proposed

gate mechanism and the control photon during another. The overall result of the control and target

photons interacting with the ladder system is a passive, low-footprint, and deterministic C-PHASE

gate on photonic qubits with tunable phase dependent on detuning ΔT.
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Figure 3.8: Gate performance. Contour plot of the fidelityF versus ΓT/σT and σT/ΓC for ΔT = 0 and Lorentzian
lineshape for the input single‐photon pulse of the target qubit.
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We plug our Lorentzian two-photon input wave packet described in Eq. (3.31) into Eq. (3.30) to

calculate the fidelity F and conditional-phase φ as a function of the photon-emitter system param-

eters. The fidelity of the gate is defined as F = 1
4Tr(Û

†
idealÛgate), or equivalently (⟨00|Ûgate|00⟩ +

⟨01|Ûgate|01⟩ + ⟨10|Ûgate|10⟩ + ⟨11|Ûgate|11⟩)/4, where the state |ψ⟩ is the ideal output of the gate

given the input state |ψ⟩. By far, the biggest loss to fidelity is caused by the |11⟩ input case where both

control and target photon interactwith the emitter, so the fidelity is essentiallyF = 3
4+

1
4⟨11|Ûgate|11⟩.

The |11⟩ input basis state is the only case where nontrivial interaction occurs that may significantly

deform the packets of the single-photon pulses. A similar overlap calculation can be done to extract

the conditional phase, as detailed in Appendix B.3.2, resulting in the following analytic expressions

for the fidelityF and conditional phase φ:

F =
3
4
+
1
4
|1− 2

(1 + ΓC
σT )(1 +

σT+ΓC−2iΔT
ΓT )

|, (3.34)

φ = arg (1− 2
(1 + ΓC

σT )(1 +
σT+ΓC−2iΔT

ΓT )
). (3.35)

In Fig. 3.8, we explore assumptions (ii) and (iii) by plotting the fidelity F given by Eq. (3.34) for

varying σT/ΓC and ΓT/σT and constant ΔT = 0 corresponding to −φ ≈ π. Fidelity F increases

with both increasing σT/ΓC and increasing ΓT/σT, supporting the intuition that the fidelity improves

when the target photon pulse length is smaller than the control photon pulse length and when the

bandwidth of the target photon is smaller than the radiative decay rate ΓT of the target transition

|e2⟩ ↔ |e1⟩. The fidelity F is as high as 99.8% for σT/ΓC = ΓT/σT = 103. Therefore, for a desired

gate operation time on the order of 1 μs, control transition timescales on the order of 1 μs and target

transition timescales on the order of 1 ps are required.

In Fig. 3.9, we explore how adjusting the detuning ΔT normalized by ΓT impacts the fidelity and
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phase of the gate. In (a), we see that increasing σT/ΓC and ΓT/σT increases fidelity, which is consistent

with Fig. 3.8. Additionally, we see that increasing the detuning ΔT/ΓT increases fidelity. In (b), we

fix σT/ΓC = ΓT/σT = 103 and vary ΔT/ΓT. Increasing ΔT/ΓT decreases the magnitude of the con-

ditional phase φ and increases the fidelity F . At ΔT/ΓT, φ is nearly −π, and φ approaches 0 in the

ΔT/ΓT → ∞ limit, indicating a phase lag. The variation of the condition phase φ with the detuning

is consistent with the approximations in the previous section. Enabling continuous phases with mag-

nitudes up to π enables greater flexibility when designing quantum circuits, especially those for the

quantumFourier transform thatwould otherwise require dozens to hundreds of gates to approximate

each controlled-variable phase gate using only the CNOT, H, S, and T universal set295,204.

3.3.4 Conclusions and outlook

We consider practical implementation based on the constraints of the proposed mechanism for a

controlled-variable phase gate on photonic qubits. First, we recall that the difference in central fre-

quencies between |0i⟩ and |1i⟩ must be≫ Γi to ensure that the logical basis states are well defined.

Assuming that σT/ΓC = ΓT/σT = 103, and that σT, ΓC, and ΓT are in the MHz, GHz, and THz

range, respectively, for F ≥ 0.998, then fulfilling this constraint for Ωi in the optical frequency

range is trivial. However, photons must lie in the telecommunications band with a bandwidth on

the order of a few THz to be seamlessly transmitted without frequency conversion for quantum net-

working415,82,84,264. In this frequency range, while the difference in central frequencies of the logical

basis states of the control photon can be trivially≫ ΓC, the difference in central frequencies of the

logical basis states of the target photon is limited by the bandwidth of the telecommunications band

to be of a similar order as ΓT. As a result, the |1C⟩|0T⟩ input basis state is particularly susceptible to

acquiring extraneous phase and slight wavepacket deformation but still does not appreciably impact

fidelity with a deterministic single-qubit phase gate.

A second critical practical consideration is the feasibility of tuning one emitter to apply the pro-
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posed gate with variable phases via detuning ΔT. As shown in Fig. 3.9(c), the phase φ changes with

ΔT on the order of ΓT, therefore requiring the energy level of the ladder emitter to change on the order

of THz to be able to apply controlled-variable phase gates on microsecond timescales. In defect sys-

tems, often described as “artificial atoms” due to their spatial localization and potentially bright, nar-

row emission, the electric Stark effect has been shown to shift the emission of defect states in transition

metal dichalcogenides by up to 5 THz for field strengths of hundreds of MV/m52. While achieving

similarly high electric fields to exert similar Stark shifts in conventional atoms or ionsmay be challeng-

ing, it can be more straightforward in Rydberg atoms with larger polarizabilities, resulting in Stark

shifts on the order of 0.5 THz for fields of approximately 0.01MV/m312.

A third practical consideration is the validity of the bad-cavity approximation409, where the spon-

taneous emission rate of the emitter into free space is assumed to be much smaller than the emission

into the waveguide. This regime is the bedrock of other leading proposals for photon-photon gates,

including a deterministic
√
SWAP gate215 and the Duan-Kimble proposal88 that was experimentally

realized153, where the fidelity was limited by auxiliary optical technologies and not the validity of the

bad-cavity approximation. We expect the experimental feasibility of the proposed gate mechanism to

be unconstrained by reaching the bad-cavity regime, as it was recently realized in, for instance, several

solid-state systems313,159.

In summary, we propose a deterministic, passive, and low-footprint controlled variable-phase gate

on photonic qubits in the frequency basis using a ladder system to mediate effective photon-photon

interactions. Specifically, we analytically derive the scattering matrix for two orthogonally polarized

photon pulses interacting with the emitter, and we show that this interaction results in high fidelity

for the controlled-variable phase gate given three assumptions of the photon-emitter system. Such a

gate enables universal quantum computation when paired with single photon gates, as well as effi-

cient decomposition of fundamental quantum circuits. Furthermore, the ability to encode the target

qubit in a different frequency range than the control qubit may enable more facile integration with
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Figure 3.9: Tunability of the controlled‐phase gate. (a) FidelityF versus detuning ΔT and σT/ΓC = ΓT/σT. (b) Phase
φ in radians and fidelityF versus the detuning ΔT when σT/ΓC = ΓT/σT = 103. Note that the conditional phase
starts near−π and goes to zero from the negative side, indicating a phase lag.
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quantum repeaters in quantum networks or coupling quantum systems operating in different energy

ranges to each other76,40,344,412 by averting the need for frequency conversion, where optical photons

can be stored locally more conveniently, photons with telecommunication wavelength are more eas-

ily transmitted over long distances, and microwave photons can interact with both defect-based spin

qubits and superconducting qubits292,429,426.

The particular level structure and relative transition rates for the ladder emitter, where σT
ΓC = ΓT

σT ∼

103, may be within reach in a variety of physical systems. A particularly interesting potential real-

ization of the ladder emitter are Purcell-enhanced lanthanide ions doped into inert or electro-optical

tunable hosts. These lanthanide ions support sub-microsecond long lifetimes, orMHz emission rates,

along a ladder of photon-emitting transitions in the optical range that can be Purcell-enhanced444 ,

even dynamically445, although not yet quite at the six orders of magnitude required for the present

proposal. Another potential physical system are defect emitters. InRef. 379, the authors demonstrate

THz emission rates of NV centers in diamond in a Purcell-enhanced optical cavity–this technology

in conjunction with silicon vacancy defects in diamond with emission rates nearing theMHz range33

may be on the cusp of enabling experimental realization of the proposedmechanism, although defect

emitters that emit photons along an energy ladder have not yet been discovered. First principles-based

computationalmethodswith thepotential to incorporate the cavity field114,427 could also be leveraged

to discover new emitters that match the criteria, as has been demonstrated for defects in solid-state

materials423, although predicting multiply excited states necessary for the three-level ladder emitter

remains challenging252. Another method of producing such a ladder emitter is to dipole-couple two

three-level emitters, as described previously, with the added stipulation that the transition rate from

the ground state to one of the excited states is fast, while the transition rate from the ground to the

other excited state is slow.

We anticipate that our prediction will spur advances in experimental realizations of passive multi-

qubit photonic gates and further searches for candidate emitters to realize the required complex light-
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matter interactions. In addition, one promising direction for further theoretical studies include cou-

pling the emitters to external fields and sculpted electromagnetic environments to boost the fidelity

and improve the practical applicability of the proposed scheme. Another promising direction that

warrants further investigation is to generalize the concepts presented here to multi-qubit gates with

more control or target qubits, such as the Toffoli gate, as such gates would enable even less resource-

intensive decomposition of quantum circuits. We expect these results to motivate further interest in

photonic quantum information processing with designer emitters, such as defect complexes in solid-

state materials.
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4
Vacuum-modified chemical reactivity

4.1 Motivation

Mode-selective chemistry—exciting just a single bond in amolecule to control its chemical properties—

is a long sought-after goal that would allow selective control over chemical reactivity and energy trans-

fer124,122,123,36,433. Realization of this goal has generally been hampered, however, by intramolecu-

lar and intermolecular vibrational energy redistribution that limits the efficiency of a mode-selective
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excitation beyond cryogenic temperatures413. Interest in this field was revitalized recently with the

emergence of the field of vibrational polaritonic chemistry93,104,112,333,393,392,165,174,306,349,426,135,449.

Changes of reaction rates of molecules inserted into optical infrared cavities have been observed ex-

perimentally, demonstrating the influence of the resonant coupling of molecular infrared-active vi-

brations with the electromagnetic vacuum field of the cavity on the underlying reaction dynamics.

Despite intense efforts to understand why the reaction rate changes130,43,237,238,244,350,87,262, the mi-

croscopic mechanisms underlying the experimental observations are still under debate. A more de-

tailed history of experimental and theoretical efforts in the field of vibrational polariton chemistry

can be found in Appendix C.1.

Recent studies have hinted at the role of intramolecular vibrational energy redistribution (IVR)

in cavity-modified chemical reactions studied via first-principles methods350,162 ormolecular dynam-

ics simulations241,240,238,239. The role of vibrational strong coupling on the chemical reactivity of

1-phenyl-2-trimethylsilylacetylene (PTA) using quantum electrodynamical density functional the-

ory398,114,111 was able to replicate some of the effects observed experimentally by Thomas et al.391.

However, due to the computational complexity, these methods still face certain limitations, such as

in the number of simulated trajectories or possible reaction pathways.

Therefore, in this work, we theoretically study cavity-modified unimolecular dissociation reactions

with a simple classical model of a molecule. We show that by coupling the infrared-active modes of

the molecule to the cavity vacuum field, the rate of bond dissociation in individual molecules can be

selectively increased or decreased. In particular, when the cavity is initially empty, the dissociation rate

decreases, while when the cavity is initially hotter than the molecule, the cavity can instead accelerate

the reaction rate.

Then, we study changes in the chemical reactivity of manymolecules collectively coupled to an in-

frared cavity. We find that the reaction rate can be slowed down when the collective vibrational state

of the many molecules drives the cavity displacement, enabling the molecular equations of motion
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typically dominated by intramolecular vibrational energy redistribution to be substantially impacted

by the vibration-cavity interaction. Using simple scaling arguments, we estimate the minimumNmol

for a given cavity field magnitude and numerically demonstrate this effect for Nmol up to 104. Ex-

trapolating this analysis to experimental conditions of larger molecule number and smaller vacuum

electric fields at first suggests that thismechanismmayunderlie experimental observations ofmodified

chemical reactivity in a dark infrared cavity. However, calculations with randomly orientedmolecules

washes out the scaling relations, suggesting further investigations are necessary.

4.2 Single molecule

4.2.1 Model

We start by discussing the setup of themodel system to demonstrate the cavity-modified IVR dynam-

ics. In this work, we use a classical triatomic model with three degrees of freedom and anharmonic

potentials. This model was previously used by Karmakar et al.198 to understand the onset of chaos

in IVR processes and is itself based on the approach pioneered by D. L. Bunker and others37,38,303,220

who studied the ozone molecule in a series of computational studies on unimolecular dissociation re-

actions. Importantly, this minimal model demonstrates chaotic dynamics through an interconnected

Arnoldweb127,263, or network of nonlinear resonances, and therefore serves as a fundamental starting

point for IVR studies of larger molecules. The Hamiltonian for the model system can be written in

terms of the local vibrational modes as

Hmol =
3∑
i=1

[
1
2
G(0)
ii p

2
i + Vi(qi)

]
+ ε

3∑
i<j=2

G(0)
ij pipj, (4.1)

where i ∈ {1, 2, 3} corresponds to the local stretching mode between the left atom and the center

atom, the local stretching mode between the center atom and the right atom, and the local bending
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Figure 4.1: Model of a cavity‐coupled molecule. (a) Schematic of the model triatomic model in a cavity. The local vibra‐
tional degrees of freedom of the molecule are labelled q1 (stretch length between left and center atoms), q2 (stretch
length between center and right atoms), and q3 (bending angle between bonds of left‐center atoms and center‐right
atoms), while the cavity mode displacement isQc. (b) Dipole moment function in the x‐direction, or μx, when θ = 0 and
the anharmonic Morse potential of local stretch q1.
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mode, respectively. The position coordinates qi for i = 1 and 2 are in units of distance, while q3

is in units of angle, and pi are their respective conjugated momentum coordinates. A schematic of

the model system and the coordinates is depicted in Fig. 4.1(a). The coupling element G(0)
ij between

momenta pi and pj is due to the transformation from normal mode coordinates, where we consider

collective motions of nuclei, to local mode coordinates, where we focus on the movement of specific

parts of the molecule68. To explore the effect of varying vibrational mode-mode momentum cou-

plings, this momentum-momentum interaction is scaled by ε, roughly corresponding to e.g. varying

the mass of the center atom relative to the other two atoms37. For non-zero ε, the local vibrational

modes q1, q2, and q3 do not correspond to normal (or eigen-) modes of the system. In addition, note

that the coordinate-dependentGij in the original model of Bunker37 are approximated by their equi-

librium valuesG(0)
ij , and that this model is fixed in the x-y plane with dipole activity only in the x- and

y-directions, although we note that the rovibronic couplings have also been shown to impact IVR in

certain circumstances414. For the two stretching modes i = 1, 2, the vibrational potential is approxi-

mated by aMorse potential, as shown in Fig. 4.1(b): Vi(qi) = Di
{
1− exp

[
−αi

(
qi − q0i

)]}2, where
Di is the dissociation energy, αi controls the anharmonicity of the potential well and the number of

bound vibrational states in a quantum picture, q0i is the equilibrium atom-atom distance, and ωi is

the frequency of the potential well under the low-displacement or harmonic approximation. For the

dissociation energies, we choose D1 = D2 = D. For the bending mode, the vibrational potential is

assumed to be harmonic: V3(q3) = ω23(q3 − q03)2/(2G
(0)
33 ). The numerical values for these parameters

are defined in the Appendix and in Ref. 198.

To incorporate the effect of light-matter coupling between the electric field of an infrared cavity and

the vibrations of the molecular model, we add the classical field HamiltonianHF
275, which becomes
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Figure 4.2: Dipole moment spectrum of the molecule outside and inside the cavity with varying vibrational mode‐mode
coupling ε and initial energy in the molecule Emol relative to the dissociation energyDi. The size and direction of the
arrows indicate the relative magnitude and phase of local bond displacement in the normal modes. As the energy in‐
creases and more of the anharmonic Morse potentials can be explored, the peaks broaden. We couple the cavity mode
to the bending‐like modes with the highest intensity and observe Rabi splitting indicative of strong interactions between
them.
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the Pauli-Fierz Hamiltonian in its quantized form113:

HF =
∑
k

[
1
2
P2k +

1
2
ω2k

(
Qk −

λk
ωk

μ · ξ
)2
]
, (4.2)

where ωk, Qk, Pk, and λk are the frequency, displacement, momentum, and strength of the cavity

mode k; μ is the permanent dipole moment of the molecule; and ξ is the unit vector of polarization

of the electric field. We note that a similar approach has been taken in classical molecular dynamics

studies of polaritonic chemistry241,240. See Appendix C.2.1 for a full derivation from the light-matter

Lagrangian. In the following,wewill consider interactionswith a single cavitymode c. Thepermanent

dipole moment of the molecule, plotted in Fig. 4.1(b), is defined as

μ = [cos (θn)μα + sin (θ)μβ]̂x

+ [sin (θ)μα − cos (θ)μβ]̂y (4.3a)

= μxx̂ + μyŷ, (4.3b)

whereμα = A cos (q3/2)[F (q1)+F (q2)],μβ = A sin (q3/2)[F (q1)−F (q2)],F (qi) = qie−(qi−q0i )2/(2σ2) 403,

θ is the angle between the x-axis and the in-plane molecular axis through the center of the molecule,

σ = 1 Bohr controls the envelope width, and A = 0.4 e is such that the equilibrium permanent

dipole moment μ0 in the x-direction when θ = 0 is 1 e·Bohr, which is on the order of the permanent

dipole moment for bent triatomic molecules such as ozone3,368. Importantly, the dipole moment μ

approaches zero with increasing q1 and q2, physically analogous to dissociation into neutral species or

screening of ionic fragments by solvent, to obviate challenges with the dipole approximation after dis-

sociation. In Appendix C.2.4, however, we also study cavity-modified rates of dissociation into ionic

(charged) species, whereF (qi) → qi, and we find similar results.

For the full light-matter Hamiltonian in the form of H = Hmol + HF, the equations of motion
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can be derived with Hamilton’s equations and stably propagated given a set of initial position and

momentumcoordinates up to several tens of picosecondsusing the 8thorderRunge-Kuttamethod83.

To understand the IVR dynamics of the molecule both outside and inside the cavity, we calculate the

dipolemoment spectrum |μx−μ0x |(ω) = |
∫
dt(μx(t)−μ0x )exp(−2πiωt)|. This expression corresponds

to the one-sided Fourier transform of the permanent dipole moment μx as the displacements qi and

momenta pi propagate underH and is directly related to the dipole moment spectrum11. Because the

IVR dynamics are chaotic38,303, all results based on dynamics shown in this study are averaged over

tens of thousands of initial states that are generated as described in the Appendix.

We first describe the molecule outside of the cavity. In the simplest case, shown in the top plot of

Fig. 4.2, there is no mode-mode momentum coupling, i.e. ε = 0 in Eq. 4.1, and the initial energy of

1 kcal/mol is low compared to the dissociation energyD = 24 kcal/mol of the local stretching modes

and of the same order of magnitude as their harmonic frequencies. Therefore, theHamiltonian effec-

tively corresponds to three decoupled local vibrations. Notably, the local bending peak at 632 cm−1

is sharper and brighter, while the local stretches at 1040 and 1112 cm−1 are broader and darker. The

difference in peak widths is a result of the anharmonic local stretching potentials. In the second plot

of Fig. 4.2, we turn on the vibrationalmode-modemomentumcoupling by setting ε = 1. As expected,

we find that the local vibrational modes are no longer the normal modes of the system—the normal

modes are nowdelocalized over the three localmodes, shifting the three center frequencies (ω1, ω2, ω3)

of the normal bending, normal symmetric stretching, and normal anti-symmetric stretchingmodes to

(1197, 1003, 528) cm−1 from (1112, 1040, 632) cm−1 in the case of ε = 0. As the energy of the initial

state is increased to 10 kcal/mol in the third plot of Fig. 4.2, such that q1 and q2 can explore more of

the anharmonicMorse potential, we observe the emergence of additional and broadened peaks corre-

sponding to anharmonic resonances. Nonetheless, we can still identify peaks with frequencies below

or above∼800 cm−1 with the normal bendingmode or normal stretchingmodes, respectively. As the

energy of the initial states is increased to 23.9 kcal/mol in Fig. 4.2, just below the dissociation energy
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D = 24 kcal/mol, the frequency spectra of the local stretching modes q1 and q2 have largely delocal-

ized across the entire frequency spectrum with a broad peak near ∼500 cm−1 still corresponding to

normal bending mode-like character.

For the spectra including the optical cavity mode in Fig. 4.2, we couple the molecule to a single

cavity mode c that we assume is x-polarized. The photon mode is then initialized with vanishingly

small energy. We resonantly tune the cavity mode to the frequency with the largest intensity in the

|μx − μ0x |(ω) spectrum that corresponds to a bending mode and choose the cavity strength λc = 0.05

a.u. leading to an estimated Rabi splitting ΩR = 45 cm−1 or 1.35 THz. This Rabi splitting is the

border between the strong and ultra-strong coupling regimes. (We describe how the Rabi splitting

can be estimated in the low-energy harmonic case in the Appendix.) Note that this cavity strength

implies a much smaller mode volume V than experimental values to compensate for the lack of N

molecules in this single-molecule model, since ΩR ∝
√

N/V. The peak splitting is clear evidence

of interactions between the cavity mode and vibrations, suggesting energy can be transferred between

the cavity mode and vibrational modes, and the magnitude of the splitting is similar regardless of ε

and Emol.

4.2.2 Dissociation Dynamics

Next, we study the dissociation dynamics of themolecular system. Themolecule can dissociate when

it is initialized with energy exceeding the dissociation energy D = 24 kcal/mol. We define successful

dissociationwhen either q1 or q2 exceeds a bond length of 5 Bohr from the equilibrium value q01 or q02.

Setting Emol = 34 kcal/mol, we show an example trajectory that leads to dissociation of the molecule

inside a cavity in Fig. 4.3(a), where we plot the deviation of the molecular coordinates qi from their

equilibrium positions q0i . The trajectory exhibits anharmonic oscillations of the internal coordinates

of themolecule resulting finally in the divergence of the bond length q1 and, therefore, dissociation of

the molecule.
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Figure 4.3: IVR‐mediated dissociation. (a) Single trajectory of a molecule initialized with energy of 34 kcal/mol that is
greater than the dissociation energyD = 24 kcal/mol. Local mode displacements qi − q0i are in atomic units. The
molecule dissociates at∼3.4 ps, marked by the green region, when q1 − q01 exceeds dissociation length rdis = 5 Bohr.
(b) Dipole moment spectrum of short‐lived (dissociation time tdis < 0.5 ps) and long‐lived (tdis > 4 ps) trajectories of
the molecule outside the cavity. Long‐lived trajectories exhibit sharp resonances, suggesting that strongly coupling the
cavity mode to these particular modes can influence dissociation dynamics.
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We generate a statistical understanding of the dissociation dynamics by studying tens of thousands

of trajectories with identical energies. In fig:dissociation(b), we plot the dipole moment spectrum

|μx − μ0x |(ω) for molecules initialized with energy 34 kcal/mol > D = 24 kcal/mol, sufficient to

dissociate the bond. Binning trajectories by their lifetimes, we compare the dipole moment spectra of

short-lived trajectories (tdis < 0.5 ps) in blue and long-lived trajectories (tdis > 4 ps) in orange. For

the short-lived trajectories we observe uniform spectral densities that hint at statistical decay dynamics

in which the many anharmonic resonances of the local vibrational modes are explored quickly and

at random. In contrast, the Fourier spectra of the long-lived trajectories feature a number of peaks;

especially prominent ones are at ∼520 cm−1 and ∼580 cm−1. These peaks represent modes robust

against dissociation, where the molecular energy is largely stored in the local bending motion and not

local stretches prone to dissociation. Therefore, we suggest to alter the dynamics of IVR-mediated

dissociation by coupling the cavity to these resonances.

We explore whether coupling the molecule to the cavity can modify reaction dynamics. In our

model, we initialize the molecule with Emol = 34 kcal/mol> D and couple it to a single cavity mode

initialized such that the total field energy EF resulting from Eq. (4.2) is 0. Again, θ = 0 and the cavity

is x-polarized with frequency ωc and cavity strength λc.

First, we calculate the change in reaction rate for varying cavity strength λc. To setωc and θ, we note

that |μx−μ0x |(ω) is largest around520 cm
−1 in Fig. 4.3(b). Therefore, wepresume the strengthof light-

matter coupling for a given λc can be maximized by polarizing the cavity field along the x-direction

and setting ωc = 520 cm−1. We vary the cavity strength λc and plot the (natural logarithm of) the

survival probability S(t), or the proportion of initial states that have not dissociated as a function of

time in Fig. 4.4(a), as well as the time required for 95% of the molecules to dissociate in Fig. 4.4(b).

A lower survival probability S(t) corresponds to a faster reaction rate. Importantly, the dissociation

slows monotonically with increasing λc, even toward the ultrastrong coupling where λc ≳ 0.05 a.u.

We further explore the cavity-coupled triatomic model by varying cavity frequency ωc from 100
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Figure 4.4: Cavity‐modified unimolecular dissociation rate with survival probability as a function of time (top) and time
required for 95% of molecules with initial energy of 34 kcal/mol (bottom) for an initially empty cavity. In (a)‐(b), we vary
the cavity strength λc for ωc = 520 cm−1 and x‐polarized cavity mode, resulting in the dissociation rate slowing
down with increasing λc. In (c)‐(d), the cavity frequency ωc is varied for λc = 0.02 a.u. and x‐polarized cavity mode;
the dissociation rate slows down between ωc ∼520 and∼600 cm−1, close to the same frequencies of the peaks in
|μx − μ0x | in Fig. 4.3(b).
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cm−1 to 1100 cm−1with constant cavity strength λc = 0.01 a.u. FromFig. 4.4(c), we see that formuch

of this frequency range, the survival probability S(t) curves are nearly identical to the case of λc = 0

in Fig. 4.4(a). Around 500 cm−1, however, the reaction dynamics are strongly changed. To study

them with a finer frequency resolution in this range, we plot the time required for 95% dissociation

tS=0.05 in Fig. 4.4(d), where we observe peaks at∼520 cm−1 and∼600 cm−1, close to the frequencies

of the peaks |μx − μ0x |(ω) in Fig. 4.3(b) and therefore serving as direct evidence of a resonant effect.

In the Appendix, we sweep the cavity frequency at higher cavity strengths as well and notice that

the two peaks broaden and shift in frequency. We also show results for the cases of molecules with

weak vibrational mode-mode coupling ε, where we observe rate acceleration for low ε, and molecules

initialized with different energies Emol, where we observe qualitatively similar results.

To develop a qualitative understanding of how the cavity changes the reaction rate, we study the

change in the form of the decay curves as the reaction time tS=0.05 increases for both varying λc and

ωc. For λc = 0 corresponding to complete decoupling between the molecule and the cavity, the sur-

vival probability S(t) can be described with a mono-exponential decay process198, corresponding to

statistical distribution of vibrational energy where the space of nonlinear frequency resonances be-

tween vibrational modes is widely explored before the molecule dissociates. The reaction slows as a

secondary, slower decay channel becomes more dominant, veering the survival probability S(t) away

from mono-exponential statistical decay. This slower decay channel has been shown to correspond

to IVR-limited dissociation, where the molecule vibrates along particular modes—a bending mode

in this case—before dissociating198, as shown by the dipole moment spectrum of short- vs long-lived

trajectories in Fig. 4.3(b).

We demonstrate that the cavity increases the number of trajectories that decay via the IVR-limited

decay channel by serving as a sink for vibrational energy, lowering the probability that one of the

stretchbonds acquires enough energy tobreak. InFig. 4.5, for different cavity strength λc ∈ {0, 0.02, 0.05}

a.u., weplot the time-dependent energy distributionup to the first 0.5 ps in themolecule-cavity system
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Figure 4.5: Time‐dependent energy distribution of the first 0.5 ps in the molecule‐cavity system for short‐lived (0.5 <
tdis < 1 ps) and long‐lived (tdis > 4 ps) trajectories where λc ∈ {0, 0.02, 0.05} a.u. The resonantly tuned cavity
mode couples efficiently to molecules with highly excited local bending modes and functions as a reservoir of molecular
vibrational energy.
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for shorter-lived (0.5 < tdis < 1 ps) and longer-lived (tdis > 4 ps) trajectories inside and outside the

cavity averaged over∼200,000 initial states. The distribution comprises energy in the entire molecule

asHmol, the fieldHF (includingmatter-photon coupling), and each of the local vibrational modes i as

1
2G

(0)
ii p2i + Vi(qi). Note that for clarity, we do not show the vibrational mode-mode coupling, which

is generally unaltered by the presence of the cavity.

At λc = 0 corresponding to the molecule being outside the cavity, for the shorter-lived trajectories,

energy is initially distributed approximately evenly between the local bending and local stretching

modes and is gradually redistributed from the local bending to the local stretching modes. In sharp

contrast, for the longer-lived trajectories the initial states are more highly excited in the local bending

mode. Importantly, the energy oscillations indicate localization in frequency space within the sharp

resonances of the x-polarized dipole moment spectra around 500-600 cm−1.

Inside the cavity with λc = 0.02 a.u., for both shorter- and longer-lived trajectories, we see that

the cavity mode strongly couples to the local bending mode, as the field energy increases while the

molecular energy decreases. Notably, the local bending mode is more excited for the longer-lived tra-

jectories. The strongly coupled cavity mode is then able to absorb more energy from both the local

bending mode and local stretching modes, in turn extending the average lifetime of the molecule.

With larger cavity strength λc = 0.05 a.u., the reaction slows down further because the cavity couples

more strongly to the molecule and is better able to absorb vibrational energy.

The cavity mode, initially vanishingly empty in Fig. 4.4 and Fig. 4.5, appears to slow down the

dissociation rate by absorbing energy from the vibrationally excited molecule. In the case of chemical

reactions at thermal equilibrium, however, the cavity mode is likely to be thermally occupied. There-

fore, in Fig. 4.6, we present the effect of a “hot” cavity on dissociation dynamics, where the total

molecule-cavity energy is 34 · 4/3 ∼ 45 kcal/mol and the initial states are sampled from the micro-

canonical ensemble. The factor of 4/3 takes into account the additional degree of freedom by the

cavity mode such that the average energy per degree of freedom is the same for the molecule inside
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Figure 4.6: Dissociation time tS=0.05 inside a hot cavity with varying (a) cavity frequency ωc and (b) cavity strength λc at
the resonant cavity frequency ωc = 520 cm−1. The total molecule‐cavity energy is 34 · 4/3 ∼ 45 kcal/mol, where
the factor of 4/3 accounts for the additional degree of freedom by the cavity mode. As a guide to the eye, we also plot
tS=0.05 for the bare molecule with 34 kcal/mol (segmented yellow). The resonance is broader for the hot cavity than for
the empty cavity in Fig. 4.4, and the reaction rate for a given λc is fastest at the resonance. The reaction rate decreases
toward a plateau that is faster than the rate outside the cavity beyond λc = 0.05 a.u. At off‐resonant cavity frequencies
and when cavity‐molecule interactions are weak, energy localized in the cavity cannot be efficiently transported to the
molecule.
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and outside the cavity.

Below the cavity strength λc < 0.05 a.u., the reaction rate is slower inside the cavity for all cavity

frequencies, reaching its fastest rate close to the resonant frequency found in Fig. 4.4(d). As the cavity

strength λc increases beyond 0.05 a.u. toward the ultra-strong coupling regime, the reaction can be

even faster inside the cavity than outside. These results can be understood as follows: off-resonant and

weak cavity-molecule interactions can prevent energy localized in the cavity from transporting to the

molecule. To control for the effects of initial states where the molecule energy is too low to dissociate,

inAppendixC.2.9, we fix the energy of themolecule to be the same as it is outside the cavity and study

how increasing cavity energy affects the reaction rate. We find that hotter cavities generally increase

the reaction rate, although the exact phase of the cavity state relative to the molecule’s can drastically

affect the reaction rate.

4.2.3 Conclusions and outlook

In summary, we study the dissociation dynamics of a classical model of a triatomic molecule in an

optical cavity based on a Bunker model, where the potential of the two local stretches are anharmonic

Morse potentials and the local bending mode is harmonic. We extend this model by resonantly cou-

pling the vibrational states with large optical dipole moments to a single electromagnetic mode of an

infrared cavity. Importantly, we observe that the effect of the cavity is strongest when it is tuned into

resonance with the frequencies of dissociation-resistant vibrational modes. In addition, we find that

the reaction rate monotonically decreases even as the molecule-cavity system enters the ultra-strong

coupling regime. The reaction is maximally slowed down when the cavity is able to absorb energy

from the molecule without returning it too quickly to the molecule, lowering the probability that

one of the stretch bonds acquires enough energy to break.

When the energy of the molecule-cavity system is increased such that the energy per degree of free-

dom is equivalent to that of the bare molecule, the reaction rate is generally slowed down as energy
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initialized in the cavity is unable to be transferred to themolecule without resonant and strong cavity-

molecule interaction. To control for this localization effect, we also fix the molecule energy and study

dissociation as a function of the cavity energy. We find that cavity-modified reaction rates are gener-

ally only observable when the cavity is “cooler” compared to the molecule. Nevertheless, even a “hot”

cavity can slow down reaction dynamics. As an example, we show that particular cavity states are

more prone to initially absorbing energy from the molecule, while others with the same initial energy

are more prone to transferring energy to the molecule, both of which are a result of the initial sign

of the light-matter interaction term. These results highlight the importance of dynamical effects in

vibrational polariton chemistry.

Here we briefly highlight similarities to and differences from previous studies130,44,449,244. While

earlier studies did not find a resonance effect of the optical cavity130,44, recent work using quantum

transition-state theory has demonstrated a dynamical solvent-caging effect244 when the photonmode

is in resonance to the curvature of the reactionbarrier. An extension449 also finds a resonance effect for

vibrational excitations for certain parameter regimes. In our paper, we study the effect of cavity mod-

ification on chemical reactions via intramolecular vibrational energy redistribution, which requires

at least a second vibrational degree of freedom. Our work, although fully classical, finds a resonance

effect when the photon mode is tuned in resonance to the vibrational excitation.

This study lays the foundation for further theoretical and experimental work toward understand-

ing the intriguing experimental results of vibrational polariton chemistry. We emphasize that the

cavity strengths necessary to substantially influence the reaction dynamics, or λc ≳ 0.01 a.u., are

orders of magnitude larger than those in many-molecule experiments of vibrational polariton chem-

istry. We, however, emphasize that single-molecule strong coupling can already be reached experimen-

tally. For instance, recent experiments in picocavity setups have demonstrated effective volumes∼ 1

nm3 24,334,250,145 that lead to sizable Rabi splittings of the same order as those in this study. Alterna-

tively other strategies to achieve single-molecule strong light-matter coupling in optical cavities have
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been proposed recently363 that seem promising. Such setups may be able to reproduce the cavity-

modified IVR pathways discussed in our manuscript.

To bridge the gap between single-molecule studies andmany-molecule experiments, where the lat-

ter exhibit significant dark state populations, we expectmolecular dynamics studies ofmanymolecules

inside an optical cavity that also include molecular translational and rotational degrees of freedom

and intramolecular interactions254,146,241,240,238 with a particular focus on IVR dynamics to be fruit-

ful. In addition, in cases when the dissociation energy becomes comparable to a quantum of vibra-

tional energy, quantum effects can play an important role in the dissociation dynamics391. In such

cases a quantum description, e.g. via first-principles method such as quantum electrodynamical den-

sity functional theory398,340,113,350,427 is necessary. Because many reactions studied under vibrational

strong coupling are under thermal equilibrium at ∼25 meV with activation barriers far in excess of

thermal energy61, reactions are incredibly rare events and thus challenging to study computationally.

In this study, the molecule energy is set at 30-36 kcal/mol∼1.4-1.6 eV to react in a reasonable amount

of simulation time. Future studiesmay also include the effects of cavity loss via, for instance, Langevin

approaches, additional cavity modes representing the other fundamental modes of Fabry-Pérot cavi-

ties, and linewidth broadening of each cavitymode by the non-zero-incidence wave vectors. While for

computational feasibility and ease of interpretation, we consider only a triatomic anharmonic model

that serves as a minimal viable model for chaotic dynamics, molecules studied in experiments are con-

siderablymore complex. They can contain∼100 vibrational degrees of freedom. Thesemany degrees

of freedommay exhibit vibrational mode-mode couplings that span several orders of magnitude. Fu-

ture studies should therefore determine whether the observed cavity-modified chemical reactivity in

this study is robust to these factors. Finally, experimental studies that consider reactions limited by

IVR that therefore do not abide by the standard assumptions of transition rate theory and where the

initial states of the intramolecular vibrational and cavity degrees of freedomcanbe controlledwill help

to further clarify the role of IVR in vibrational polaritonic chemistry.
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4.3 Many molecules

In many theoretical studies of vibrational polariton chemistry, only a single molecule coupled to a

cavity is considered. For the single-molecule Rabi frequencies in theoretical studies to match the col-

lective Rabi frequencies observed in experiments, a result of billions of molecules interacting with the

cavity of much weaker cavity strength, these theoretical studies require vacuum electric fields to be

artificially scaled up. Therefore, it is unclear how insights from predictions for single-molecule sce-

narios translate to the more experimentally relevant case of many molecules. To bridge this gap, the

development of cavity molecular dynamics simulations241,240,238,239 that consider up to thousands of

molecules has yielded novel insights into cavity-modified excitation and relaxation dynamics but not

yet addressed changes in chemical reactivity.

Here, we extend our single-molecule model to study changes in the chemical reactivity whenmany

molecules are collectively coupled to an infrared cavity. We find that the reaction rate can be slowed

down when the collective vibrational state of the many molecules drives the cavity displacement, en-

abling cavity-mediated vibrational energy distribution for to be as fast as IVR processes. We find that

these effects may be observable in current experimental setups when the molecules are aligned and

may be validated with measurements of molecule density-dependent cavity resonance frequencies.

However, when we consider randomly oriented molecules, changes to the chemical reactivity largely

disappear due to light-matter coupling that scales weakly with the number of molecules, suggesting

further investigations are necessary.

First, we extend our simple, classical model toward the vibrational dynamics of many molecules

collectively coupled to a cavity, taking into account the anharmonicity of the chemical bonds. We

illustrate this model in Fig. C.1. The total Hamiltonian can be written asH = Hmol +HF, where the
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Figure 4.7: (a) Schematic ofNmol molecules coupled to an infrared cavity. Each molecule comprises three local vibra‐
tional modes: anharmonic stretch q1, anharmonic stretch q2, and harmonic bend q3. We fix the orientation θ between
Qc and the molecular axis. (b)Nmol‐dependence of the splitting in the dipolar moment spectra under collective cou‐
pling.
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molecular HamiltonianHmol and field HamiltonianHF are

Hmol =
N∑
n

[ 3∑
i=1

(
1
2
G(0)
ii p

2
n,i + Vn,i

)
(4.4a)

+
3∑

i<j=2
G(0)
ij pn,ipn,j,

]
,

HF =
∑
k

[
1
2
P2k +

1
2
ω2k

(
Qk −

λk
ωk

μ · ξ
)2
]
. (4.4b)

In the molecular Hamiltonian Hmol, each molecule Nmol is represented by a classical triatomic

model with three degrees of freedom and anharmonic potentials. Notably, to focus on the direct

molecule-cavity coupling, we neglect potentially relevant kinetic, potential and loss terms that are

naturally included in molecular dynamics simulations, e.g. molecular translations and rotations, in-

termolecular Coulomb interactions, and photon loss through the cavity, respectively, although the

presence of the cavity may impact these other terms as well237.

We demonstrateNmol-dependence of the IVR dynamics of collectively coupledmolecules in a cav-

itywith theNmol-normalizeddipolarmoment spectrum |μx−μ0x |(ω) = |
∫
dt(μx(t)−μ0x )exp(−2πiωt)|/Nmol

in Fig. C.1(c). This expression corresponds to the one-sided Fourier transform of the permanent

dipole moment μx as the displacements qi and pi propagate underH. The Rabi splitting of the peak

in |μx − μ0x |(ω) with the same frequency as the cavity mode indicates interactions between the molec-

ular vibrations and the cavity. In the single-molecule case, for instance, we observe a Rabi splitting of

∼7 cm−1 for λc = 0.01, in line with estimates in Refs. 366,130,244. As expected, the collective Rabi

splitting approximately scales with
√
N. For instance, the Rabi splitting is approximately 70 cm−1 for

N = 100 in Fig. C.1(c).
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Figure 4.8: Cavity frequency‐dependent chemical reactivity for constant λc
√
Nmol = 0.07 with aligned molecules.

The curves converge forNmol ≳ 30, suggesting that in the limit of many molecules, λc
√
Nmol dictates the effect

of collective vibrational coupling on chemical reactivity for aligned molecules. I will add curves for largerNmol as they
finish.
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4.3.1 Dissociation under collective coupling

We now investigate how chemical reactivity changes under collective vibrational strong coupling by

initializing ensembles ofNmol molecules, where each molecule has an initial energy of 34 kcal/mol>

D, and plot the cavity frequency-dependent survival probability S after 1 ps in Fig. 4.8. Importantly,

we assume that all molecules are aligned along the cavity field on the x-axis with λc
√
Nmol = 0.07

and cavity frequency ωc = 520 cm−1, which results in the maximum change in chemical reactivity

for this molecular model whenNmol = 1 and θ = 0. We find that the curves converge asNmol ≳ 30,

suggesting that in the limit of many molecules, λc
√
Nmol dictates the effect of collective vibrational

coupling on chemical reactivity for aligned molecules.

Figure 4.9: (a) Time‐dependent survival probability and (b) energy distribution within the first 0.2 ps for λc = 8 · 10−4

a.u. for varyingNmol. IncreasingNmol, e.g. from 1 to 2 · 103, at first decreases the reaction rate for t ≳ 0.5 ps, and
further increasingNmol, e.g. from 2 · 103 to 104, increases the reaction rate at early times t ≲ 0.5 ps. These changes
can be attributed to cavity‐mediated vibrational energy transfer, where increases in molecular energy result in faster
reaction rates, and vice versa. (c) Survival probability after 4 and 1 ps to demonstrate change in reaction rate due to the
dipole‐field force and dipole self‐energy term, respectively. (d)MinimumNmol, above which the reaction rate exhibits
Nmol‐dependence, for varying λc. We overlay a fitting curveNmol = C/λ2c with C = 0.0676 that agrees well with the
numerical data.

To further understand this apparent relationship, we study the case of a constant λc = 8 · 10−4

and varying Nmol in Fig. 4.9(a)-(b). The survival probability increases, or the reaction slows down,

with increasing Nmol beyond a threshold Nmol ∼ 103. To understand how the cavity changes the

reaction rate under collective vibrational strong coupling, in Fig. 4.9(b) for Nmol = 2000, we plot

the distribution of energy per molecule of the cavity-molecule system within the first 0.2 ps for the

following degrees of freedom: the average energy per short-lived (0.5 < tdis < 1 ps) or long-lived
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(tdis > 4 ps) molecule, the bare cavity energy ( 12P
2
c + 1

2ω
2
cQ2

c )/Nmol, the dipole-field and dipole-field

energy (−ωcλcμxQc + λ2cμ2x/2)/Nmol, and the total field energyHF/Nmol. The energy of short-lived

molecules increases only slightly, while the energy of long-lived molecules drops a couple of kcal/mol.

Unlike the case for a single molecule, it appears that the cavity does not serve as a substantial bath

for the vibrational energy: while the cavity energy oscillates, correlated with oscillations in the energy

of long-lived molecules, neither the mean cavity energy nor the total field energy increases. Instead,

the decrease in energy of the long-lived molecules is balanced by the increase in energy of short-lived

molecules, suggesting that the cavitymediates intermolecular vibrational energy transfer. This process

can be physically envisioned as follows: as theNmolmolecules vibrate, they displace the cavity displace-

ment Qc, the magnitude of which increases with Nmol for a given λc. Larger Qc magnitudes enable

transiently larger forces on themolecular coordinates that interferewith the bare intramolecular vibra-

tional dynamics. Overall, here we explicitly observe that vibrational strong coupling between many

molecules and a cavity mode can augment energy transfer betweenmolecules through the collectively

driven cavity displacement.

Weareunable to explicitly testwhether thepresenceof the cavity canmodify chemical reaction rates

under experimental conditions of vibrational polariton chemistry consisting of significantly smaller

λc andNmol ≫ 1012 452 primarily becauseNmol ·Ntraj is limited to∼ 103 per core-hour. Nonetheless,

we can crudely extrapolate to experimental conditions by exploring the relationship between λmol and

the onset ofNmol-dependence of the reaction rate. To do so, first, in Fig. 4.9(c) we plot the survival

probability S after 1 ps of propagation, at which time the rate slowdown due to cavity-mediated inter-

molecular vibrational energy transfer can be clearly observed, as a function ofNmol for varying λc. As

λc decreases, the onset of rate slowdown occurs at increasingNmol. Then, in Fig. 4.9(c), we plot the

thresholdNmol at which the reaction slows downwith increasingNmol as a function of λc and overlay

a fitting curve of λc
√
Nmol = 5 · 10−2. In the present system, this corresponds to a collective Rabi

splitting of∼ 35 cm−1, or slightly below 10% of the vibrational mode frequency. This regime is regu-
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larly achieved in experimental setups of vibrational polariton chemistry391,393 and, due to cavity and

molecule losses, corresponds approximately to the onset of the strong coupling regime from the weak

coupling regime. Therefore, we speculate that such effects of collective vibrational strong coupling

on chemical reactivity may be observable for uniformly oriented molecules.

Figure 4.10: Cavity‐modified dissociation closer to experimental conditions. (a) A hot reacting molecule in a bath of cold
molecules. We show theNmol‐dependent survival S of hot molecules after t = 1 ps for cavity strength λc from 5 · 10−3

to 10−2. We compare two cases: ‘one hot’ (dotted) where each ensemble has one hot molecule amongNmol − 1 cold
molecules, and ‘all hot’ (lines) where each molecule in an ensemble is hot. Although relative change in reaction rate
is smaller for the ‘one hot’ case than for the ‘all hot’ case, we observe similar changes in reaction rate with increasing
Nmol. (b) Cavity frequency‐dependent survival probability S after 1 ps for varyingNmol and λc = 10−2. As expected,
we observe a resonant effect forNmol = 1 at ωc = 520 cm−1 and a weaker one at 600 cm−1. AsNmol increases,
however, the resonant cavity frequencies shift.

In Fig, 4.9, we assume themolecules, eachwith energy of 34 kcal/mol> the dissociation energyDi,

are aligned along the field of the cavity mode with frequency ωc. In experiments, however, 1) at any

given moment, only a few molecules are ‘hot’ enough to react among a bath of colder molecules near
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room temperature, 2) the cavity frequency can be varied to observe a resonant effect with a roughly

constant vacuum electric field, and 3) the molecules are likely randomly oriented in solution. There-

fore, in Fig. 4.10, we explore in turn these three experimental features to determine whether the em-

pirically observed scaling law is robust to them.

First, in Fig. 4.10(a), we compare the chemical reactivity of a hot molecule (34 kcal/mol) among

Nmol − 1 cold (1 kcal/mol∼43 meV, or on the order of room temperature) molecules vs. ensembles

where everymolecule is initialized with 34 kcal/mol, or ‘one hot’ vs. ‘all hot,’ respectively. The former

more closely corresponds a thermal reaction at low temperatures, where there are comparatively few

hot molecules capable of reacting among the many cold molecules. Notably, while the ‘one hot’ case

still results inNmol-dependence, the relative change in reaction rate is smaller than for the ‘all hot’ case.

This difference is likely due to the smaller vibrationalmode amplitudes of coldmolecules compared to

that of hot molecules, leading to relatively smaller changes in dipole moment and less coupling with

the cavity. Nevertheless, this result suggests that the observed scaling law between λc and Nmol still

holds for hot reacting molecules in a bath of cold molecules.

Second, in Fig. 4.10(b), we explore whether the resonance frequency depends on Nmol. In ex-

periments, the cavity frequency can be varied, leading to the discovery of the resonant effect where

the change in reaction rate is largest at certain frequencies thought to coincide with particular vibra-

tional modes391,393,306,349 and the original motivation for studying cavity-mediated intramolecular

vibrational energy redistribution350,426. In particular, we compute the survival probability S after 1

ps with λc = 0.02 forNmol = {1, 30, 100, 300}, where the chemical reaction rate is slows with in-

creasing λc due to cavity-mediated vibrational energy transfer. As expected, we observe resonances for

Nmol = 1 at ωc = 520 cm−1 and a weaker one at 600 cm−1. Interestingly, asNmol increases, the reso-

nant cavity frequencies shift with increasing difference between the two frequencies. We are unable to

compare this numerical prediction to experimental trends because, to the best of our knowledge, data

on the dependence of the resonant cavity frequency onmolecular density has not been published. We
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therefore look forward attempts to do so.

Figure 4.11: Cavity‐modified chemical reactivity of randomly oriented molecules, specificallyNmol‐dependent survival
S after t = 1 ps with varying cavity strength λc. Notably, there is no clear λc‐dependent onset ofNmol dependence.
Inset: The lack of consistentNmol‐dependence for varying λc can be attributed to the monotonic decrease in per‐
molecule light‐matter coupling, as can be observed from theNmol‐normalized dipolar spectrum.

Third, in Fig. 4.11, we randomly orient the molecules, as under most experimental conditions in

vibrational polariton chemistry, the reactants are generally in the liquid phase with presumably weak

orientational preferences. In the range of λc studied from10−4 to 10−2 a.u., we observe no changes in

the chemical reaction rate, suggesting no changes under previously experimentally studied conditions

of Nmol ≫ 102, λc ≪ 10−2, and random orientations. We rationalize this qualitative difference in

scaling between aligned and randomorientations by comparing theNmol-dependent dipolar spectrum

of alignedmolecules in Fig. C.1(b) and randomly orientedmolecules in Fig. 4.10(a). While theweight

of theNmol-normalized dipolar spectrum for the alignedmolecules is consistent with increasingNmol,

the weight for the randomly oriented molecules decreases monotonically, suggesting that the light-
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matter coupling and, therefore, cavity-mediated intermolecular energy transfer donot scale as strongly

withNmol.

4.3.2 Conclusions and outlook

In summary, we study chemical reactivity under collective vibrational strong coupling, specifically

unimolecular dissociation of a classical and anharmonic triatomic model. We find that with increas-

ingNmol in the ensemble, the reaction rate first decreases due to collective enhancement of vibrational

energy transfer to the cavity as the molecules drive the cavity displacement. AsNmol is increased fur-

ther into the ultrastrong coupling regime, the dipole self-energy becomes substantial, resulting in a

higher effective system temperature and accelerating the reaction rate. We empirically find scaling

relations for the onset of Nmol-dependence for both of these effects. Extrapolating this analysis to

experimental conditions of smaller λc and larger Nmol, we believe that such effects may be observed

in experimentally realizable infrared cavities for aligned reactants and can be validated by measuring

molecule density-dependent resonance frequencies. However, because changes to the chemical reac-

tivity are likely not observable for randomly oriented molecules under the significantly smaller cavity

strengths of experimentally realizable cavities, we remain wary of the applicability of this theory to

previous experiments of vibrational polariton chemistry with liquid phase reactants. Nonetheless, we

encourage future experimental and theoretical endeavors in this direction, such as investigating the ro-

bustness of the presently predicted effects to other experimental conditions, as well as under thermal

equilibrium.
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Seriously, you ate the last bundle of spaghetti? You know

I was marinating it with my homegrown tomato sauce in

that Ziploc to cook later. You know how much it meant to

me. I used my late grandparents’ recipe. And I come home

tofindadirty plate in front of your greasy Switch controller

and pasta sauce all over the new white throw I bought for

the couch. Really? Grow up. I don’t even want to think

about the fact that you microwaved it instead of making it

in the ceramic cookware. Gosh, I can’t take this anymore,

Mario. I’m leaving this dump of a one-bedroom apart-

ment you call a castle.

Anonymous 5
Conclusion

The purpose of this dissertation is to engineer quantum optical matter.

In Chapter 2, we first show in Section 2.2 that artificial molecules are formed by bonding artificial

atoms comprised of defects with localized orbitals within the band gap of a low-dimensional semicon-

ductor or insulator. This chemical degree of freedom can be used to design quantum emitters with

custom optical properties. This study evokes the possibility that the formation of artificial molecules,

or multi-defect complexes, could be responsible for unassigned zero phonon lines in the emission
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of defect centers. Promising directions to consider for further theoretical studies include including

electron-phonon coupling and open-system and environmental interactions, as well as understand-

ing the nature of thermodynamic stability in these systems, including formation energies, charge state

dynamics and charge transition levels. We especially look forward to the application of group theoret-

ical methods1 to efficiently describe the properties of optically excited states. We expect these results

to spur further fundamental and technological advances in the use of quantum defects-by-design in

solid-state materials for applications in quantum technologies. In Section 2.3, we demonstrate the

drastic impact of the formation of defect polaritons on the optical properties of defect systems using

the first-principles approach of linear-response QEDFT. We expect similar phenomena to manifest

in other defect systems in wide band gap semiconductors, such as diamond and silicon carbide, or

other two-dimensional materials, such as the transition metal dichalcogenides (TMDs). Future di-

rectionsmost importantly involve experimental realization of the strong coupling regime necessary to

observe the predicted effects of this study, perhaps following recent cavity designs for coupling single

defects. From a methods perspective, we anticipate that generalizing QEDFT to the ultrastrong cou-

pling regime, to spin degrees of freedom, and to periodic systems will enable computationally driven

discoveries of further complex phenomena in solid-state systems strongly coupled to light. In Sec-

tion 2.4, we show that magnetic particles can squeeze magnetic fields into small mode volumes and

can strongly couple to isolated magnetic dipolar spin emitters and weakly couple to forbidden transi-

tions. Looking forward, the strength of the single magnon-spin coupling could be further increased

by optimizing the geometry of magnonic cavities beyond the spherical shape.

In Chapter 3, we first show in Section 3.2 that entangled photons can be emitted from composite

emitters created by coupling together simple and generic emitters together. Future work should in-

volve mapping these schemes to specific systems, such as defect emitters, quantum dots, or or fixed

molecules may be used to realize the scheme as well. In Section 3.3, we propose a deterministic, pas-

sive, and low-footprint controlled variable-phase gate on photonic qubits in the frequency basis using
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a ladder system tomediate effective photon-photon interactions. For this study aswell, thoughwepro-

vide amethod of realizing the particular level structure necessary, futurework should involvemapping

this scheme to a specific system. We are particularly enthused about Purcell-enhanced lanthanide ions

doped into inert or electro-optical tunable hosts and defect emitters. First principles-based compu-

tational methods with the potential to incorporate the cavity field could also be leveraged to discover

new emitters thatmatch the criteria. The scheme for the photon-photon gate itselfmay be generalized

to multi-qubit gates with more control or target qubits, such as the Toffoli gate.

In Chapter 4, we first show in Section 4.2 that the effect of the cavity is strongest when it is tuned

into resonance with the frequencies of dissociation-resistant vibrational modes. Generally, we find

that the reaction ismaximally slowed downwhen the cavity is able to absorb energy from themolecule

without returning it too quickly to the molecule, lowering the probability that one of the stretch

bonds acquires enough energy to break, and the reaction speeds up in the ultra-strong regime due

to the additional energy from the dipole self-energy term. Then, in Section 4.3, we find that with in-

creasingNmol in the ensemble, the reaction rate decreases due to collective enhancement of vibrational

energy transfer to the cavity as the molecules drive the cavity displacement. We expect molecular dy-

namics studies ofmanymolecules inside an optical cavity that also includemolecular translational and

rotational degrees of freedom and intramolecular interactions with a particular focus on IVR dynam-

ics to be fruitful. Future studies should also include larger molecules withmore vibrational degrees of

freedom and cavity losses.
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A
Appendix for design and control of defects

A.1 First-principles calculations of electronic structure of defects

A.1.1 Defects in hBN

To theoretically model these systems, we use a pseudopotential, real-space density functional theory

(DFT) code Octopus266,10,386. Optimized molecular geometries and ground state electronic densi-

ties are calculated with SG15 optimized norm-conserving Vanderbilt pseudopotentials356,155 and the
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Perdew, Burke, and Ernzerhof (PBE) generalized gradient approximation exchange-correlation func-

tional310, which has been used in previous studies on the electronic and optical properties of defects

in hBN270,388,400,441,387. Note that while the PBE functional is known to underestimate the bandgap

and systematically mischaracterize certain optical properties1, results from PBE often qualitatively

match those from themore accurate and computationally expensiveHeyd–Scuseria–Ernzerhof func-

tional (HSE) functional98. The real-space simulation box is parameterized with a mesh spacing of

0.20 Å, as in Ref. 387, and consists of spheres with 4 Å radius around each atom. The ground state

self-consistent field (SCF) energies are converged below1meV/atom, and the energy differenceEbg be-

tween the highest occupied and lowest unoccupied bulk-like Kohn-Sham orbitals is converged within

1% of its mean value of 4.28 eV for nanoflakes with either a single or a pair of defects. Ebg agrees with

the range of bandgaps calculated for nanoflakes of hBN with approximately 100 boron and nitrogen

atoms with either nitrogen or boron edges267, in contrast to a calculated bandgap of 4.50 eV with

periodic DFT codes and the PBE functional387.

Figure A.1: (a) Absorption spectra and (b) ionization energies of the double defect CB‐VN@Y from Y = 5 to 8.

The energies of the excited states of interest converged with 100 extra states in the Casida method,
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a standard linear-response time-dependent density-functional theory (TDDFT)49. The resulting ab-

sorption spectrum of the lowest-lying excitation is plotted in Fig. A.1(a), where the energies corre-

spond to those plotted in Fig. 2.6(d) and the absorption is proportional to the squared transition

dipole moment times the transition frequency115,110,427. We confirm that the adiabatic LDA func-

tional is a valid approximation within the Casida formalism by checking that the ionization energies

plotted in Fig. A.1(b) and determined with a ΔSCF calculation are several eV higher than the excita-

tion energies in the absorption spectra. Notably, we find that the relative absorption intensities for

varying Y depend on the level of linear-response time-dependent density functional theory applied.

Specifically, the Petersilka311 and Tamm-Dancoff175 approximations to the full Casida method re-

sult in different absorption orderings, a well-known issue180. Resolving these discrepancies motivates

the development of a group theoretical approach to predict the optical activity of artificial molecules

whose symmetry strongly depends on the host lattice, defect-defect interactions, and in-plane/out-of-

planemovements. Despite these differences in absorption intensities, all threemethods predict similar

transition energy orderings. Structures and Kohn-Sham orbitals are visualized with XCrySDen211.

For the study on defect polaritons, we analyze the impact of the upper polariton on the electronic

continuum. Therefore, we converge the total absorption of the electronic continuum of transitions

starting from ∼4 to ∼9 eV within the cavity strength range of λ considered to ensure that the total

light-matter coupling is converged for a given cavity mode and vacuum electric field. In particular, we

converge the integrated absorption relative to the number of occupied andunoccupied states included

in the electronic component of theCasida calculation for the pristine hBNnanoflake, as shown in Fig.

A.2(a) and (b), respectively. At 9 eV, the integrated absorption is convergedwithin 1% for 80 occupied

states and 100 unoccupied states. We use this number of occupied and unoccupied states for all four

defect systems considered.
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Figure A.2: Convergence. For all four systems, the upper polariton interacts with the near‐continuum of electronic
transitions starting from 4 eV to∼9 eV in the coupling strength range studied. We ensure that the total light‐matter
coupling is converged for a given cavity mode and vacuum electric field by converging the integrated absorption relative
to the number of (a) occupied and (b) unoccupied states included in the electronic component of the Casida linear‐
response time‐dependent density functional theory for the pristine hBN nanoflake. At 9 eV, the cumulative absorption
is converged within 1% for 80 occupied states and 100 unoccupied states.
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A.1.2 SiV− defects in diamond

To extract spin-orbit-coupled orbitals of SiV−, we use the periodic density functional theory (DFT)

codeQuantumESPRESSO140,139,316with a geometry-optimized511-atomsupercell of diamondwith

a SiV− defect, the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional310, non-collinear

spin-orbit coupling, kinetic energy cutoff of 80 Rydberg, and energy and force convergence thresh-

olds of 10−8 a.u. and 10−5 a.u., respectively. The resulting four Kohn-Sham spin orbitals within

the band gap–ΨA(r),ΨB(r),ΨC(r),ΨD(r)–are split by spin-orbit coupling into two degenerate pairs,

such that EA = EB < EC = ED. We can extract the spatial wavefunctions ψe+(r), ψe−(r) from either

pair, but for specificity, we focus on the two Kohn-Sham orbitals with lower energies and note that

we can equivalently apply this approach to the pair with higher energies. The lower energy pair is by

default output as

ΨA(r) = az(r)| ↑z⟩ + bz(r)| ↓z⟩, (A.1)

ΨB(r) = cz(r)| ↑z⟩ + dz(r)| ↓z⟩, (A.2)

where az(r) to dz(r) are spatially-varying coefficients for the spin basis along the z-direction | ↑z⟩ and

| ↓z⟩. However, we seek orbitals spin-polarized along the [111] direction, so we rotate the spinors by

applying the spinor rotation matrix

R = exp
(
−iσ · nΔφ

2

)
, (A.3)
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where σ is the Pauli vector, n is the axis of rotation, and Δφ is the angle of rotation. We can therefore

re-write ΨA(r) and ΨB(r) as

ΨA(r) = a(r)| ↑⟩ + b(r)| ↓⟩, (A.4)

ΨB(r) = c(r)| ↑⟩ + d(r)| ↓⟩, (A.5)

where a(r) to d(r) are spatially-varying coefficients for the spin basis along the [111] direction | ↑⟩ and

| ↓⟩. Due to spin-orbit coupling, the spatial coefficients a and c (or b and d) corresponding to the | ↑⟩

(| ↓⟩) basis can be separated into the desired spatial wavefunctions ψe+(r) (ψe−(r)) defined to a phase:

ΨA(r) = αψe+(r)| ↑⟩ + βψe−(r)| ↓⟩, (A.6)

ΨB(r) = γψe+(r)| ↑⟩ + δψe−(r)| ↓⟩, (A.7)

where α to δ are complex numbers fulfilling αγ∗ + βδ∗ = 0 and |α|2 + |β|2 = |γ|2 + |δ|2 = 1.

A.2 Quantum electrodynamical density functional theory

A.2.1 Overview

Quantumelectrodynamical density functional theory is a first-principlesmethod for solving theHamil-

tonian H for a non-relativistic system of M electronic excited states interacting with the quantized

light field of N photon modes, in the absence of an external classical current and under the dipole

approximation in the length gauge398,114,110:

H = He +
N∑
k=1

1
2

[
p2k + ω2k

(
qk −

λk
ωk

· R
)2
]
, (A.8)
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whereHe is the electronicHamiltonian, and the kth quantized photonmode is given by the operators

for the photon conjugate momentum pk = i
√

h̄ωk
2 (ak − a†k) and the photon displacement coordinate

qk =
√

h̄
2ωk (ak + a†k), where h̄ is the reduced Planck constant. Both photon operators are given in

terms of the photon annihilation ak and creation a†k operators, and ωk is the frequency of mode k.

The electronic system couples to the photon modes through the total position operatorR =
∑M

i=1 ri

of the electronic system and qk of the photonic system. This coupling is scaled by the cavity strength

λk, which is given by

λk =
√

2
h̄ωk

Eke, (A.9)

where Ek is the amplitude of the electric field at the center of the electronic charge density and e is the

elementary charge. In a lossless cavity, λk represents a set of discrete modes whose excitation energies

are well separated and thus usually only one or a few modes need to be considered in the description

of light-matter coupling. Note that, in principle, molecular vibrational modesmay be included in Eq.

(A.8)78.

A.2.2 Generalization of method to include cavity loss

Recent experiments have explored regimesof light-matter interactionofmolecular systems innanopho-

tonic cavities, where the interaction of a photon with the excitations of a single molecule can be sub-

stantially enhanced. When the loss in the cavity, characterized by a loss rate κ, dominates over the

light-matter coupling rate g (g < κ) the system is in the weak-coupling regime. In this regime the

cavity mode enhances light-matter interactions, which can result in decay enhancement of molecular

excited states via the Purcell effect323.

Aqualitative change in the physico-chemical properties ofmatter emergeswhen g > κ, which leads
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to thehybridizationof excitationsofmatterwith cavityphotons to formpolaritonic states72,93,165,336,114,110.

This coherent non-perturbative regime is denoted as strong light-matter coupling, resulting in modi-

fications ofmolecular chemical reactivity via electronic or vibrational strong coupling131,132,391,166,114,

electrical300 and excitonic105 conductivity, optical properties246,79,137,168,453,167,447, energy transfer466,64,196,86,

polariton lasing201,268, or superconductivity229,355,71.

In the intermediate regime, when g ∼ κ, the distinction between weak and strong light-matter

coupling vanishes. This regime has been shown in optical cavities characterised by small quality factor

Q, where strong confinement of light in plasmonic290 or conventional154 cavities can lead to efficient

coupling of light with excitons in many456,457,438 or a few organic molecules57. Here the polaritonic

states are no longer well defined long-lived states371 nor can the light-matter interaction be treated as a

weak perturbation to molecular excitations. The intermediate regime has been suggested to influence

incoherent dissipative rates governing steady-state populations of molecular electronic excited states

and can, for example, protect organic molecules from photo-oxidation processes283.

Theoretical descriptions of coupling of light withmolecular excitations often rely onmodels based

on cavity quantum electrodynamics (cQED) and theories of open quantum systems. Alternatively,

parametrically described emitters canbe coupled to an electromagnetic environmentquantizedwithin

the linear-response theory of dielectric lossy media. Fully ab initio predictions of the effects of light-

matter coupling on themolecular properties require non-perturbativemethods combining the power

of cQED, theories of open-quantum systems, and many-body electronic structure theory114. While

longitudinal electromagnetic fields of dissipative matter excitations, such as plasmons, can be natu-

rally included in time-dependent density functional theories by including their corresponding charge

explicitly in the calculation399,265,184, standard theories must be extended to correctly account for

transverse electromagnetic fields.

To bridge this critical gap in the field, we build on the formalism of QEDFT to incorporate cavity

losses. We apply our generalized formalism to study ab initio vacuum light-matter interaction in both
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the weak- and strong-coupling regimes. Concretely, we study an isolated electronic transition in a

benzene molecule and few electronic transitions in a toluene molecule. We show that light-matter

interactions can induce interactions among the electronic states of the molecules that can result in

energy transfer between excited states.

To calculate the cavity strength λk for a lossy cavity mode, we follow the reasoning of Refs. 99 and

replace the cavity strengthof the singlemodeof a lossless 3Dcavity λc at energy h̄ωcwithmanyphoton

modes (the cavity mode coupled with the “modes of the universe”) whose spectral density follows a

Lorentzian profile L(Δω, κ, ωkc):

|λk|2 = |λc|2L(Δω, κ, ωkc), (A.10)

where

L(Δω, κ, ωkc) = Δω
1
2π

κ
(ωkc)2 + (κ/2)2

. (A.11)

In principle, the appropriate realistic spectral density can be obtained using anymethod of quantizing

lossy electromagnetic environments353,183,120,346, although within QEDFT longitudinal fields, such

as plasmonic fields, shouldbe included in themattermany-bodyHamiltonian. TheLorentzianprofile

distributes the total cavity strength λc over a range of frequency values ωk with a Lorentzian lineshape

around the central mode frequency (ωkc = ωk − ωc), where the degree of broadening is controlled

by the loss rate κ, which can be related e.g. to the reflectivity of cavity mirrors. Here, the modes are

uniformly spaced, that is the frequency spacing Δω = ωk+1−ωk for all k is constant. In general, trans-

forming to or from another energy spacing Δω(ωk) may offer computational benefits for an arbitrary

electromagnetic environment. We describe this transformation later.
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Equation (A.10) also implies that the cavity strength obeys the sum rule:

∫
dωD(ω)|λk|2 = |λc|2, (A.12)

where Δω(ω) → D(ω)dω in the continuum limit,D(ω) is the density of photonmodes, and dω → 0.

In the following, we also define the coupling rate gi,k that relates to the cavity strength λk and is a

measure of the coupling strength between the cavity mode k and a particular electronic excitation i

connecting the electronic ground state |g⟩with an electronic excited state |ei⟩ of the molecule:

gi,k = − e
h̄
Ek · ⟨g|R|ei⟩ = −

√
ωk
2h̄

λk
e
· di. (A.13)

Here di = e⟨g|R|ei⟩ are transition dipolemoments which can be, for example, obtained together with

their corresponding excitation energies h̄ωi from a standard linear-response time-dependent density-

functional theory (TDDFT)49. These quantities can then be used as input parameters for cQED

models describing light-matter interactions. This effective interaction rate naturally emerges in para-

metric cQEDmodels, such as the Jaynes-Cummingsmodel193. We adapt these approaches by includ-

ing the Lorentzian profile of the cavity strength to formulate a Fano-type cQEDmodel that describes

the linear-response of a discrete many-level electronic system coupled to a continuous photonic reser-

voir, permitting analysis in both the time and frequency domains. The relevant HamiltonianHcQED,

in the rotating wave approximation, is given by

HcQED =
M∑
i=1

h̄ωeli σ
†
i σi +

N∑
k=1

h̄ωka†kakh̄
M,N∑
i,k=1

(gi,kσ†i ak + H.c.), (A.14)

where σ†i (σi), a
†
k (ak) are creation (annihilation) operators for the ith ofM excited electronic states and

kth of N photon modes, respectively, H.c. is the Hermitian conjugate, h̄ωeli and h̄ωk are the mode
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energies, and gi,k is the coupling defined as in Eq. (A.13).

The state of the system can be described in the single excitation subspace as

|ψ⟩ =c0|g, {0k}⟩ +
M∑
i=1

celi |ei, {0k}⟩ +
N∑
k=1

cphk |g, {1k}⟩, (A.15)

where the coefficients c0, celi , c
ph
k are time dependent. We plug this ansatz into the Schrödinger equa-

tion to obtain the following system of linear differential equations:

_celi = −iωeli celi − i
N∑
k=1

gi,kc
ph
k , (A.16)

_cphk = −i
M∑
i=1

g∗i,kc
el
i − iωkck. (A.17)

Note that the coefficient c0 drops from the system of equations as the Hamiltonian conserves the

number of excitations due to the rotatingwave approximation. This systemof linear differential equa-

tions can be solved to obtain the eigenvalues, h̄ωl (i.e. energies), and eigenvectors, |vl⟩ (i.e. polaritonic

states), of the coupled system. With these parameters, we can calculate the electronic absorption spec-

trum and weight of the original, unmixed electronic and photonic states. In this cQEDmodel we de-

scribe the light-matter coupling via amany-mode Jaynes-Cummings term (adopting the rotating-wave

approximation), and neglect the term∝ R2 appearing in the full light-matter coupling Hamiltonian

given in Eq. (A.8). Several studies114,352,338,75,236 have analyzed the effect of this term, which becomes

in particular relevant in the ultrastrong coupling limit. Later, we compare our full QEDFT calcula-

tions with R2 contributions included to the cQED model without R2 contributions and comment

on their influence.

WithinQEDFT, on the other hand, the electronic and photonic excitations, in the presence of nu-

clei, and their interactions are in principle treated on the same quantized footing398,340,341,115. In par-
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ticular, here, we adopt a linear-response time-dependent QEDFT, first introduced in Refs. 115,110

that generalizes the Casida equation of TDDFT, where the electron-electron interactions included

in TDDFT and the electron-photon interactions are solved simultaneously. Excitation energies are

then obtained by diagonalizing the Casida matrix115 of sizeNoNu + Np, whereNo is the number of

occupied orbitals,Nu is the number of unoccupied orbitals, andNp the number of photon modes.

Importantly, both the cQED and QEDFTmodels are within the point dipole approximation and

single excitation subspace. However, the QEDFT model has the advantage of including the dipole

self-energy termR2, necessarily includes all electronic andphotonic degrees of freedomfor goodquan-

titative agreement with experimental data up to the accuracy of the density functional used, and in-

cludes counter-rotating terms typically neglected in the rotating wave approximation. In contrast,

calculations based on the cQEDmodel generally include only a few, judiciously chosen electronic ex-

citations to minimize computational complexity, although in principle, many can be included, as we

do later when we compare the results from the cQED and QEDFTmodels.

To demonstrate our generalized QEDFT approach, we consider an example of a single benzene

molecule placed in a lossy 1D optical cavity with linear polarized electric field along the x-axis. First,

we calculate the converged ground state electron densities with a standard LDA functional for ben-

zene and a long-range adapted LDA functional for toluene50; the long-range LDA (LRLDA) func-

tional requires the ionization potential from a ΔSCF calculation. Ground state self-consistent field

(SCF) energies converged within∼ 1 meV/atom with 0.08 Å and 0.14 Å real-space mesh spacing for

benzene and toluene, respectively, and a simulation box consisting of 6 Å radius around each atom.

The energies of the excited states of interest converged within ∼ 1 meV/atom with 500 extra states

in the Casida method. We further confirm the reliability of the excited electronic eigenstates that we

couple to the cavity modes by noting that all excited states studied lie below the ionization potentials

determined with a ΔSCF calculation.

The orientation of the molecule is shown in Fig. A.3(a)-(b). In the first principles QEDFT calcu-
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Figure A.3: The ground state |g, 0⟩ and first excited electronic state |e1, 0⟩ of benzene with energy h̄ωel1 = 6.93 eV
and transition dipole moment d1,x = 0.96 eÅ comprise an effective two‐level electronic system. (a) Coupling |e1, 0⟩
with lossy cavity modes |g, 1k⟩ centered at h̄ωc = h̄ωel1 results in unresolved polaritonic states. (b) |e1, 0⟩ couples
with a resonantly tuned, low loss optical cavity |g, 1⟩ to form distinct upper and lower polaritonic states. (c) Normalized
optical x‐polarized absorption spectrum of benzene in the absence of light‐matter coupling. (d) Normalized optical x‐
polarized absorption spectrum of benzene in the presence of light‐matter coupling for spectral broadening h̄Γ = 0.001
eV. As the cavity strength λc increases from (i) 0.001 to (ii) 0.002 to (iii) 0.008 eV

1
2 /nm with loss h̄κ = 0.001 eV

in (i)‐(iii), the energy splitting between the lower and upper polaritons increases; they are unable to be resolved after
increasing h̄κ from (iii) 0.001 to (iv) 0.004 to (v) 0.008 eV with λ = 0.008 eV 1

2 /nm in (iii)‐(v). The color of the curve
corresponds to the relative photonic and electronic weight of the polaritonic eigenstate. To retrieve the unnormalized
absorption spectra, multiply the absorption intensities by the scaling factor on the right side of the plot.

lation, we consider the full electronic structure with all single-particle excitations. Nevertheless, since

the target excitation |e1, 0⟩ with energy h̄ωel1 = 6.93 eV and strong x-polarized transition dipole mo-

ment d1,x = 0.96 eÅ tuned in resonance with the cavity mode is well separated in energy from other
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Figure A.4: The cavity strength λk with constant frequency spacing Δω = 0.0001 eV of the cavity modes for curves
(i)‐(v) for (a) benzene in Fig. A.3(d) and (b) toluene in Fig. A.5(d). For toluene in Fig. A.6(a)‐(b), the cavity mode energy
range is truncated to 6.35 eV to 6.95 eV with Δω = 0.001 eV.

optically active excited states, benzene can be effectively understood as a two-level electronic system

composed of the ground state |g, 0⟩ and an excited state |e1, 0⟩ for the range of parameters we con-

sider. We verify this simplification by calculating an electronic x-polarized absorption spectrumAx of

the molecule in the framework of linear-response QEDFT115,110:

Ax(h̄ω) = C
M+N∑
l=1

δ(ω− ωl)h̄ωl|
M∑
i=1

Cel
ildi,x|

2, (A.18)

where C = 2me/(3h̄2) (withme the electron mass) is a frequency-independent pre-factor, h̄ωl is the

mode energy, di,x is the x-component of the transition dipole moment of an electronic excitation i,

and Cel
il (C

ph
kl ) is the projection of an original, unmixed electronic (photonic) state |ei, 0⟩ (|g, 1k⟩) to

a resulting polaritonic state |vl⟩. M excited electronic states of benzene are coupled with N photon

modes to produceM+N hybrid electron-photon states called polaritons. For presentation purposes,

we broaden the delta function δ(ω− ωl) with a Lorentzian:
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δ(ω− ωl) →
1
2π

Γ
(ω− ωl)2 + (Γ/2)2

. (A.19)

The spectral broadening h̄Γ can be interpreted as, for instance, the resolution of the spectrometer. We

note that this artificial broadening is not included in our ab initio calculations and does not represent

properties of the studied system. Later, we show the influence of h̄Γ on the visibility of fine features.

The absorption spectrumwithno light-matter coupling is shown inFig. A.3(c) and features a single

dominant absorption peak corresponding to an electronic transition to |e1, 0⟩ from |g, 0⟩, agreeing

well with computational predictions in Ref. 115 and with experiments presented in Ref. 210. We

verify that the excited eigenstate |e1, 0⟩ is separated in energy at least 3 eV from the nearest eigen-

states with substantial transition dipole moment in the x-direction. For the range of coupling rates

considered in this paper, |g, 0⟩ and |e1, 0⟩ thus effectively form a two-level electronic system for the

considered range of parameters.

Next we place the molecule in a cavity whose central mode energy h̄ωc is in resonance with this

transition (ωc = ωel1 ). In the single excitation subspace, this system thus corresponds closely to the

Jaynes-Cummingsmodel, which describes the interaction of a two-level systemwith a single resonant

bosonic mode. In this scenario schematically shown in Fig.A.3(a)-(b), the two-level system can be

represented by a ground state |g, 0⟩ and an excited electronic state |e1, 0⟩ of a molecule whose transi-

tion dipole moment d1 allows for efficient coupling with light and whose frequency is well separated

from other electronic excitations. The bosonic mode is then represented by a single electromagnetic

mode of an optical cavity (of quantized electric-field amplitude Ec and experiences losses with decay

rate κ) that interacts with the electronic states of themolecule via the Jaynes-Cummings coupling rate

g = − 1
h̄ d1 · Ec. If the coupling rate is small compared to the loss rate of the cavity, when g < κ, the

system is in the weak-coupling regime in which the cavity enhances the decay rate of the electronic
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excited state, i.e. the Purcell effect. This enhancement manifests as broadening of the electronic ab-

sorption spectrum of the molecule as illustrated in Fig. A.3(a). In contrast, when g > κ, the system

is in the strong-coupling regime in which the electronic excited state and the cavity photon hybridize

and form new hybrid light-matter polariton states denoted |U⟩, “upper”, and |L⟩, “lower”, polariton

in Fig. A.3(b). The polariton states are manifested in the molecular absorption spectrum as a doublet

of peaks whose splitting is∝ g.

By tuning the cavity strength λc (which we assume to be polarized in the x-direction) and loss h̄κ,

and therefore changing its spectral profile as shown in Fig. A.4(a), we are able to control the regime

of light-matter coupling in accordance with the predictions of the Jaynes-Cummings model. We first

calculate a series of absorption spectra of the molecule coupled with the cavity field: In the calcula-

tions shown in Fig. A.3(d), N = 5, 000 cavity modes whose cavity strength is distributed according

to Eq. (A.10) are used to represent the single leaky cavity mode coupled with a single dominant elec-

tronic excited state among theM excited states of benzene, and the absorption spectrum is calculated

with spectral broadening h̄Γ = 0.001 eV.

We first assume that the cavity is characterised by a constant cavity loss h̄κ = 0.001 eV and vary the

value of cavity strength λc. The calculated absorption spectra are shown in Fig. A.3(d)(i)-(iii) for λc =

(0.001, 0.002, 0.008) eV
1
2 /nm or g/κ = (0.18, 0.36, 1.43), respectively. The largest h̄g = 0.23 meV

≪ 0.1h̄ωel1 , so the coupling strength remains far below theultrastrong regime126,118. Aswe increase the

coupling strengthwe observe the transition from theweak-coupling regime in Fig. A.3(d)(i) where the

molecular absorption spectrum features a single broadened Lorentzian peak to the strong-coupling

regime in Fig. A.3(d)(iii) featuring the polaritonic peak doublet.

As the regime of light-matter coupling is a function of the ratio g/κ, we show in Fig. A.3(d)(iii)-(v)

that the strong light-matter coupling regime can transition back into the weak-coupling regime when

cavity losses are increased for a given cavity strength λc = 0.008 eV
1
2 /nm. Concretely, we increase

the cavity loss rate from h̄κ = 0.001 eV in (iii) to h̄κ = 0.004 eV in (iv) to h̄κ = 0.008 eV in (v).
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We observe that with increasing loss rate the doublet merges back into a single broadened Lorentzian

peak as we reenter the weak-coupling regime. The peak in Fig. A.3(d)(v) is broader than the peak in

Fig. A.3(d)(i) as the Purcell decay∝ g2/κ is larger in the former case.

Todevelop further physical intuition onhow theNphotonic states hybridizewith theM electronic

states to formM + N polaritonic states, we calculate the weightWel
il = |Cel

il|
2 (Wph

kl = |Cph
kl |

2) of an

original, unmixed electronic (photonic) state |ei, 0⟩ (|g, 1k⟩) in a resulting lth polaritonic state |vl⟩. We

plot the total weight from the electronic stateswel
l =

∑M
i=1Wel

il and the total weight from the photonic

stateswph
l =

∑N
k=1W

ph
kl = 1−wel

l as the overlaid color of the curve in Fig. A.3(d). Notably, we observe

concentrations of electronic character near the absorption peaks, even when separated in energy as in

Fig. A.3(d)(iii), which proves the hybrid polaritonic character of the states composing the peaks.

Here, we systematically describe the effect of weak-to-strong light-matter coupling to a more com-

plex, effective many-level electronic system, toluene. Although we again include allM electronic ex-

cited states from the ab initio calculation, here we discuss three x-polarized optically active excited

states clustered in energy: |e1, 0⟩ with energy h̄ωel1 = 6.64 eV and x-polarized transition dipole mo-

ment d1,x = 0.76 eÅ, |e2, 0⟩ with h̄ωel2 = 6.71 eV and d2,x = 0.11 eÅ, and |e3, 0⟩ with h̄ωel3 = 6.78

eV and d3,x = 0.08 eÅ. The x-polarized absorption spectrum of toluene in free space is plotted in Fig.

A.5(c) where we observe absorption peaks that scale as ∝ d2i,x corresponding to |e1, 0⟩, |e2, 0⟩, and

|e3, 0⟩. There are additional eigenstates that are further off-resonant or have smaller transition dipole

moments. We neglect them in our discussion in the main text because they do not interact strongly

with the cavity. Nonetheless, we still include their effects in our calculation. As we discuss later, for

small enough spectral broadening h̄Γ, these excitations appear in the spectra as absorption dips.

When the molecule is placed in a 1D lossy cavity with central mode frequency ωc = ωel1 and

M = 3, 600 photon modes, we observe the transition from the weak-to-strong coupling regime in

the electronic absorption spectra in Fig. A.5(d) with spectral broadening h̄Γ = 0.001 eV upon vary-

ing cavity strength λc and loss h̄κ as in Fig. A.4(b). At suitable cavity strength λc and loss h̄κ, we also
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Figure A.5: The ground state |g, 0⟩ and three excited electronic states–|e1, 0⟩, |e2, 0⟩, and |e3, 0⟩, in order of in‐
creasing energy–of toluene comprise a many‐level electronic system. (a) For coupling between |e1, 0⟩ and a resonantly
tuned, low loss optical cavity |g, 1⟩ where energy splitting ωp ≪ ωel

12 (ωel
12 = ωel

2 − ωel
1 ), we observe splitting into upper

and lower polaritons with little interaction with |e2, 0⟩ and |e3, 0⟩. (b)When the coupling strength is tuned such that
ωp ≈ ωel

12, the upper polariton can be tuned in resonance and mixed with |e2, 0⟩. (c) Normalized x‐polarized optical
absorption spectrum of toluene in the absence of light‐matter coupling. (d) Normalized optical x‐polarized absorption
spectrum in the presence of light‐matter coupling for spectral broadening h̄Γ = 0.001 eV. The coupling strength λc is
set to (i) 0.01, (ii) 0.10, and (iii)‐(v) 0.43 eV

1
2 /nm. The loss h̄κ is set to (i)‐(iii) 0.01, (iv) 0.10, and (v) 0.32 eV. The color of

the curves corresponds to the relative photonic and electronic character of the polaritonic eigenstate. To retrieve the
unnormalized absorption spectra, multiply the absorption intensities by the scaling factor on the right side of the plot.
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observe Fano resonances resulting from photon-mediated interactions between electronic states.

We first assume that the cavity is characterized by cavity strength λc = 0.01eV
1
2 /nm and loss h̄κ =

0.01 eV, or g/κ = 0.14. As we increase the coupling strength, we observe the transition from the

weak-coupling regime inFig. A.5(d)(i)where themolecular absorption spectrumfeatures a broadened

Lorentzian peak at h̄ωel1 to the strong-coupling regime in Fig. A.5(d)(iii) where λc = 0.10 eV
1
2 /nm

or g/κ = 1.4 featuring the polaritonic peak doublet. This doublet corresponds to the lower |L⟩ and

upper |U⟩ polaritons in Fig. A.5(a). The relative electronic character wel of the doublet is lower than

those of the peaks at h̄ωel2 and h̄ωel3 , which do not mix substantially with the photon modes.

In a many-level electronic system, electronic states may interact through the photon modes. We

demonstrate the effects of this interaction by increasing the cavity strength λc to 0.43 eV
1
2 /nm and

maintaining loss h̄κ = 0.01 eV (g/κ = 6.0) in Fig. A.5(d)(iii) from 0.10 eV
1
2 /nm in Fig. A.5(d)(ii).

At this cavity strength, ωp ≈ ωel12 = ωel2 − ωel1 , so the upper polariton becomes nearly degenerate

|e2, 0⟩with energy h̄ωel2 , resulting in the upper polariton mixing with |e2, 0⟩ to form an upper-lower

polariton |UL⟩ and an upper-upper polariton |UU⟩. These conditions are schematically illustrated in

Fig. A.5(b).

Increasing loss h̄κ for the toluene-lossy cavity system such that |e1, 0⟩ and |e2, 0⟩ interact through

the photonmodes results in Fano resonances in the absorption spectrum. To capture this effect, from

the strong-coupling regime in Fig. A.5(d)(iii) where the cavity strength λc = 0.43 eV
1
2 /nm and loss

h̄κ = 0.01 eV, we increase loss h̄κ to 0.08 eV and maintain λc = 0.43 eV
1
2 /nm, or g/κ = 0.74, in Fig.

A.5(d)(iv). Further increasing loss h̄κ enables resonant electronic eigenstates to interact with other

electronic eigenstates even further in energy: in Fig. A.5(d)(v) where λc = 0.43 eV
1
2 /nm and loss h̄κ

is increased to 0.32 eV, the peak at h̄ωel3 broadens. In addition, the individual polaritonic peaks merge

into a single unresolved one, a characteristic of the weak-coupling regime.

To elucidate the physical implications of the absorption spectra, we plot the weights Wel
il from

QEDFT calculations in Fig. A.6(a)(i)-(v). The conditions correspond to the same cavity conditions
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Figure A.6: (a) Normalized weights of original, unmixed electronic states in the polaritonic states calculated with QEDFT
framework. All electronic states are decoupled from each other with low light‐matter coupling in (i). The upper polariton
resulting from mixing between |e1, 0⟩ and |g, 1⟩ mixes with |e2, 0⟩ in (iii). λ and κ for (i)‐(v) in Fig. A.6(a) equal those
in (i)‐(v) in Fig. A.5(d). The unnormalized weights are recovered by scaling the plotted curves by the listed scale factors.
(b) Population transfer in the time domain via a cQED model with inputs from first principles calculations of the excited
electronic eigenstates and photonic spectral profile. Toluene is initially prepared in |e1, 0⟩. Rabi oscillations in (ii) are a
clear indication of strong coupling between |e1, 0⟩ and |g, 1⟩. Population transfer between |e1, 0⟩ and |e2, 0⟩ occurs
when ωp ≈ ωel

12, as in (iii) and schematically illustrated in Fig. A.5(b). Increasing κ in (iv)‐(v) decreases excited electronic
state lifetimes and enables slight population transfer to |e3, 0⟩, as observed in (v). λ and κ for (i)‐(v) in Fig. A.6(b) equal
those in (i)‐(v) in Fig. A.5(d).
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as in Fig. A.5(d)(i)-(v), respectively, except that the input cavity mode frequency range is restricted

from 6.35 eV to 6.95 eV in Fig. A.6(a)-(b) for computational tractability as opposed to 4.85 eV to

8.45 eV in Fig. A.5(d). Absorption spectra are nearly identical for both energy ranges. Since the

absorption spectra calculated from first principles in Fig. A.5(d) agree with those of the cQEDmodel

in Fig. A.7 parameterized with first principles calculations of the electronic structure and cavitymode

profiles, we can use the cQEDmodel to calculate the explicit time dependence of population transfer

in Fig. A.6(b) for a toluene-lossy cavity system initially prepared in |e1, 0⟩.

In the weak-coupling regime in Fig. A.6(a)(i), we see that all electronic character from |e1, 0⟩,

|e2, 0⟩, and |e3, 0⟩ is localized in one peak each. To demonstrate weak-coupling behavior in the time

domain, the timedecayof the toluene-lossy cavity system initialized in |e1, 0⟩ is plotted inFig. A.6(b)(i).

As expected for an electronic system weakly coupled to photon modes, we observe exponential decay

of the population of |e1, 0⟩.

In the strong-coupling regime where the upper |U⟩ and lower |L⟩ polaritons are well-resolved in

Fig. A.5(d)(ii), in Fig. A.6(a)(ii) the electronic character of |e1, 0⟩ is concentratedwithin the twopeaks

corresponding to |U⟩ and |L⟩. We calculate the timedecay of the toluene-lossy cavity system initialized

in |e1, 0⟩ in Fig. A.6(b)(ii) for the same cavity parameters as in Fig. A.5(d)(ii) and observe a signature

of strong-coupling behavior: vacuum Rabi oscillations. In this regime, the difference in energy h̄ωp

between the polaritons and |e1, 0⟩ is much lower than the difference in energy h̄ωel12 between |e1, 0⟩

and |e2, 0⟩, so there is negligible interaction between |e1, 0⟩ and |e2, 0⟩. This lack of interaction is

apparent in both Fig. A.6(a)(ii) and Fig. A.6(b)(ii). In Fig. A.6(a)(ii), the two polaritonic peaks have

no contribution from |e2, 0⟩, and in Fig. A.6(b)(ii), we observe no population transfer to |e2, 0⟩.

In Fig. A.5(d)(iii), λc is further increased such that electronic states |e1, 0⟩ and |e2, 0⟩ interact. In

Fig. A.6(a)(iii), the peaks corresponding to |UU⟩ and |UL⟩ have contributions from both |e1, 0⟩ and

|e2, 0⟩. The consequence in the time domain is population transfer between |e1, 0⟩ and |e2, 0⟩, as

well as Rabi oscillations with the photonmodes, suggesting that this toluene-lossy cavity system expe-
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Figure A.7: Comparison of normalized x‐polarized absorption spectra for (a) benzene and (b) toluene between QEDFT
and a cQED model parameterized with the eigenenergies and transition dipole moments of the electronic excited states
and the same respective cavity mode profiles as the first principles, self‐consistent QEDFT calculations. QEDFT curves
of Fig. A.7(a) and Fig. A.7(b) are re‐plotted from Fig. A.3(d) and Fig. A.5(d), respectively.

riences both strong light-matter and strong matter-matter coupling via the cavity modes. As loss h̄κ

increases to 0.10 eV in Fig. A.5(d)(iv), although population still transfers between |e1, 0⟩ and |e2, 0⟩,

the excitation lifetime commensurately decreases compared to when h̄κ = 0.01 eV. Finally, as κ is

increased further to 0.32 eV in Fig. A.5(d)(v) where |e3, 0⟩ interacts non-negligibly with the cavity

modes, we observe slight population transfer to |e3, 0⟩ in Fig. A.6(b)(v).

Overall, tuning the cavity strength λc and loss h̄κ can generate polaritonic states with contribu-

tions from several excited electronic states and can control population transfer to higher-lying states

in energy and excitation lifetimes.

Comparison between cQED andQEDFT

Normalized x-polarized absorption spectra for benzene and toluene with the same cavity conditions

in Fig. A.4(a) and Fig. A.4(b) are plotted in Fig. A.7(a) and Fig. A.7(b), respectively. We note that the

QEDFT and cQED agree quantitatively well for both benzene and toluene. There are more substan-
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tial differences between the spectra, specifically a blue shift of the cQED spectra, for the toluene study,

which used higher coupling strengths than the benzene study. This trend agrees with a comparison

between QEDFT and the Rabi model in Ref. 115. To understand the effect of the lack of the R2

term in the cQEDmodel that arises from expanding the last term in Eq. (A.8), in Fig. A.7(b), we also

plot the absorption spectra calculated with the present QEDFT formalismwithout theR2 term. The

effect of the R2 is small for the coupling strengths here, so the differences in spectra can be more di-

rectly attributed to differences in the rotating wave approximation made in the cQEDmodel and the

mean-field approximation made in QEDFT. Eq. (A.15) and Eq. (A.16) can also be explicitly propa-

gated in time given a set of initial conditions to plot population transfer, as in Fig. A.6(b). Finally, we

note that calculating the excited state structure of a molecule interacting with multiple cavity modes

with theQEDFT and the cQED approaches depends on the number of excitations considered, which

can be up to the product of the number of occupied No and unoccupied Nu orbitals, as well as the

number of photonmodesNph. In the case of linear responseQEDFT,we considered 18 occupied and

500 unoccupied orbitals, as well as 5,000 or 3,600 photonmodes for benzene or toluene, respectively,

which leads to the problem of diagonalization of amatrix of size 14,000 or 9,600. The full calculation

we perform on a supercomputer with∼ 1, 000 cores within a few hours. For the cQED calculations,

we solve for the excitation spectrum by including electron-photon interactions with the excited state

structure of a molecule from traditional TDDFT that neglects the R2 term. The TDDFT calcula-

tion was performed on a supercomputer with∼ 1000 cores within a few hours. We then couple all

photon modes toNex ∼ 1− 10 selected electronic excitations within the relevant frequency range to

construct the matrix. The resulting matrix size isNph +Nex, which is significantly smaller than in the

linear response QEDFT case and can be diagonalized on a regular laptop.

Additionally, we can compare the results from the QEDFT calculation of defect polaritons in Fig.

2.11 to those from the cQED model in Fig. A.8. We note excellent qualitative agreement, although

quantitatively the results differ more strongly at higher coupling strengths due to the inclusion of the
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Figure A.8: Comparison of QEDFT (solid lines) and cQED model (dotted lines). As in Fig. 2.11, for all four defect systems,
we show the (a) excitation energy, (b) absorption with zero spectral broadening, and (c) photonic weight of the lowest‐
lying excitation, or the lower polariton for coupling strength λ from 0.010 to 0.986 eV1/2/nm. QEDFT and cQED model
present similar results that differ more strongly at higher coupling strengths evidently due to the inclusion of the dipole
self‐energy and counter‐rotating terms in QEDFT.

dipole self-energy and counter-rotating terms inQEDFT.We expect these relative differences between

QEDFT and cQED regardless of the electronic functional chosen, although the results may differ for

varying levels of approximation of the electron-photon functional.

Transformation of photon mode density

Transforming the frequency spacing of a photon spectral profile from an exact calculation of the elec-

tronmagnetic environment of a cavity to an arbitrary mode frequency spacing has clear numerical ad-

vantages because frequencies of interest can bemore densely sampled at the cost of lowered frequency

density at less relevant ranges for the same computational cost. We demonstrate this procedure here.

For specificity, we study the Hamiltonian HcQED,cont in the cQED model, Eq. (A.14), expressed in

terms of a continuously, constantly spaced frequency variable ω for photons and discrete frequencies

ωeli for electronic excited states:
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HcQED,cont =
M∑
i=1

h̄ωeli σ
†
i σi + h̄

∫
dω ωa†(ω)a(ω) + h̄

∫
dω

M∑
i=1

(gi(ω)σ†i a(ω) + H.c.). (A.20)

We desire to change the integration variable ω to a new one Ω such that ω(Ω) has a more favorable

spacing once the Hamiltonian is necessarily discretized for numerical calculations. Assuming a gen-

eral functional dependence connecting the two frequency variables, note that the transformation of

variables leads to modification of all integrals:

∫
. . . dω →

∫
. . .

dω
dΩ︸︷︷︸

≡D(ω→Ω)

dΩ, (A.21)

wherewehavedefined thedensity of statesD(Ω). This transformation is accompaniedby re-definition

of creation and annihilation operators of the continuum:

~a(ω(Ω)) =
√

D(Ω)a(ω), (A.22)

which follows from the requirement that the commutation relation [~a(Ω), ~a†(Ω′)] = δ(Ω − Ω′)

holds.

We can rewriteHcQED,cont as

HcQED,cont =
M∑
i=1

h̄ωeli σ
†
i σi +h̄

∫
dΩ ω(Ω)~a†(Ω)~a(Ω)

+h̄
∫

dΩ
M∑
i=1

√D(Ω)Gi[ω(Ω)]︸ ︷︷ ︸
≡~Gi(Ω)

σ†i ~a(Ω) + H.c.

 , (A.23)

where we have defined a new coupling constant ~Gi(Ω). Eq. (A.23) can be discretized by assuming a
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constant spacing in variable Ω:

∫
dΩ →

N∑
k=1

ΔΩk, (A.24)

where ΔΩ = Ωi+1 −Ωi is the step of the discretization. The annihilation and creation operators of

the continuummust be transformed back to the operators of the discrete set of modes as:

~A(Ωi) ≡ ~Ak ≡
√
ΔΩ~a(Ωk), (A.25)

which follows from the requirement that [~Ai, ~A†
j ] = δij. We write the discrete version ofHcQED,cont,

~HcQED, with newmode frequency spacing:

~HFano =
M∑
i=1

h̄ωeli σ
†
i σi +

N∑
k=1

h̄ω(Ωk) ~A†
k
~Ak + h̄

M,N∑
i,k=1

[√
ΔΩ~G(Ωk)σ†i ~Ak + H.c.

]
. (A.26)

Figure A.9: Normalized x‐polarized absorption spectra for toluene in a lossy cavity with λc = 0.43 eV 1
2 /nm and h̄κ =

0.01 eV with spectral broadening h̄Γ =(0.005, 0.002, 0.001, 0.0005, 0.0002) eV for (a)‐(e), respectively. Curve (c)
corresponds to Fig. A.5(d)(iii).
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Impact of measurement resolution

Herewe discuss the impact ofmeasurement resolution. Molecules can have excitations densely spaced

in energy that all interact through the cavity photons. However, because excitations with low tran-

sition dipole moments or that are sufficiently off-resonant from the line width of the cavity modes

do not interact strongly with the cavity, the effects of their interactions are small. Nonetheless, it is

possible to observe their effects by increasing measurement quality.

For instance, for toluene in the energy range shown in Fig. A.5(c), there are several excitations

beyond |e1, 0⟩, |e2, 0⟩, and |e3, 0⟩ that do not have an appreciable effect on the absorption spectra

when coupled to photons, as in Fig. A.5(d). The only observable impact is a slight dip on the side of

the lower polariton in Fig. A.5(d)(iii)-(v), caused by the eigenstate at 6.58 eV with transition dipole

moment dx = 0.01 eÅ. We study the impact of varying the spectral broadening h̄Γ on the absorp-

tion spectra for the conditions in Fig. A.5(c), as demonstrated in Fig. A.9. Physically, the spectral

broadening can be lowered by decreasing the temperature. As the spectral broadening h̄Γ decreases

from h̄Γ = (0.005, 0.002, 0.001, 0.0005, 0.0002) eV in Fig. A.9(a)-(e), respectively, we observe the

appearance of an additional Fano resonance at the eigenenergy at 6.58 eV, a signature of the presence

of an electronic eigenstate interacting with others through the photon modes. Given sufficient mea-

surement resolution, we expect that further decreasing the spectral broadening h̄Γ would enable the

observation of the remaining eigenstates in Fig. A.5(c).

A.3 Dynamics of nanomagonic cavities

A.3.1 Weisskopf-Wigner theory for magnetic emitters

We describe how the dynamics of a spin emitter can be described in the framework of theWeisskopf-

Wigner approach. To that end we consider the following HamiltonianHtot governing the dynamics
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of an emitter interacting with bosonic magnetic excitations of the environment:

Htot = Hme +Henv +Hint, (A.27)

with

Hme = h̄ω0|e⟩⟨e|, (A.28a)

Henv =
∑
k

h̄ωkb†kbk, (A.28b)

Hint = −μ0m̂ · Ĥ, (A.28c)

where ω0 is the transition frequency of the two-level magnetic emitter, |e⟩ (|g⟩) is the excited (ground)

state of the emitter, ωk is the excitation frequency of the k−thmagneticmode of the environment rep-

resented by the annihilation (creation) operator bk (b†k). The interaction Hamiltonian Hint contains

the operator of the spin magnetic moment:

m̂ = m|g⟩⟨e| + H.c., (A.29)

and the operator of the magnetic field of the environmment:

Ĥ =
∑
k

~Hk(r)bk + H.c. (A.30)

Here ~Hk(r) is the vacuum amplitude of the magnetic mode k dependent on the spatial coordinate r.

We next approximate the interaction Hamiltonian in the rotating-wave approximation as:

Hint ≈ −μ0m ·
∑
k

~H∗
k |g⟩⟨e|b

†
k + H.c. (A.31)
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and use the single-excitation ansatz for the system wave function:

|ψ⟩ = ce|e, 0⟩ +
∑
k

ck|g, 1k⟩, (A.32)

where ce and ck are time-dependent coefficients and |e, 0⟩ and |g, 1k⟩ are states representing the ex-

cited emitter with nomagnetic mode excited, and the de-excited emitter with only the k−thmagnetic

mode excited, respectively. The dynamics of the coefficients can be obtained from the Schrödinger’s

equation and gives rise to the coupled system of equations:

_ce = −iωece + iμ0
∑
k

m∗ · ~Hk(rme)
h̄

ck, (A.33)

_ck = −iωkck + iμ0
∑
k

m · ~H∗
k (rme)
h̄

ce, (A.34)

Following the derivationofWeisskopf andWigner one obtains the following integro-differential equa-

tion for the coefficient ce:

_~ce = −
∫ t

0
f(t− t′)~ce(t′) dt′, (A.35)

with~ce(t′)e−iω0t′ = ce(t′), and

f(t− t′) =
∫ ∞

−∞
J(ω)ei(ω0−ω)(t−t′)dω, (A.36)

with

J(ω) =
∑
k

μ20
m∗ · ~Hk(rme) ~H∗

k (rme) ·m
h̄2

δ(ω− ωk). (A.37)
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We note that J(ω) can be obtained from the Green’s tensorGm(r, r′) that generates the classical mag-

netic fieldHcl(r) at point r induced by a classical magnetic point dipolemcl positioned at r′ and oscil-

lating at frequency ω0 as

Hcl(r) = k20Gm(r, r′) ·mcl, (A.38)

wherek0 = ω0/c. The relationship canbe shownbydirect calculationof thefieldHcl(r) =
∑

k
~Hk⟨ak⟩

assuming that the system is excited by a classical source so that the interactionHamiltonian effectively

becomes a source HamiltonianHsource:

Hsource = −μ0mcl · ~H∗
ke

−iω0tb†k + H.c. (A.39)

After a short calculation we obtain the steady-state mean values ⟨ak⟩:

⟨bk⟩ =
μ0 ~H

∗
k (r

′) ·mcl

h̄ωk −h̄ω0 − i0+
. (A.40)

Here 0+ is a small positive constant necessary to preserve the analyticity of the result. Wenext calculate

Hcl with use of Eq. (A.40) as:

Hcl(r) =
∑
k

~Hk(r)⟨bk⟩ (A.41)

=
∑
k

μ0 ~Hk(r) ~H∗
k (r

′) ·mcl

h̄ωk −h̄ω0 − i0+
, (A.42)

from which we identify:

k20Gm(r, r′) =
∑
k

μ0 ~Hk(r) ~H∗
k (r

′)
h̄ωk −h̄ω0 − i0+

. (A.43)
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Notice that the result in Eq. (A.43) is general and holds even in dispersive and lossy media provided

that the magnetic excitations are correctly quantized (i.e. a single lossy magnetic mode is represented

as a continuum of modes). Using the identity

1
ωk − ω0 − i0+

= iπδ(ωk − ω0) + P
{

1
ωk − ω0

}
, (A.44)

where P {·} is the principal value, it can be shown [c.f. Eq. (A.37)] that

J(ω) =
μ0|mme|2

h̄π
Im
{
n∗ · k20Gm(rme, rme, ω) · n

}
, (A.45)

wheremme = |mme|n (andwe allown to be complex). TheGreen’s tensorGm(rme, rme, ω) is a classical

quantity that can be calculated as a field induced by a point magnetic dipole of a unit amplitude.

We can therefore find J(ω) semi-analytically by matching the boundary conditions of an appropriate

magnetostatic problem.

A.3.2 Magnetostatic Green’s tensor

To evaluate theGreen’s tensorGm(rme, rme, ω0) we solve the Poisson’s equation in spherical geometry.

The field imposed by the external dipole in the region between a magnonic sphere and the dipolar

emitter can be expressed using the addition theorem of solid harmonics.

We first note that the potential of a point charge can be expressed in standard spherical coordinates

as:

1
|r− a|

=
∑
lm

4π
2l + 1

rl

al+1
Yml (θ, ϕ)Y

m∗
l (θa, ϕa), (A.46)
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with

Yml (θ, φ) =

√
2l + 1
4π

(l−m)!
(l +m)!

Pml (cos θ)e
imϕ. (A.47)

We can rewrite Eq. (A.46) as:

1
|r− a|

=
∑
lm

(l−m)!
(l +m)!

Rl,m(r, θ, ϕ)I∗l,m(a, θa, ϕa) (A.48)

where In,m(R) andRn,m(R) are the solid harmonics:

In,m(R) = R−n−1Pmn (cos Θ)eimΦ, (A.49)

Rn,m(R) = RnPmn (cos Θ)eimΦ. (A.50)

To obtain the potential of a unit dipole one needs to calculate the derivative of the potential with

respect to the coordinates of the source:

φmr
=

1
4π

∂

∂a
1

|r− a|

=
1
4π
∑
lm

(l−m)!
(l +m)!

Rl,m(r, θ, ϕ)
∂

∂a
I∗l,m(a, θa, ϕa), (A.51)

φmθ
=

1
4π

1
a

∂

∂θa
1

|r− a|

=
1
4π
∑
lm

(l−m)!
(l +m)!

Rl,m(r, θ, ϕ)
a

∂

∂θa
I∗l,m(a, θa, ϕa), (A.52)

φmϕ
=

1
4π

1
a sin θa

∂

∂ϕa

1
|r− a|

=
1
4π
∑
lm

(l−m)!
(l +m)!

Rl,m(r, θ, ϕ)
a sin θa

∂

∂ϕa
I∗l,m(a, θa, ϕa). (A.53)
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∂

∂a
I∗l,m(a, θa, ϕa) =

−(l + 1)Pml (cos θa)e
−imϕa

al+2
, (A.54)

1
a

∂

∂θa
I∗l,m(a, θa, ϕa) =

− sin θaPml
′(cos θa)e−imϕa

al+2
, (A.55)

1
a sin θa

∂

∂ϕa
I∗l,m(a, θa, ϕa) =

−imPml (cos θa)e
−imϕa

al+2 sin θa
. (A.56)

We collect all the coefficients and introduce a short-hand notation for the coefficients entering the

multipolar expansion of the potentials:

φmα
=
∑
lm

Dα
lmr

lPml (cos θ)e
imϕ, (A.57)

whereDα
lm are the coefficients for a given orientation of the unit dipole α ∈ {r, θ, ϕ}:

Dr
lm = − 1

4π
(l−m)!
(l +m)!

(l + 1)
al+2

Pml (cos θa)e
−imϕa , (A.58)

Dθ
lm = − 1

4π
(l−m)!
(l +m)!

sin θa
al+2

Pml
′(cos θa)e−imϕa , (A.59)

Dϕ
lm = − 1

4π
(l−m)!
(l +m)!

im
al+2 sin θa

Pml (cos θa)e
−imϕa . (A.60)

Finally we use the following ansatz for the potential (r < R):

φ = Aα
nmPmn (ξ)Pmn (cos η)eimϕ, (A.61)
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and forR < r < a:

φ =
∑
nm

Bαnmr−n−1Pmn (cos θ)eimϕ (A.62)

+Dα
nmrnPmn (cos θ)eimϕ. (A.63)

to obtain the system of equations:

Aα
nmPmn (ξ0) = BαnmR−n−1 +Dα

nmRn, (A.64)

Aα
nm[ξ0P

m
n
′(ξ0)− κmPmn (ξ0)]

= (−n− 1)BαnmR−n−1 + nDα
nmRn, (A.65)

from which we express Bnm as:

Bαnm =
Dα

nmR2n+1[(n + κm)Pmn (ξ0)− ξ0Pmn ′(ξ0)]
(n + 1− κm)Pmn (ξ0) + ξ0Pmn ′(ξ0)

. (A.66)

The induced potential in the region r > R can thus be expressed as:

φind =
∑
nm

Dα
nmR2n+1[(n + κm)Pmn (ξ0)− ξ0Pmn ′(ξ0)]
(n + 1− κm)Pmn (ξ0) + ξ0Pmn ′(ξ0)

× r−n−1Pmn (cos θ)eimϕ (A.67)

The induced magnetic field is finally evaluated using

∇φ =
∂φ
∂r

er +
1
r
∂φ
∂θ

eθ +
1

r sin θ
∂φ
∂ϕ

eϕ, (A.68)
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asH = −∇φ:

Hα
r =
∑
nm

Dα
nmR2n+1[(n + κm)Pmn (ξ0)− ξ0Pmn ′(ξ0)]
(n + 1− κm)Pmn (ξ0) + ξ0Pmn ′(ξ0)

× (n + 1)
Pmn (cos θ)eimϕ

rn+2
, (A.69)

Hα
θ =
∑
nm

Dα
nmR2n+1[(n + κm)Pmn (ξ0)− ξ0Pmn ′(ξ0)]
(n + 1− κm)Pmn (ξ0) + ξ0Pmn ′(ξ0)

× sin θPmn ′(cos θ)eimϕ

rn+2
, (A.70)

Hα
ϕ =
∑
nm

Dα
nmR2n+1[(n + κm)Pmn (ξ0)− ξ0Pmn ′(ξ0)]
(n + 1− κm)Pmn (ξ0) + ξ0Pmn ′(ξ0)

× −imPmn (cos θ)eimϕ

rn+2 sin θ
, (A.71)

The Green’s tensor including the field induced by the magnons is then given by:

k20Gm(r, a) =
∑
αβ

Hβ
αeαeβ + k20G0

m(r, a), (A.72)

with α, β ∈ {r, θ, φ}, and G0
m(r, a) being the Green’s tensor describing the magnetic field of a mag-

netic dipole in a vacuum.

A.3.3 Defect spin transition interactingwith magnons

We now consider a spin 1
2 transition of a dipole moment

m̂ ≈ −μB(σx, σy, σz), (A.73)
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where σx, σy, and σz are Pauli matrices. After some algebra we obtain

m̂ = −
√
2μBe

(+)|g⟩⟨e| + H. c.

− ezμB(|e⟩⟨e| − |g⟩⟨g|), (A.74)

In the RWA we consider that the spin transition couples to the magnetic field of magnons only via

the circularly polarized transition. We consider that the z component only contributes to the energy

splitting of the spin levels exposed to a static external magnetic field. The relevant component con-

tributing to the spin-magnon coupling m̂xy is therefore:

m̂xy = mxy|g⟩⟨e| + H. c., (A.75)

withmxy = −|mxy|e(+), and |mxy| =
√
2μB. By substituting this result into Eq. (A.45) we obtain:

J(ω) =
μ0|mxy|2

2h̄π
k20(Im

{
[Gm]xx + [Gm]yy

}
+ Re

{
[Gm]xy − [Gm]yx

}
). (A.76)

In spherical coordinates for an emitter placed at θa = π/2we recognise that the following substitution

can be made: x → r, y → ϕ.

Once the spectral density J(ω) is obtained, the dynamics of the excited state is given by Eq. (A.35).

The dynamics can be equivalently obtained by solving the following discretized system of differential

equations:

_~ce = −Δω
∑
k

Λk, (A.77)

_Λk = J(ωk + ω0)~ce − iωkΛk, (A.78)
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with Δω = ωk+1 − ωk for all k. which represents Eq. (A.35) exactly in the limit Δω → 0. We further

simplify the numrical solution by considering that excitations that are far detuned from the emitter

frequency contribute only effectively as a frequency shift. We therefore practically solve the equations:

_~ce = −iωsh − Δω
∑
k<

Λk, (A.79)

_Λk = J(ωk + ω0)~ce − iωkΛk, (A.80)

where we sum only over modes fulfilling |ωk − ω0| < ωmax, and ωsh = −
∑

k> J(ωk)/ωk, summing

over modes for which |ωk − ω0| > ωmax.

A.3.4 Magnon-mediated interactions between two spin emitters

In the main text we describe how magnons mediate interactions between two isolated emitters. We

consider that only a single magnon mode interacts with a pair of spin emitters. The Hamiltonian of

the system can be written as:

H2em = h̄ωKb†b +h̄ω0σ†1σ1 +h̄ω0σ
†
2σ2 +h̄g(bσ

†
1 + bσ†2 + H.c.), (A.81)

where b (b†) is the annihilation (creation) operator of the single magnon mode, and σ1, σ2 (σ†1 , σ
†
2)

are the lowering (raising) operators of emitter 1 and emitter 2, respectively. We implement the master

equation for the density matrix ρ:

d
dt
ρ =

1
ih̄
[H2em, ρ] + ΓLb(ρ), (A.82)
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where

ΓLb(ρ) =
Γ
2

(
2bρb† − {b†b, ρ}

)
(A.83)

is a Lindblad superoperator that accounts for magnon losses. We solve Eq. (A.82) and calculate the

time-dependent populations of the two emitters and show the result in Fig. 2.14(d) of the main text.
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B
Appendix for emitters for photonic

quantum computing

B.1 Two dipole-coupled, three-level emitters

B.1.1 Dipole operator

We explicitly write the dipole operator in the eigenbasis of the total electronic HamiltonianHel.
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Initial Final d
|g⟩ |xS⟩

√
2dxx̂

|g⟩ |yS⟩
√
2dyŷ

|xS⟩ |xyS⟩ dyŷ
|yS⟩ |xyS⟩ dxx̂
|xS⟩ |xx⟩

√
2dxx̂

|yS⟩ |yy⟩
√
2dyŷ

|xA⟩ |xyA⟩ dyŷ
|yA⟩ |xyA⟩ dxx̂

Table B.1: The dipole operator d in the eigenbasis.

B.1.2 Weisskopf-Wigner approximation

Here we explicitly show how we obtain Eq. (7) in the main text, the wave function coefficient of

the steady state electron-photon state. We reproduce the ansatz for a general electron-photon wave

function from Eq. (5) in the main text:

|Ψ(t)⟩ =
∑
jk

cgjk|g⟩a
†
jXa

†
kY|vac⟩ +

∑
j
cxSj |xS⟩a

†
jY|vac⟩ +

∑
j
cySj |yS⟩a

†
jX|vac⟩ + cxyS |xyS⟩|vac⟩. (B.1)

The interaction Hamiltonian is:

Hint =
∑
j
ΩyS,xyS |yS, 1jX, 0kY⟩⟨xyS| + H.c.

+
∑
j
ΩxS,xyS |xS, 0kX, 1jY⟩⟨xyS| + H.c.

+
∑
jk

Ωg,yS |g, 1jX, 1kY⟩⟨yS, 1jX, 0kY| + H.c.

+
∑
jk

Ωg,xS |g, 1jX, 1kY⟩⟨xS, 0jX, 1kY| + H.c.

(B.2)
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Wenow plug this state vector into the Schrödinger equation to derive the differential equations for

the coefficients:

d
dt
cxyS = −iωxySc

xyS − i
∑
j
ΩyS,xySc

yS
j − i

∑
j
ΩxS,xySc

xS
j , (B.3)

d
dt
cxSj = −i(ωxS + ωj)cxSj − iΩxS,xySc

xyS − i
∑
k

Ωg,xSc
g
jk, (B.4)

d
dt
cySj = −i(ωyS + ωj)c

yS
j − iΩyS,xySc

xyS − i
∑
k

Ωg,ySc
g
jk, (B.5)

d
dt
cgjk = −i(ωj + ωk)c

g
jk − iΩg,ySc

yS
j − iΩg,xSc

xS
j , (B.6)

where we assume Ωop is real. We now solve the differential equations in the Weisskopf-Wigner ap-

proximation. We first take Eq. (B.4) and formally integrate it:

cxSj = cxSj (0)e
−i(ωxS+ωk)t − iΩxS,xyS

∫ t

0
e−i(ωxS+ωk)(t−τ)cxyS(τ)dτ− iΩg,xS

∫ t

0
e−i(ωxS+ωk)(t−τ)cgjk(τ)dτ.

(B.7)

We get an analogous equation for cySj and insert both into Eq. (B.3):

d
dt
cxyS = −iωxySc

xyS

− i
∑
j
ΩyS,xyS

(
− iΩyS,xyS

∫ t

0
e−i(ωyS+ωk)(t−τ)cxyS(τ)dτ− iΩg,yS

∫ t

0
e−i(ωyS+ωk)(t−τ)cgjk(τ)dτ

)

− i
∑
j
Ωx,xyS

(
− iΩxS,xyS

∫ t

0
e−i(ωxS+ωk)(t−τ)cxyS(τ)dτ− iΩg,xS

∫ t

0
e−i(ωxS+ωk)(t−τ)cgjk(τ)dτ

)
,

(B.8)

In the Weisskopf-Wigner approximation it is commonly assumed that the time integrals can be ex-

tended to infinity and that the τ dependent coefficients can be extracted from the integral by setting
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τ = t. Since we are operating in the Schrödinger picture we have to perform this procedure with cau-

tion andwe have to define the slowly-varying amplitudes of a coefficient cA(τ) = e−iωAτ~cA(τ). We then

set ~cA(τ) ≈ ~cA(t), which is equivalent to performing the Markov approximation in the interaction

picture. In this approximation we get:

−
∑
j
|ΩyS,xyS |2

∫ t

0
e−i(ωyS+ωk)(t−τ)e−iωxyS τ~cxyS(τ)dτ ≈ −

∑
j
|ΩyS,xyS |2~cxyS(t)

∫ t

0
e−i(ωyS+ωk)(t−τ)e−iωxyS τdτ.

(B.9)

The integral in the last line can be further decomposed and the lower integration limit can be extended

to−∞:

e−i(ωyS+ωk)t
∫ t

−∞
e−i(ωxyS−ωyS−ωj)τdτ ≈ e−iωxyS t

(
πδ(ωxyS − ωyS − ωj) + iP

{
1

ωxyS − ωyS − ωj

})
.

(B.10)

We further neglect the imaginary part of the parenthesis on the second line, the principal part (P{})

that generally leads to a spectral shift, and we retain only the delta function. We note that in the

discrete case δ(ωk − ωj) → δjk/Δ (which is a discrete representation of the delta function). Notice

also that e−iωxyS t~cxyS(t) = cxyS(t). We therefore get the result:

−
∑
j
|ΩyS,xyS |2

∫ t

0
e−i(ωyS+ωk)(t−τ)cxyS(τ)dτ ≈ −

π|ΩyS,xyS |2

Δ
cxyS(t) ≡ −γyS,xySc

xyS(t). (B.11)

We get a similar result for the first term in the second parenthesis of Eq. (B.8):

≈ −γxS,xySc
xyS(t). (B.12)
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The remaining terms in Eq. (B.8) yield after applying the same procedure:

−π
∑
j

[
ΩyS,xySΩg,ySc

g
jk(t)δ(ωk − ωyS) + ΩxS,xySΩg,xSc

g
kj(t)δ(ωk − ωxS)

]
. (B.13)

This term is neglected in the calculations because of the frequency restriction imposed by the delta

function, although in principle this term is of the same order as the terms leading to decay. We there-

fore obtain:

d
dt
cxyS = −iωxySc

xyS − (γxS,xyS + γyS,xyS)c
xyS . (B.14)

Similarly we can derive the remaining differential equations:

d
dt
cxSj = −i(ωxS + ωj)cxSj − γg,xSc

xS
j − iΩxS,xySc

xyS , (B.15)

d
dt
cySj = −i(ωyS + ωj)c

yS
j − γg,ySc

yS
j − iΩyS,xySc

xyS , (B.16)

d
dt
cgjk = −i(ωj + ωk)c

g
jk − iΩg,ySc

yS
j − iΩg,xSc

xS
k . (B.17)

This system of equations can be solved with the initial conditions:

cxyS(0) = 1,

cxSj (0) = cySj (0) = cgjk(0) = 0,

with the following steady-state solution in the rotating frame:

~cgjk(∞) =

−Ωg,xSΩxS,xyS
iωxS−iωj+γg,xS

+ −Ωg,ySΩyS,xyS
iωyS−iωk+γg,yS

i(ωxyS − ωj − ωk) + γxS,xyS + γyS,xyS
, (B.18)

which matches Eq. (7) in the main text.
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B.1.3 Robust entanglement

In Fig. B.1, we show that the entanglement of the emitted photon pair is robust to changes in ωX,1

relative to ωY,1, whileF and S decrease as γg,yS increases.

Figure B.1: Entanglement entropy S, Bell state fidelityF , and Bell state efficiency η are (a) unaffected by varying ωX,1
and (b) impacted by increasing the emission line width. The pink line (i) corresponds to the conditions in Fig. 2 of the
main text.
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B.1.4 Dephasing

We consider the impact of emitter imperfections, such as phonon-based dephasing of defect emitters,

that results in fluctuations in the energies of the defect emitters. We implement the effect of dephas-

ing by averaging the final states of the emitted photons over an ensemble of quantum states generated

using a probabilty distribution of emitter frequencies reflecting the broadening of the transition fre-

quencies due to dephasing effects54. The fidelity Fde in the presence of dephasing can be estimated

as

Fde =
∫∫∫ [

dω0xSdω
0
ySdω

0
xySP(ω

0
xS , ω

0
yS , ω

0
xyS , σ)

|⟨ψde(ω
0
xS , ω

0
yS , ω

0
xyS)|Ψ

+⟩|2
]
, (B.19)

where |ψde(ωxS , ωyS , ωxyS)⟩ is calculated just as |ψ⟩ is in Eq. (3.10), except that the central frequen-

cies of the emitters ωi are substituted by ω0i in Eq. (3.6) where i ∈ {xS, yS, xyS}. Explicitly, |ψ⟩ =

|ψde(ωxS , ωyS , ωxyS)⟩, as in Eq. (3.10). We assume that ω0xS , ω
0
yS , and ωxyS belong to a probability distri-

bution P. While the exact probability distribution depends on the microscopic physical mechanism

underlying dephasing, we choose to represent P as a 3DGaussian397∏
i Gi(Δωi, σ), physically repre-

senting independent fluctuations of the energy levels of the relevant excited states following aGaussian

distribution. We plot the fidelity in the presence of phonon-based dephasing in Fig. B.2, where σi is

the full width at half maximum representing the dephasing rate and Δωi = ω0i − ωi. The fidelity in

the presence of dephasingFde is limited by the radiative linewidth γg,xS, suggesting ideal operation in

dilution fridges for the rates described here. Lastly, we note that while we have considered the effect

of phonon-based dephasing on the performance of the presently described scheme, we have not con-

sidered phonon-assisted transitions between, for instance, symmetric and anti-symmetric states in the

composite energy diagram in Fig. 3.1. These effects are known to have amajor impact on the resulting
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collection efficiency of entangled photon pairs from the biexciton decay cascade of semiconducting

quantum dots and warrant further investigation upon selection of a candidate defect system.

Figure B.2: FidelityFde in the presence of Gaussian dephasing with dephasing rate σ, normalized by the radiative rate
γg,xS, for the conditions corresponding to the pink line in Fig. 3.3 and Fig. B.1.

B.2 Hybridized and dipole-coupled emitters

B.2.1 Binding interaction

Especially in molecular aggregates, the binding interaction term Ĥbind =
∑N

i Kia†e,1a
†
g,1ae,1ag,1 that

accounts for interactions between electrons of a fully occupied two-level system can be much larger

than thedipole-dipole andhybridization interaction energies169. Explicitly, in the case of two identical

two-level systems for emission of Bell states, we find that the energies of the bare states |g1e1⟩ and |g2e2⟩

that otherwise interact only via the hybridization interaction are greater than the energies of the states

|g1e2⟩ and |e1g2⟩ that interact via both the hybridization and dipole-dipole interactions. Because these

states are no longer degenerate, the hybridization interaction is less effective at asymmetrically mixing
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Figure B.3: Binding energy vs. fidelityF (solid blue) with an ideal Bell state, efficiency η (dotted blue), and ΔEmin (solid
orange). h̄ω = 1 eV, dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr,Ge

hyb = 80 meV, and εr = 1. Increasing
binding energy results in less effective asymmetric mixing of the hybridization interaction, lowering the entanglement
quality.

the singly excited states, resulting in poor overall entanglement emission, as we demonstrate in Fig.

B.3.

B.2.2 Dipole-dipole interaction

The form of the dipole-dipole interaction is valid only when the inter-emitter distance |ri− rj| = rij is

much smaller than the bare-atom transition wavelength λ0, or rij/λ0 = ξ ≪ 1107. For concreteness,

we quantitatively estimate the impact of this approximation on the results for the case of two two-level

emitters, as in Fig. 3.4 and 3.5, noting that similar arguments can be made for more complex systems,

such as the case of three two-level emitters in Fig. 3.6. We adapt the notation of Ref. 302.

Under the full expression for the dipole-dipole interaction, the anti-symmetric dark state can, in

fact, emit photons with rate γA = Γ[1 − F(ξ)], while the symmetric bright state with emission rate

γS = Γ[1 + F(ξ)] is less bright than under the approximated form, where Γ = C|d1|2 = C|d2|2 is the
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bare-emitter radiative decay rate, and F(ξ) is the correction factor defined as

F(ξ) =
3
2
[
(1− cos2θ)

sinξ
ξ

(B.20a)

+ (1− 3cos2θ)(
cosξ
ξ2

− sinξ
ξ3

)
]
. (B.20b)

In the case of two two-level emitters, rij ∼ 2 nm with bare-emitter transition wavelengths λ0 ∼

1200 nm, giving F(ξ) ∼ 0.99999 and implying that the entanglement measuresF and η are substan-

tially more sensitive to the studied system parameters dx,Ge
hyb, θ, and γd than the neglected emission

from dark states.

B.2.3 Ground-state hybridization
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Figure B.4: Ground‐state hybridization vs. fidelityF (solid blue) with an ideal Bell state, efficiency η (dotted blue), and
ΔEmin (solid orange). h̄ω = 1 eV, dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr, and εr = 1. Non‐zero ground
state hybridization enables asymmetric mixing of singly excited states for increased entanglement fidelity at a smaller
Gg
hyb = Ge

hyb than for non‐zeroG
e
hyb andG

g
hyb = 0.
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B.2.4 Level diagram evaluation

We seek to calculate the quality, specifically the efficiency η and fidelityF , of the emitted photons via

cascade decay from multiply excited states of cascade emitters. Assuming the desired photon state is

|φ⟩ =
∑P

p |p⟩with density matrix σ = |φ⟩⟨φ|, where, e.g., P = 2 for the Bell andGHZ states we study

in further detail in this manuscript, then both measures can be computed from the emitted photon

density matrix ρ as195

η = (
P∑
p

ρpp)/Tr[ρ], (B.21)

F (ρ′, σ) =
(
Tr
√√

ρ′σ
√

ρ′
)2

, (B.22)

where ρ′ = ρ/
∑

p ρpp. (Note that because the computed ρ is manually normalized in practice, we

explicitly include Tr[ρ] in Equation B.21.) Therefore, the efficiency η is the proportion of emitted

photon states in one of the states |p⟩ in the desired photon state |φ⟩, and the fidelityF is the overlap

between the desired photon density matrix σ among the emitted photon states in the states |p⟩.

We first show how to compute the full density matrix ρ of the emitted photons. Closely following

a generalized version of the derivations shown inRefs. 407,314, amatrix element ρa,b of theP-photon

density matrix ρ can be written as

ρa,b = avg[⟨σ̂−ωa1 (t1)...σ̂
−
ωaP
(tP)σ̂+ωbP(tP)...σ̂

+
ωb1
(t1)⟩]

= avg(Ga,b),
(B.23)

where the average is over all times t1 < ... < tP; q ∈ {a, b} refers to an P-photon state created

by cascade emission of photons with frequencies ωq1 , ..., ω
q
P; σ̂+ω(t) [σ̂−ω (t)] is the transition operator

of the electronic transition |l⟩ → |m⟩ with frequency ω in the Heisenberg picture; and σ̂+ω = â†mâl

[σ̂−ω = â†l âm].
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Ga,b can be computed from the dynamics of the electronic system undergoing cascade decay. The

diagonalized Hamiltonian of the electronic system, in the absence of interaction with the environ-

ment, is

Ĥ =
∑
l

El|l⟩⟨l|, (B.24)

where the lth eigenstate |l⟩ has energy El. The evolution of the density operator ρel of the electronic

system can be described with a master equation of the Lindblad form:

i_ρel =
1
h̄
[H, ρel]−

i
2
∑
μ
(L̂†

μL̂μρel + ρelL̂
†
μL̂μ − 2L̂μρelL̂

†
μ)

= L[ρel],

(B.25)

where the Lindblad operators L̂μ describe the interactions μ of the electronic system with the envi-

ronment and L is the Liouville superoperator. As in Ref. 314, we consider two main forms of in-

teraction with the environment in quantum dots, the physical emitters we suggest for further study:

radiative decay, which leads to emission of frequency-entangled photons, and pure dephasing from

electron-phonon coupling and spectral diffusion. We write the former Lindblad operators as L̂r,lm =√
γlmr |m⟩⟨l|. In agreement with Fermi’s Golden Rule and Wigner-Weisskopf theory, we assume the

radiative decay rate γlmr for transitions from higher-energy state |l⟩ to lower-energy state |m⟩ is pro-

portional to |dlm|2 and scaled by a constant C. This constant C includes the photon density of states

that, for simplicity, we assume to be constant for all photon frequencies, although this term could

easily be generalized for any given cavity, waveguide, or free space configuration. For the dephasing

process, we write the Lindblad operators as L̂d,l =
√γd|l⟩⟨l|. For simplicity, we assume the dephas-

ing rate γd is a constant, although this model could be straightforwardly generalized to describe the

phenomenology of particular emitter systems. For instance, excitons in quantum dots or defects in

solid-statematerials both exhibit a zero-phonon line and a phonon tail that requires γd to be described
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more microscopically and potentially in a non-Markovian manner30,219,189.

Using the quantum jump approach320, we can solve the master equation to find

ρel(t) = e−iLtρ0el, (B.26)

where ρ0el is the initial density matrix at time t = 0 and asssumed to be decoupled from the envi-

ronment. Finally, with ρel(t), we can solve for G and, thus, the N-photon density matrix ρ using the

quantum regression theorem136,151 and noting that the operator Aj(tj) is evolved in the Heisenberg

picture as Aj(tj) = e+iLtjAje−iLtj :

Ga,b = Tr
[
σ̂+ωbP(tP)

[
e−iL(tP−tP−1)...

[
σ̂+ωb1 (t1)

×[e−iL(t1)ρ0el]σ̂
−
ωa1
(t1)
]
...
]
σ̂−ωaP(tP)

]
.

(B.27)

It is possible to further adapt this calculation to experimental conditions by including, for instance,

the efficiency of detection. It is also possible to improve the entanglement by spectrally filtering the

output or delaying the detection time, as described further inRef. 314. However, these approaches are

outside the scope of this study, which aims to focus on the level structures of the composite emitters

themselves. In addition, note thatwhile the electronic densitymatrix only contains on-diagonal terms,

the photonic densitymatrix canhave off-diagonal terms that are affectedbydephasing in the electronic

system.

As computing the full photonic densitymatrix ρ can be resource-intensive, we seek amore efficient

method of evaluating level diagrams. To this end, we observe that to compute η, we require only the

on-diagonal elements of ρ, while F requires only the elements of ρ of the |i⟩ bases. Consider the

computational cost-savings when analyzing level diagrams for cascade emission of, for instance, GHZ

states fromN = 3 hybridized and dipole-coupled emitters. This system can have up to∼ 105 decay
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Figure B.5: Time‐dependent population for cascade decay from the doubly excited state of two two‐level systems
using the quantum master equation (solid) and classical rate equation (circles) approaches. A schematic of such a level
diagram is shown in the center of Fig. 3.4(b). The system is initialized with pee(t = 0) = 1. We set h̄ω = 1 eV,
dx = |d1| = |d2| = 6 e·Bohr, r1 − r2 = 40̂i in Bohr,Ge

hyb = 80 meV, and εr = 1. The x‐axis is unitless time,
where the time t is scaled by the radiative rate γ0 = C|dx|2 of the bare emitter. There is virtually zero difference in the
time‐dependent populations between the classical and quantum approaches in this case, enabling us to compute the
on‐diagonal terms of the photon density matrix ρ more efficiently with the classical approach.
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paths or unique photon states and, therefore, a density matrix with ∼ 105 × 105 matrix elements,

while we require just∼ 105 matrix elements of ρ for η and only 4 elements are necessary forF .

Computing all of the on-diagonal elements can still be an expensive process, however, as each re-

quires amultidimensional integral over the product of several, potentially largematrices σ̂±ω and linear

maps exp(−iLt). To more efficiently compute the on-diagonal elements of ρ, we turn to a classical

rate equation approach. Given the diagonalized Hamiltonian and dipole operator in the eigenbasis,

we determine all possible cascade decay pathways given some initial state, such as theN-excited state.

With a general Runge-Kutta ordinary differential equation integrator, we propagate the rate equa-

tions plt =
∑

j(kinlmpm − koutlm pl), where rate constants kinlm (koutlm ) = C|dlm|2 for El < (>) Em, such

that population transfer only from higher-energy to lower-energy states is allowed. As for the Lind-

bladian terms in the quantum master equation approach, both the scaling of klm with |dlm| and the

transfer of energy from higher-energy to lower-energy states is generally expected from spontaneous

emission into free space calculated via, for instance, theWigner-Weisskopfmethod or Fermi’s Golden

Rule, while C includes scaling due to the photon density of states that for simplicity we assume to be

constant for all emitted photons.

A comparison of the time-dependent population curves computed with the classical vs. quantum

approaches for two two-level emitters capable of emitting Bell states is shown as an example in Fig.

B.5 for initial population of pee(t = 0) = 1. For both approaches, the population briefly transfers to

the intermediate states |B1⟩ and |B2⟩ before eventually populating the ground state |g⟩. Note that the

dark states are never populated. The results agree closely, suggesting that the classical rate equation

approach is appropriate for computing populations and, therefore, on-diagonal terms of the photon

density matrix ρ.

From every state l, we then compute the relative outward flux wlm =
∫
koutlm pldt/

∑
m
∫
koutlm pldt,

where
∑

m wlm = 1, of population from l into states m, allowing us to compute the relative popu-

lation transfer through the path comprising of transitions through states l → ... → n as wl...wn.
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This product then corresponds to the on-diagonal photon density matrix element ρl,...,n;l,...,n, or the

population in the photon state created by decay pathway l → ... → n.

B.3 Photon-photon gate

B.3.1 General S-Matrix

Inserting the ansatz of Eq. (3.29) into Schrödinger’s equation and multiplying from the left by the

appropriate bras yields:
df(k1, k2, t)

dt
= −

√
ΓC
2π

ei(k1−ΩC)tg(k2, t), (B.28)

dg(k2, t)
dt

= +
√

ΓC
2π

∫
dk1e−i(k1−ΩC)tf(k1, k2, t)−

√
ΓT
2π

s(t)ei(k2−ΩT), (B.29)

ds(t)
dt

= +
√

ΓT
2π

∫
dk2e−i(k2−ΩT)tg(k2, t). (B.30)

We derive an analytic formula for the S-matrix using repeated formal integrations. First, we integrate

Eq. (B.28) from τ = −∞ to τ = t:

f(k1, k2, t)− fin(k1, k2) = −
√

ΓC
2π

∫ t

−∞
dτ
[
ei(k1−ΩC)τg(k2, τ)

]
. (B.31)

Plugging Eq. (B.31) into Eq. (B.29) yields

dg(k2, t)
dt

=
√

ΓC
2π

∫
dk1e−i(k1−ΩC)tfin(k1, k2)−

ΓC
2π

∫
dk1
∫ t

−∞
dτ
[
e−i(k1−ΩC)(t−τ)g(k2, τ)

]
−
√

ΓT
2π

ei(k2−ΩT)ts(t). (B.32)
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By exchanging the integral overmodes k1with the integral over time t, we can simplify the second term

in Eq. (B.32) to ΓC
2 g(k2, t). Moving this term to the left-hand side, multiplying by e

ΓCt
2 , and applying

the product rule yields

d
dt

(
g(k2, t)e

ΓCt
2

)
=
√

ΓC
2π

∫
dk1e

[
ΓC
2 −i(k1−ΩC)

]
tfin(k1, k2)−

√
ΓT
2π

e
[
ΓC
2 +i(k2−ΩT)

]
ts(t). (B.33)

Integrating Eq. (B.33) from −∞ to t with the initial condition that g(k2,−∞) = 0 (atom is in its

ground state at the start of gate operation) yields

g(k2, t) =
√

ΓC
2π

∫
dk1

e−i(k1−ΩC)tfin(k1, k2)
ΓC
2 − i(k1 −ΩC)

−
√

ΓT
2π

e−
ΓC
2 t
∫ t

−∞
dτ[e[

ΓC
2 +i(k2−ΩT)]τs(τ)]. (B.34)

Inserting Eq. (B.34) into Eq. (B.30) yields

ds(t)
dt

=
√
ΓCΓT
2π

∫
dk1dk2

e−i(k1+k2−ΩC−ΩT)tfin(k1, k2)
ΓC
2 − i(k1 −ΩC)

− ΓT
2π

∫
dk2
∫ t

−∞
dτ
[
e−

[
ΓC
2 +i(k2−ΩT

]
(t−τ)s(τ)

]
.

(B.35)

By exchanging integral over modes and time integral, we can simplify the second term in Eq. (B.35)

to ΓT
2 s(t). This manipulation is equivalent to the Markov approximation.

Moving this term to the left-hand side, multiplying by e
ΓTt
2 , and applying the product rule yields

d
dt

(
s(t)e

ΓTt
2

)
=
√
ΓCΓT
2π

∫
dk1dk2

e
[
ΓT
2 −i(k1+k2−ΩC−ΩT)

]
tfin(k1, k2)

ΓC
2 − i(k1 −ΩC)

. (B.36)

Integrating Eq. (B.36) from −∞ to t with the initial condition that s(−∞) = 0 yields an explicit

formula for s(t):

s(t) =
√
ΓCΓT
2π

∫
dk1dk2

(
e−i(k1+k2−ΩC−ΩT)tfin(k1, k2)[ΓC

2 − i(k1 −ΩC)
] [ΓT

2 − i(k1 + k2 −ΩC −ΩT)
]). (B.37)
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To calculate the S-matrix, we integrate Eq. (B.28) from−∞ to +∞:

f(k1, k2, t)
∣∣∣∣+∞
−∞

= −
√

ΓC
2π

∫ +∞

−∞
dt

 d
dt

 e−
[
ΓC
2 −i(k1−ΩC)

]
t

−
[ΓC

2 − i(k1 −ΩC)
]
 g(k2, t)e

ΓCt
2

 . (B.38)

Integrating by parts and noting that the non-integral terms will be zero because of the boundary con-

ditions that g(k2,−∞) = g(k2,+∞) = 0 results in

f(k1, k2, t)
∣∣∣∣+∞
−∞

= −
√

ΓC
2π

∫ +∞

−∞
dt

 e−
[
ΓC
2 −i(k1−ΩC)

]
t

ΓC
2 − i(k1 −ΩC)

d
dt

(
g(k2, t)e

ΓCt
2

) . (B.39)

We insert Eq. (B.33) into Eq. (B.39) and substitute Eq. (B.37) for s(t) to determine the S-matrix only

in terms of initial conditions:

f(k1, k2, t)
∣∣∣∣+∞
−∞

= −ΓC
2π

∫
dk′1
∫ +∞
−∞ dt

[
e−i(k′1−k1)tfin(k′1, k2)

]
ΓC
2 − i(k1 −ΩC)

+
√
ΓCΓT
2π

∫ +∞
−∞ dt

[
e+i(k1+k2−ΩC−ΩT)ts(t)

]
ΓC
2 − i(k1 −ΩC)

.

(B.40)

We compute Eq. (B.40) termby term. Using the definition of the delta function, the first term reduces

to− ΓC
ΓC
2 −i(k1−ΩC)

fin(k1, k2). Inserting s(t) into the second term yields

ΓCΓT/(2π)2
ΓC
2 − i(k1 −ΩC)

∫
dk′1dk′2

( ∫ +∞
−∞ dt

[
e−(k′1+k′2−k1−k2)tfin(k′1, k′2)

]
[ΓC

2 − i(k′1 −ΩC)
] [ΓT

2 − i(k′1 + k′2 −ΩC −ΩT)
]). (B.41)

Applying the definition of the delta function to the time integral yields:

=
ΓTΓC/(2π)2

ΓC
2 − i(k1 −ΩC)

∫ +∞

−∞
dk′1
∫ +∞

−∞
dk′2

(
fin(k′1, k′2)2πδ(k′1 + k′2 − k1 − k2)[ΓC

2 − i(k′1 −ΩC)
] [ΓT

2 − i(k′1 + k′2 −ΩC −ΩT)
]).
(B.42)
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The delta function removes one of the integrals, yielding:

=
ΓTΓC/2π[ΓC

2 − i(k1 −ΩC)
] [ΓT

2 − i(k1 + k2 −ΩC −ΩT)
] ∫ +∞

−∞
dν

[
fin(k1 + ν, k2 − ν)

ΓC
2 − i(k1 + ν−ΩC)

]
. (B.43)

Combining both terms yields the complete S-matrix:

fout(k1, k2) = −
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

fin(k1, k2) +
ΓTΓC/2π

∫ +∞
−∞ dν fin(k1+ν,k2−ν)

ΓC
2 −i(k1+ν−ΩC)[ΓC

2 − i(k1 −ΩC)
] [ΓT

2 − i(k1 + k2 −ΩC −ΩT)
] .

(B.44)

B.3.2 Gate Performance

While the general S-matrix in Eq. (B.44) can be solved numerically for any input photon packets, we

apply the approximations discussed in the main text to generate physical intuition for the numerical

results.

We first write fin(k1, k2) =
√

ΓC
2π

ΓC
2 +i(k1−ωC)

f(k2), where ωC is the control packet’s central frequency

and f(ω) is any normalized lineshape satisfying the assumptions of the target photon. According to

condition (ii), f(k) is slowly varying compared to the rest of the integrand in Eq. (B.44), so we may

pull it out and evaluate it at the argmax of the remaining quantities in the integrand. Substituting

u = k1 + v −ΩC and detuning ΔC = ωC −ΩC and completing the square in the denominator, the

integral becomes √
ΓC
2π

∫ +∞

−∞
du

1
(ΓC2 − iΔC

2 )2 + (u− ΔC
2 )2

. (B.45)

The integral itself can be determined via arctangent substitution as π
ΓC
2 − iΔC

2
. The integrand takes its

maximal value at u = ΔC
2 , so we use f(k1 + k2 − ωC+ΩC

2 ) as the value of the target packet. Thus, Eq.
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(B.44) becomes

fout(k1, k2) = −
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

[
fin(k1, k2)−

2
1− iΔC

ΓC

fin(k1, k2 + k1 − ωC+ΩC
2 )

1− i(k1+k2−ΩC−ΩT)
ΓT/2

]
. (B.46)

When the control is in the |0C⟩ state, k1 −ΩC ≫ ΓC, so the prefactor in front of the square brackets

in Eq. (B.46) is essentially 1 and the second term in the square brackets is suppressed. Thus, regardless

of the state of the target photon, both the target and control packets are unchanged by the interaction

with the ladder emitter: fout(k1, k2) = fin(k1, k2).

Next, we consider the case of a resonant control photon corresponding to the |1C⟩ state. Because

the bandwidthof the target packet ismuchwider in frequency than the control packet’s, for a resonant

control photon, we may approximate fin(k1, k2 + k1 − ωC+ΩC
2 ) as fin(k1, k2):

fout(k1, k2) = −
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

[
−

1 + i(k1+k2−ΩC−ΩT)
ΓT/2

1− i(k1+k2−ΩC−ΩT)
ΓT/2

]
fin(k1, k2), (B.47)

which is identical to Eq. (3.33). Because the bandwidths of the control and target photons are very

small compared to ΓT, we may replace i(k1+k2−ΩC−ΩT)
ΓT/2

by its mean-value iΔT
ΓT/2

. Eq. (B.47) becomes

fout(k1, k2) = −
ΓC
2 + i(k1 −ΩC)
ΓC
2 − i(k1 −ΩC)

[
−

1 + iΔT
ΓT/2

1− iΔT
ΓT/2

]
fin(k1, k2). (B.48)

Tocalculate the variable-phaseφ andfidelityF analyticallywhenboth control and target haveLorentzian

lineshape, we evaluate the quantity

Z = ⟨1′C|⟨1T|Ûgate|1C⟩|1T⟩ =
∫ +∞

−∞

∫ +∞

−∞
dk1dk2

[
−

√
ΓC
2π

ΓC
2 + i(k1 − ωC)

√
σT
2π

σT
2 − i(k2 − ωT)

fout(k1, k2)
]
,

(B.49)
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for the case of ωC = ΩC and ωT − ΩT = ΔT, where both photons interact with the emitter and

corresponding to the input states that systemically result in the worst gate performance. As described

in themain text, the fidelityF is 3
4 +

1
4 |Z|, and the variable phase φ is arg(Z). We insert our expression

for fout(k1, k2):

Z = Z1 + Z2, (B.50)

where Z1 is

Z1 =
∫ +∞

−∞

∫ +∞

−∞
dk1dk2

[ ΓC
2π

(ΓC2 )2 + (k1 −ΩC)2

σT
2π

( σT2 )2 + (k2 − ωT)2

]
, (B.51)

and Z2 is

Z2 = −
ΓTΓ2CσT
(2π)2

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
dk1dk2dν

[
1[

(ΓC2 )2 + (k1 −ΩC)2
] [ σT

2 − i(k2 − ωT)
]

1[
(ΓC2 )2 + (k1 + ν−ΩC)2

] [ σT
2 + i(k2 − ν− ωT)

] 1[ΓT
2 − i(k1 + k2 −ΩC −ΩT)

]]. (B.52)

Because the photons are normalized,Z1 trivially is 1. Z2 can be simplifiedwith partial-fraction decom-

position to yield

Z2 = − 2
(1 + ΓC

σT )(1 +
ΓC+σT
ΓT − i ΔT

ΓT/2
)
, (B.53)

thus obtaining the expressions for the fidelityF and phase φ.

185



C
Appendix for vacuum-modified chemical

reactivity

C.1 Literature review

Chemists have long fantasized about influencing chemical reactivity, creating molecules impossible

with the conventional toolset of synthetic chemistry, and unraveling mechanisms of energy trans-
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fer relevant to photosynthesis by selectively exciting a vibrational mode. Studies in the 1980s and

1990s124,122,123,36, however, found that intramolecular vibrational energy redistribution (IVR) severely

limited the efficiency ofmode-selective excitationunless the reactions tookplace in cryogenic tempera-

tures, althoughmodern studies point to thepotential of using carefully sculpted control fields369,35,200

to leverage IVR. In2016,Thomas et al. revitalized interest inmode-selective chemistry and established

the field of vibrational polariton chemistry when they demonstrated that a chemical reaction, at room

temperature, could be modified within the environment of a resonantly-tuned infrared cavity with-

out externally driving the system391, as shown schematically in Fig. C.1. This discovery opened the

door tomyriad tantalizing possibilities, but despite intense efforts since by scientists around the world

to understand why the reaction rate changes, at the time of writing, no convincing explanation exists.

Here, we briefly review the seminal experiment from2016, as well as relevant experiments that have

since followed that have hinted at the roles of symmetry, concentration, kinetics, and strong coupling.

We focus on experimental details and results that a robust theory of vibrational polariton chemistry

must include and justify, respectively. Then, we discuss the major theories, focusing on their relations

to the well-established theories of chemical reaction dynamics and analyzing their relevance to the

conditions achieved in the experiments.

C.1.1 Experiments

Webegin by reviewing the seminal experiment by Thomas et al. in Ref. 391, representative of further

experiments confirming similar trends174. We favor a more detailed description of the experimental

conditions, as we will later show in detail which experimental conditions the various proposed theo-

ries do or do not correspond to. In this work, they study the rate of a simple reaction inside an infrared

(IR) cavity without externally driving the system with IR photons. The rate-limiting step is thought

to involve the attack of the fluoride ion (F−) from tetra-n-butylammonium fluoride (TBAF) onto

the silicon atom of 1-phenyl-2-trimethylsilylacetylene (PTA), resulting in dissociation of PTA into
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Figure C.1: Schematic of a model cavity‐modified chemical reaction. When the cavity mode is resonant with a vibra‐
tional excitation of the molecule, dissociation of the molecule is slowed down.
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Figure C.2: Experimental data demonstrating the (a)N‐dependence, (b) resonance, and (c) symmetry effects. (a) and (b)
are reproduced from Ref. 391. Copyright 2016 John Wiley & Sons, Inc. (c) is reproduced from Ref. 306. Copyright 2020
John Wiley & Sons, Inc.
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two products upon breaking the Si-C bond. The entire reaction occurs in a polar solvent, methanol.

The PTA reactant has several well defined vibrationalmodes that can be identified in IR spectroscopy.

Thesemodes include one at 860 cm−1with a full-width at half-maximumof 39 cm−1 that the authors

initial claimed largely corresponds to local vibration of the Si-C bond broken during the course of the

reaction, a claim that has since been disputed61. The cavity consists of two parallel mirrors separated

by a fewmicrons, the precise distance ofwhich can be tuned to shift the resonance frequencies given as

104m/(2nL) in wavenumber units cm−1, wherem is the integer mode order, n is the refraction index,

and L is the length of the cavity in μ. Importantly, the cavity mirrors are gold with several hundred

nanometers of silica deposited on the inner surfaces, such that neither the gold itself nor its plasmonic

near fields directly contact the reactionmixture. To compare the reaction inside versus outside the IR

cavity, they also create an identical device, except with no gold deposited such that the vacuum electric

field cannot be concentrated within the volume of the device. Because the reactant and product have

different refractive indices n, the progress of the reaction can be tracked by measuring the frequency

drift of one of the higher order cavity resonance peaks that are far off-resonant from any of the vibra-

tionalmodes of any of themolecules involved in the reaction. They tune them = 2mode of the cavity

with a FWHM of 30 cm−1 in resonance with the vibrational mode corresponding largely to Si-C vi-

bration in PTA at 860 cm−1, resulting in a Rabi splitting h̄ΩR of 98 cm−1 and putting the system

squarely within the collective strong-coupling regime. Interestingly, they show that the reaction rate

constant decreases inside the cavity versus outside the cavity.

To better understand this decrease in reaction rate, Thomas et al. sweep three experimental con-

ditions in the aforementioned setup. First, as shown in Fig. C.2(a), they sweep the concentration of

PTA in the solution from 0.87 M to 3.37 M. They then show there is a linear relationship between

the square root of the concentration of PTA and the Rabi splitting observed in the IR transmission

spectrum and a nonlinear decrease of the relative reaction rate constant inside the cavity versus outside

the cavity, from ∼0.4 to ∼0.2, for increasing Rabi splitting. Second, as shown in Fig. C.2(b), they
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sweep the frequency of the second cavity mode from 820 to 940 cm−1 and show that the reaction

rate constant decreases the most around 860 cm−1, while the reaction outside the cavity shows no de-

pendence on the distance between the dielectric mirrors (“outside the cavity”) that corresponds to the

resonant frequencies of the cavity with goldmirrors. Notably, the linewidth of the dip in reaction rate

inside the cavity closely follows the linewidth of the dip in IR transmission of PTA outside the cavity.

Third, they sweep the temperature from 294 to 312 K for the reaction both inside and outside the

cavity and show a generally linear relationship between the logarithm of the reaction rate constant vs.

the inverse temperature for both conditions. These curves are fit to the Eyring equation of chemical

reaction dynamics, which looks similar to the empirically derived Arrhenius equation but is in fact

derived from statistical mechanical considerations:

k =
κkBT
h

e
ΔG‡
RT , (C.1)

where k is the reaction rate constant, κ is the transmission coefficient that quantifies how often reac-

tants successfully pass through the activation barrier to the product side without returning and is gen-

erally assumed tobe1,T is the temperature, the free energyof activation isΔG‡ = ΔH‡−TΔS‡, the ac-

tivation enthalpy is ΔH‡ and activation entropy is ΔS‡. The Eyring equation, therefore, parametrizes

a reaction by just two parameters, the activation enthalpy ΔH‡ and activation entropy ΔS‡. For

[PTA]=2.53M and h̄ΩR = 98 cm−1, Thomas et al. show that ΔH‡ and ΔS‡ both increase inside the

cavity, from 39 to 96 kJ/mol for the former and from -171 to 7.4 J/(K mol) for the latter.

Based on the first and second sweeps, Thomas et al. claim that vibrational strong coupling of the

Si-C vibration with the cavity mode is directly responsible for the changes in reaction rate constant.

Based on the third sweep, they speculate that the reactionmechanismmay have changed from associa-

tive, where the initial step is F− attack on the silicon atom to form an intermediate with pentavalent

coordination, to dissociative, where Si-C bond breaks before the F− attacks.
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It is still unclear whether onset of the strong coupling regime, where the light-matter coupling rate

is larger than the cavity and emitter loss rates, is necessary for the observed changes to the chemical

reactivity, as opposed to, say, coupling to a cavity mode with a vacuum electric field or light-matter

coupling rate above some threshold. Whether the mechanism of a reaction changes in a cavity or

whether the original pathway is simply accelerated or decelerated is also still an open question. We

discuss steps to resolve both questions in the Outlook section. Nonetheless, we can be sure of at least

the following characteristics of vibrational polariton chemistry: 1) TheN-dependence: The reaction

rate changes as the concentration, or number of particlesN in the volume of the IR cavity, increases

although it is still unclear whether changes in the reactant or solvent number are responsible for the

observed effects), and 2) the resonance effect: There are particular IR cavity frequencies at which the

effect is the strongest.

In two recent follow-up papers by the Ebbesen group306,349, they demonstrate what seems to be

another critical feature of vibrational polariton chemistry: the symmetry effect. For brevity purposes,

herewediscuss only the 2020paper306 that first introduces this idea, wherePang et al. study the charge

transfer complexation betweenmesitylene and iodine inside an IR cavity constructed very similarly to

the one in the seminal experiment. This reaction is notable as it explicitly involves multiple electronic

potential energy surfaces, suggesting that non-adiabatic couplings between them are crucial, whereas

previous studies likely occur entirely on the electronic ground state potential energy surface.

They first couple a vibrational mode of mesitylene with E’ symmetry to the cavity andmeasure the

equilibrium concentration of the charge transfer complex in the UV/vis region as a function of the

initial concentration of mesitylene. From this curve, they extract two parameters: the equilibrium

constant KDA, where D and A stand for electron donor and acceptor, respectively, and the absorp-

tion coefficient εDA. Note that KDA relates to the change in free energy ΔG◦ between the reactant

and product, not the free energy activation barrier, as measured in the seminal experiment. The ab-

sorption coefficient εDA, meanwhile, is dependent on the exact geometry of the mesitylene-iodine
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complex formed. Fascinatingly, they show that both KDA and εDA can change at the onset of the

strong-coupling regime when the Rabi splitting is large enough to produce two visible polaritonic

peaks in the IR transmission spectrum, providing some evidence, albeit not conclusive, that strong

coupling is necessary for cavity-modified chemistry. The change in KDA corresponds to a change in

ΔG◦ ≫ both kBT and h̄ΩR. As shown in Fig. C.2(c), they then sweep the cavity frequency across the

range of IR vibrational frequencies of the reactants and observe the symmetry effect: strongly cou-

pling to vibrationalmodeswithA’ symmetry decreasesKDA and increases εDA relative to those outside

the cavity, while coupling to E’modes increasesKDA and does not drastically affect εDA. Furthermore,

further increasing the Rabi splitting does not change these values, suggesting that upon reaching the

strong coupling regime, this effect is dominated purely by the symmetry of the vibrational modes.

To see whether this correlation between vibrational mode symmetry and change in equilibrium

properties of the complex can be extended to causation, they study deuterated mesitylene and replace

mesitylene with benzene. The molecular vibrations of deuterated mesitylene with identical symme-

tries are at shifted frequencies due to the isotope effect, and they show that strongly coupling to these

frequency-shifted modes results in identical changes to KDA and εDA compared to non-deuterated

mesitylene. In addition, by shifting the molecular vibrational frequencies, they are able to couple

uniquely to the solvent vibrational modes and show no change. By replacing mesitylene with ben-

zene, they study the influence of mode symmetry in a different molecule that possess only E modes

and observe similar changes toKDA and εDA compared to coupling to E’ modes in mesitylene. Over-

all, this study provides evidence for the symmetry effect, where the symmetry of the vibrational mode

coupled to the cavity is an important factor for observing coupling-dependent chemical reactivity.

C.1.2 Theories

From the experiments conducted thus far, we note the following three robust features of vibrational

polariton chemistry: 1) theN-dependence, where the reaction rate changes with the number of reac-
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Figure C.3: Theories. (a) Increasing the light‐matter coupling strength up to λ = 0.035 corresponding to a Rabi splitting
that is 0.1 of the bare transition energy, coupling strengths inaccessible in current Fabry‐Perot cavities, shifts the Eyring
curve. (b) Potential energy surfaces demonstrating that the activation energy decreases from the reactant (blue) to the
lower polariton (red) of the product, although transfer to the dark states (green) are still preferred. Thermal relaxation
de‐excites the lower polariton, dark states, and upper polariton (purple) to the vibrational ground state of the product
(orange). (c) The photonic mode qc acts as a solvent cage along the reaction coordinateR. (d) Outside the cavity, the
reaction rate is a competition between the forward rate kf from the reactant |R, 0⟩ to the vibrationally excited product
|P, 1r⟩, backwards rate kb, and thermalization rate γ. Inside the cavity, the dark modes enhance the thermalization rate,
overall accelerating the reaction rate. (e) An emitter A coupled to an ensemble of emitters B can experience an effective
increase in coupling to the cavity. (a) by Galego et al. in Ref. 130 is licensed under CC BY 4.0; (b) by Campos‐Gonzalez‐
Angulo et al. in Ref. 43 is licensed under CC BY 4.0; (c) by X. Li et al. in Ref. 238 is licensed under CC BY 4.0; (d) by Du et
al. in Ref. 87 is licensed under CC BY 4.0; (e) by Schutz et al. in Ref. 363 is reproduced with permission (Copyright 2020
American Physical Society). (b) is modified to correct the span of E‡

000.
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tant moleculesN in the cavity volume, 2) the resonance effect, where only certain cavity frequencies

change the reaction rate, and 3) the symmetry effect, where effects are seen when coupling the cav-

ity to vibrational modes with particular symmetries. Therefore, the theory of vibrational polariton

chemistry should manifest at least these three effects. Other experimental conditions that should be

taken into account include room temperature, the presence of solvent, disordered geometrical con-

figurations of reactants, inter- and intramolecular interactions including other vibrations and elec-

tronic transitions, and the spatially-dependent cavity spectral profile, among other system complexi-

ties. Keeping these considerations in mind, we turn to the major theoretical developments put forth

in the five years since the seminal experiment, starting first with analyses based on intuition from stan-

dard quantum optics models that have worked with some success in explaining electronic polariton

chemistry. For each theory, we discuss the basic foundation and results, in which ways they do or do

not match experimental observations, and how they can be built upon in the near future toward a

robust theory of vibrational polariton chemistry.

A misguided argument to convey an intuitive understanding of how vibrational polariton chem-

istry works might go as follows: Consider a simple two-level system, where the ground state corre-

sponds to a reactant in its electronic and vibrational ground state, and the excited state corresponds to

a reactant still in its electronic ground state but in a vibrationally excited state. This simple two-level

system interactswith a resonant, unpopulated cavitymode. This interaction canbe representedby the

Jaynes-CummingsHamiltonian that assumes the dipole approximation (where the electric field of the

cavity mode is constant over the volume of the transition dipole density), the rotating wave approxi-

mation (where counter-rotating terms are dropped), and the dipole self-energy term is dropped. The

light-matter interaction between the vibrational transition dipole moment and vacuum electric field

of the cavity results in mixing, such that the bare vibrational excitation and cavity mode are no longer

eigenstates of the system. Instead, the excited eigenstates become a lower and an upper polariton split

symmetrically about the bare energies by the Rabi splitting. The argument is then that, because the
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upper polariton contains a contribution from the vibrational excitation and is higher energy, the vi-

brational energy gets a “free” energy boost, enabling themolecule to hop the activation energy barrier

more easily during a reaction, in accordance with the Eyring equation. (Or, alternatively, perhaps

the transition state energy of the lower polariton is lowered, also resulting in an effectively lowered

activation barrier.) When there are N molecules, the Jaynes-Cummings Hamiltonian becomes the

Tavis-Cummings Hamiltonian, and it can be easily shown that the Rabi splitting between the lower

and upper polaritons is enhanced by a factor proportional to
√
N, supposedly increasing the mag-

nitude of the “free” energy boost and further enabling the molecule to tunnel through the activate

energy barrier. It is unclear, however, whether there is truly a “free” energy boost in the single two-

level system case; in fact, if this mechanism were correct, the activation energy barrier should change

linearly with theRabi splitting, but in fact, the effective free energy of activate changes nonlinearly392.

In addition, it is unclear whether, in theN two-level systems case, this energy boost can be localized

onto a single molecule, especially when one considers that the eigenstates include not only a lower

and upper polariton, but alsoN− 1 delocalized dark states, whereN can be on the order of 1012 per

photon mode318.

In Ref. 130, Galego et al. rigorously investigate this intuitive theory. They study a simple Shin-

Metiu model that comprises one electron and three nuclei in one dimension, where two nuclei are

fixed in place, while the electron and other nucleus interact with the other nuclei with a normal

Coulomband softenedCoulombpotential, respectively. While the Shin-Metiu can easily beparametrized

to bring electronic excited state potential energy surfaces close to each other and to the ground-state

and, thus, demand inclusionof non-adiabatic terms, in this case, they parametrize the system such that

only the electronic ground state is relevant. The Shin-Metiu “molecule” is placed in a cavity, where

the dipole self-energy term in the light-matter interactionHamltonian has been dropped and the vac-

uum electric field is allowed to be spatially varying, i.e. not the dipole approximation. They compute

the full quantum reaction rate of the electron and freely moving nucleus hopping from potential well
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to the other using the formalism of Miller et al. originally described in Refs. 274,276. On a single-

molecule level, they show that the reaction rate can indeed be shifted, as shown in Fig. C.3(a), and that

the ground state structure of the molecule can be modified, but the coupling strengths required are

likely only achievable inside nanoscopic plasmonic cavities realized by, for instance, the mode volume

of a spacer between a nanoparticle and a mirror that is many orders of magnitude smaller than the

mode volume inside the IR cavities studied experimentally. In addition, they observe no resonance

effect. Generalizing their approach toNmolecules, they observe also no collective effects, unless the

molecules are aligned along the same direction. Preferential alignment of the molecules is naively

unlikely in the micron-scale cavities of the recent experimental demonstrations, although recent cav-

ity molecular dynamics simulation of water molecules under vibrational ultrastrong coupling hint

at dynamic oriental preferences of molecules inside such cavities242. All these conclusions based on

transition rate theory are largely supported by other groups45,465, including T. E. Li et al. in Ref. 237

who take a standard chemical rate theory approach where the cavity and nuclear modes are treated

classically. Therefore, it seems that the “intuitive” explanation of Rabi-boosted polaritons more eas-

ily hopping across activation energy barriers does not pass themuster of thismore rigorous theoretical

approach.

Campos-Gonzalez-Angulo et al.43 propose a cavity-modifiedMarcus-Levich-Jortnermodel with a

mechanismofmodulating chemical reaction rates similar to the intuitive argument given before. This

model predicts reaction rates involving electron transfer from a donor to an acceptor across nuclear

coordination-dependent potential energy surfaces. In a cavity resonantly tuned with a molecular vi-

bration ofN products, the authors show that electron transfer to theN− 1 dark states near the energy

of the bare excitations is entropically favored, as in Fig. C.3(b). However, they claim that electron

transfer to the lower polariton, shifted downwards in energy by the Rabi splitting, in fact dominates

reaction kinetics. This mechanism satisfies both the resonance and N-dependence requirements of

a theory of vibrational polariton chemistry because the Rabi splitting is maximized when the cavity
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is resonant with the vibration of interest and is proportional to
√
N. However, because this theory

involves a excited electronic potential energy surface with non-adiabatic coupling to the ground-state

potential energy surface, this theory is likely not suitable for the seminal experiment, although in this

sense, it may be relevant to Ref. 306, where they study the symmetry effect in an electron transfer

complexation reaction. Recently, however, in Ref. 418, Vurgaftman et al. dispute this mechanism,

claiming thatwhen the dispersive nature of the cavity is included, the density of states at the frequency

of the lower polariton is in fact dominated by dark states unless the Rabi splitting is more than an or-

der of magnitude larger than the linewidths of the bare excitations, a far stricter regime not applied in

experiments.

X. Li, Mandal et al. in Ref. 238,244,262 pursue in further detail the approach of Galego et al. by

explicitly studying the effect of cavity coupling on the transmission coefficient κ, which is typically

assumed to be 1 in classical transition rate theories. As Galego et al. do in Ref. 130, with the ex-

ception of including the dipole-self energy term, they study the Shin-Metiu model with and without

coupling the vibrational mode of interest to other vibrational modes in the molecule. From Grote-

Hynes theory149,156, they derive the condition under which κ is at a minimum for light-matter cou-

pling strengths below the ultra-strong coupling regime relevant tomost experimental studies thus far:

when κ is approximately the barrier frequency ωb. ω2b is proportional to the curvature of the reac-

tion barrier when the light-matter coupling strength is low and decreases as the light-matter coupling

strength increases. This calculated change to κ does not change the free energy of activation ΔG‡, but

it can result in an effective change on the order of a few kJ/mol, a non-trivial amount that leads to rate

slow-downs. Physically, resonantly tuning the cavity frequency close to the barrier frequency results

in the photonmode acting like a solvent degree of freedom, trapping the molecule near the transition

state and ultimately slowing the reaction rate, as in Fig. C.3(c). While this photonic solvent cage effect

does have a resonant cavity frequency, the value of the barrier frequency calculated by Schäfer et al.

in Ref. 350 of 74-94 cm−1 does not correspond to the resonance frequency observed in the seminal
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experiment of 860 cm−1, nor does the range of the resonance effect from ∼0.01 eV to 1 eV match

those observed in experiments. X. Li et al. in Ref. 238,244 compensate for the lack of Nmolecules

in their model by increasing the vacuum electric field to realize Rabi splittings of the same order of

magnitude as in the seminal experiment with billions of molecules in the cavity, vacuum electric fields

that would require nanoscopic plasmonic cavities as in Ref.130, although in Ref. 262, Mandal et al.

show that the reaction rate scales with the square root of the number of solvent molecules coupled to

the reaction coordinate.

Schäfer et al. inRef. 350usequantumelectrodynamical density functional (QEDFT)398,340,115,110,427

to run real-time simulations of the rate-limiting step involving F− ion attacking the Si-C bond in PTA

and report, for the first time,microscopic evidence of the resonance effect. QEDFT is a first-principles

framework for fully describing the interactions between electrons, nuclei, and photonic degrees of

freedom, where the the dipole self-energy and counterrotating terms are kept and the dipole approx-

imation is taken. In their simulations, they perform 30 trajectories where the reactant molecules are

launched toward each other with initial velocities sampled from a thermal distribution of 300 K,

which is within the range of temperatures studied by Thomas et al. in Ref.391. The molecules are

coupled to a single, lossless photon mode tuned under the dipole approximation either in resonance

(860 cm−1) or out of resonance (425 cm−1) with the Si-C bond at 860 cm−1. Just as X. Li et al. do in

their theoretical studies on a singlemolecule, they choose the vacuumelectric field to be strong enough

to result in Rabi splittings approximately equal to those in the seminal experiment, which again natu-

rally lead to questions about how the observed change in reaction rate changes as the reactant concen-

tration increases. Averaging over the trajectories, they find that when the cavity is resonantly tuned

to the Si-C vibration, the reaction trajectory is trapped in the local minimum corresponding to the

pentavalent intermediate PTA-F− longer than when the cavity is not resonantly tuned to the Si-C

vibration. To understand why the reaction trajectory gets trapped, they plot the difference in vibra-

tional mode occupations between the resonant and off-resonant conditions and show that, over the
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course of the reaction, the resonant cavitymode better enables energy transfer between the vibrational

mode corresponding to Si-C vibration and other vibrations, especially those involving the F-Si-C-C

chain.

While these initial results are promising, there remain some difficulties in comparing the compu-

tational results for trajectories of single molecules with reaction rate constants from the seminal ex-

periment. For instance, as in the seminal experiment, they sweep the cavity frequencies but in a wider

range, from 400 to 1700 cm−1, and show that the time-averaged Si-C distances are longer inside the

cavity than outside the cavity, i.e. when the light-matter coupling strength is zero, for cavity frequen-

cies between 500 cm−1 and 1700 cm−1, whereas in the seminal experiment, the reaction rate constant

inside the cavity approaches the rate outside the cavity at just∼800 to 960 cm−1. Clearly, the FWHM

of the change in Si-C bond distance is much larger in the simulation than the reaction rate difference

is in the experiment, but whether differences in fact result in the same observed cavity frequency-

dependent effect is unclear. Furthermore, they do not calculate the time-averaged Si-C distance or

analogous metric of reaction progress for varying coupling strength nor the temperature, as Thomas

et al. do in the first and third sweeps of Ref. 391. Finally, as in the previous studies, no formal connec-

tion to theN-dependence is given. However, the authors do note that recent works where collective

strong-coupling can lead to strong coupling on the local level as individual molecules experience col-

lectively enhanced dipole moments.

Manyof these aforementioned theories struggle to explainboth the resonance effect andN-dependence,

but perhaps these two effects do not need to be inextricably tied together by the same physical mech-

anism. In Ref. 87, Du and Yuen-Zhou propose an explanation for the N-dependence based on the

enhancement of vibrational dissipation via dark states when the N molecular vibrational modes are

disordered. First, they study a chemical reaction outside the cavity involving electron transfer from a

reactant potential energy surface with zero vibrational excitations to a product potential energy sur-

face with a single vibrational excitation. The reaction rate is then determined by the competing for-
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ward rate from reactant to product, backward rate from product to reactant, and thermalization rate

from the product potential energy surfaces with one vibrational excitation to zero. When the ther-

malization rate is much higher than the backwards rate, the electron cannot transfer back from the

product to the reactant. Then, they show that, in the cavity withN disordered molecular vibrations,

the dark states become localized on 2-3 molecules, rather than on all of the molecules in the perfectly

ordered case. The consequence to the electron transfer rates is that, while the forward rate decreases

slightly and the backwards rate is largely unchanged, the thermalization rate increases drastically, as

in Fig. C.3(d) and overall increasing the reaction rate. Importantly, this theory so far only leads to

acceleration of reaction rates, whereas reactions in experiments often slow down in cavities. These

opposing trends are not entirely irreconcilable, as knowledge of the exact reaction mechanism is gen-

erally necessary to confirm how changing the rate of one elementary step changes the overall reaction

rate. Note that this theory is demonstrated through the example of an electron transfer-type reaction

that does not correspond to the reaction in the seminal experiment; the authors, however, claim that

a similar mechanism could work in adiabatic reactions and plan to publish such theoretical evidence

in the near future. These findings of increased thermalization rate under vibrational strong coupling,

notably, agree with those of T. Li et al. in Ref. 239 with a classical cavity molecular dynamics ap-

proach.

Another flavor of theory that explains only the N-dependence has been discussed in both Refs.

363 and 370 by Schutz et al. and Sidler et al., respectively, where they show that ensembles of emitters

or molecules can induce modifications of optical and chemical properties on the local level. More

specifically, inRef. 363, they consider a single quantum emitter Awithin awavelength of an ensemble

B ofN emitters all coupled together via position- and orientation-dependent dipole-dipole coupling,

as in Fig. C.3(e). They show that, by interacting through the virtual excitations of the ensemble, the

effective coupling strength between A and a cavity mode can be increased and the effective linewidth

of A can be decreased by modulating the detuning between A and B, enough to put A in the strong-
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coupling regime for a silicon vacancy defect in diamond. In Ref. 370, the authors show from first

principles that in an ensemble of nitrogen dimers collectively coupled to a cavity mode, the transition

dipole moment of an impurity, or a nitrogen dimer with perturbed bond length, increases with the

number of molecules in the ensemble. While these theories have not yet been extended to chemical

reactions, these recent efforts represent promising steps to an explanation of the N-dependence and

warrant further study.

C.1.3 Outlook

So far, we have reviewed the most important experiments, extracting three robust features of vibra-

tional polariton chemistry: the N-dependence, resonance, and symmetry effects. We then reviewed

several theories that have attempted to explain some of these effects. What open questions are left,

and what next steps can we take, as a community, to answer them?

First, a very fundamental question: Is entering the strong coupling regime even a necessary prereq-

uisite for observing cavity-modified ground-state chemical reactivity? In their seminal experiment,

Thomas et al. observe that increasing Rabi splitting accompanies a decreasing rate constant and con-

clude that strong light-matter coupling is necessary to observe cavity-modified ground-state chemical

reactivity. While there has been some evidence that there is, in fact, a need to enter the strong cou-

pling regime (see, e.g., Ref. 306), there has also been evidence to the contrary (see, e.g., Ref. 418). More

generally, while a non-zero Rabi splitting, where light-matter coupling is large enough to overcome

system losses and decoherence, is a valuable experimental signature of strong light-matter coupling,

its presence does not imply that another observed phenomenon relies on it. The Rabi splitting is not

only a function of the number of particlesN, or the concentration of reactant here, but also the vac-

uum electric field strength of the cavity and the vibrational transition dipolemoment. Therefore, one

could observe identical Rabi splittings between systems with, say, a larger vacuum electric strength

and smaller concentration of reactant versus a smaller vacuum electric field strength and larger con-
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centration of reactant. To more convincingly demonstrate that strong light-matter coupling is a pre-

requisite of the changes to the reaction rate constant observed, further experiments should explore

the effects of changing the linewidths of the cavity modes and vacuum electric strengths to explore

the gamut of low-to-high system losses and light-matter coupling strengths. Ideally, determining the

effect of changing the vibrational transition dipole moment of the molecule in interest would also be

a valuable data point, but doing so is likely more difficult, as it would require changing the reactant

molecules themselves and may potentially lead to, for instance, a different reaction mechanism. Ex-

perimentalists could also attempt to pump the cavity, effectively increasing the light-matter coupling

strength, although pumping the cavity should be done with utmost caution, as it may become diffi-

cult to discern which effects exist only when coupling to the vacuum field versus real photons332. In

parallel, theorists should re-visit already-developed theories to see if similar effects can be seen through-

out the parameter space of system loss and light-matter coupling strength, as well as consider theories

that do not explicitly depend on the strong coupling regime by including non-zero cavity losses and

vibrational linewidths in the foundation of their theories.

Second, experimentalists haveobserved large changes in activation energies in cavity-modifiedground-

state chemical reactions that are sometimes indicative of a change in reaction mechanism. Do these

changes actually correspond to new reaction pathways, or are these simply effective changes and the

original pathways are simply being accelerated or decelerated by the cavity mode? Such studies could

be conducted with standard techniques of synthetic chemistry, such as capturing the reaction inter-

mediate to determine whether the reaction has truly transformed from an associative to dissociative

nature. Answering each of these questions would be invaluable to theorists, especially in narrowing

down which interactions are necessary to include in the systemHamiltonian and whether to include

different reaction types and pathways in a chemical dynamics model.

Third, nearly all experiments have plotted spectra for quantized, out-of-plane cavity modes with

zero momentum k = 0, despite the Fabry-Perot cavities common to polariton chemistry experiments
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also supporting a continuum of modes with non-zero k251. Inclusion of these states can result in

qualitatively different effects of the cavity on chemical reactivity418. Therefore, we believe that ex-

periments and theories should endeavour to include the full dispersion of Fabry-Pérot cavities and to

look toward cavity geometries with different dispersions.

Fourth, what are the origins of the N-dependence, resonance, and symmetry effects? Regarding

the N-dependence, while there certainly have been jumps in theoretical progress as discussed in the

Theories section, both experimental testing of these theories and extending these theories to the con-

text of chemical reaction dynamics are key. On the theoretical side, it is clear from work thus far that

the conditions for collective enhancement of local properties have rather stringent requirements with

respect to the detunings and inter-molecular distances and orientations. Future studies should care-

fully consider the orientation- and geometry-dependence of the surrounding molecules and whether

these effects are robust in a liquid environment at room temperature, as in the experiments. On a

more general level, it seems that having themolecules oriented in some concerted fashion and not ran-

domly inside the cavity is key to observing several proposed explanations for theN-dependence. Are

we absolutely convinced that no molecular ordering within the Fabry-Perot cavities is present? Can

cavities can be constructed that enhance or stifle molecular ordering to test how modifications to the

chemical reactivity scale with molecular ordering?

Regarding the resonance effect, Ref. 351 was the first theoretical or computational study that has

correctly predicted the frequency of the resonance effect, resulting in our study on whether cavity-

modified vibrational energy redistribution leads to the observed “bond-strengthening” effect. To tease

out whether cavity-modified vibrational energy redistribution is responsible for the observed changes

in the reaction rates inside cavities, both theorists and experimentalists should first study molecules

with fewer numbers of atomsM and, therefore, simpler vibrational structures, as the number of vibra-

tionalmodes for a nonlinearmolecule is 3M−6. Thesemolecules can be selected to have vibrations of

modes that either do or do not involve atoms in the bond of interest, are either close or far in frequency
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from the vibration involving the bond of interest, and are either nonlinearly coupled or not to the vi-

bration involving the bond of interest. Symmetry effects may even be relevant in larger molecules, as

the range of vibrationalmode-mode coupling can be quite large, enabling description of IVR through

a few, key vibrational modes while the rest of the modes serve as a vibrational bath413,365. Further

studying IVR naturally dovetails with unraveling the symmetry effect because, to inform molecule

choice before running costly experiments, vibrational modes and nonlinear couplings can be derived

from symmetry analyses, as well as calculated from first principles. Previous experimental studies can

also be re-analyzed through this perspective—perhaps, for instance, the resonant cavity frequencies

that result in reaction selectivity in Ref. 393 correspond to certain vibrational modes that are coupled

to the vibrational mode relevant to the reaction, thus dissipating the vibrational energy. Community

members should keep in mind that some vibrational modes are symmetry-forbidden from appearing

in IR spectra but may still couple to other vibrational modes.

Looking even further, as the seminal experiment becomes better understood with a robust theory,

the field of vibrational polariton chemistry will still havemuch room to grow. For instance, the ability

to either selectively speed up or slow down a given reaction would be useful, and some first steps in

this direction could include concentrating vibrational energy into a single mode by cavity engineering

or pulse shaping. In addition, different chemical reaction types can be explored by coupling to differ-

ent vacuummodes, such as vacuummagnetic fields in magnonic cavities292,431 to influence chemical

reactions involving singlet-triplet transitions and free radicals or to chiral cavities for enantioselective

chemistry.

Finally, given the speed at which the field is moving and howmuch is still unknown, we encourage

communitymembers to publicly release as much information as possible about their work, including

code for complex simulations and details on both successful and “failed” experiments on public-facing

venues (especially given the difficulty of reproducing some studies187), such as ChemRXiv and arXiv,

online forums for polariton chemistry, data banks, and research group websites. The more the com-
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munity knows, the faster we will reach our destination: the theory of vibrational polariton chemistry.

C.2 Single molecule

C.2.1 Derivation of the light-matterHamiltonian

In the main text we show the dynamics of the molecule (a classical mechanical three-body system)

coupled with a single mode of an electromagnetic cavity using the Hamiltonian in Eq. (4.1) together

with the light-matter Hamiltonian in Eq. (4.2). In this section, we show how these Hamiltonians can

be derived from the classical Lagrangian formulation of electrodynamics. The Lagrangian of electro-

magnetic field coupled with mechanical degrees of freedom is364

L =
∫

dr
1
2
ε0E2 −

1
2μ0

B2︸ ︷︷ ︸
LEM

+
∫

dr j · A︸ ︷︷ ︸
LLM

+
∑
i

1
2
mi_r2i − V(r1...ri...)︸ ︷︷ ︸

LM

, (C.2)

whereLEM is the Lagrangian of the electromagnetic field,LLM is the light-matter coupling Lagrangian

and LM is the matter Lagrangian. The electromagnetic field is described by the vectors of electric and

magnetic field, E and B, respectively, and the vector potential A. The positions ri of the mechanical

degrees of freedom considered as three particles of respective masses mi determine the mechanical

potentialV(r1...ri...). The electromagnetic fields are coupled to matter by the current density j.

We next consider that the electromagnetic field is described in the Coulomb gauge where the elec-

trostatic interaction within the molecule is embedded in the potential V(r1...ri...). We further con-

sider that the electromagnetic field is representedby a sumover transversemodes of an electromagnetic
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cavity. The respective electromagnetic-field vectors can thus be expressed as:

A =
∑
k

Akfk(r), (C.3)

E = −
∑
k

_Akfk(r), (C.4)

B =
∑
k

Ak∇× fk(r). (C.5)

Here Ak is the amplitude of the vector potential of mode k, and fk(r) is the corresponding vectorial

mode profile. For concreteness, we consider fk = sin(kπz/L)ξ (where ξ is a unit vector transverse to

ez) which is confined in the xy plane to a certain area Syz. We note that this concrete definition is not

central to the general conclusions of this derivation. The Lagrangian in Eq. (C.2) then becomes:

L ≈
∑
k

[
1
2
ε0Veff

(_A2
k − ω2kA

2
k
)
+ sk_μξAk

]
+
∑
i

1
2
mi_r2i − V(r1...ri...), (C.6)

where we have defined the cavity frequency as ωk = kcπ/L and the mode volume Veff = LSxy/2. We

have also used j = _μδ(r−rmol), where μ is the dipolemoment of themechanical system (themolecule),

and we have assumed that the molecule is a point-like object positioned at rmol = [xmol, ymol, zmol].

We have defined μ · ξ ≡ μξ and sin(kπzmol) ≡ sk.

The Lagrangian LM generally contains all nine mechanical degrees of freedom of the molecule.

Cross et al.68 have shown how the translational and rotational degrees of freedom can be eliminated

using a series of transformations (assuming only 2D dynamics of the molecule, fixing the center of

mass of themolecule, and removing the remaining rotational degreeof freedomby setting themolecule’s

angular momentum equal to zero). We note that this transformation neglects the effects of molecular

angular momentum on the light-matter coupling. The reduced mechanical Lagrangian R expressed
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in terms of the internal coordinates qi is:

R =
1
2
∑

Γij_qi_qj − V(q1, q2, q3), (C.7)

where Γij are generally coordinate-dependent quantities playing the role of generalized masses. We

neglect the coordinate-dependence of Γij and only consider its values at the equilibrium geometry

of the molecule. This approximation neglects certain anharmonic interactions among the molecular

internal degrees of freedom, but makes the numerical treatment of the system dynamics tractable.

The reduced Lagrangian of the molecule coupled with the electromagnetic cavity therefore be-

comes:

LR =
∑
k

[
1
2
ε0Veff

(_A2
k − ω2kA

2
k
)
+ sk_μξ(q1, q2, q3)Ak

]
+
1
2
∑

Γij_qi_qj − V(q1, q2, q3). (C.8)

The Lagrangian LR could in principle be directly transformed into the corresponding Hamiltonian

by the standard procedure. Although such a procedure is possible, the resulting Hamiltonian would

have a complicated form not suitable for numerical treatment. Instead, it is more convenient to first

transform LR by explicitly subtracting from it the total time derivative of
∑

k skμξAk:

LT = LR − d
dt

(∑
k

skμξAk

)

=
∑
k

[
1
2
ε0Veff

(_A2
k − ω2kA

2
k
)
− skμξ

_Ak

]
+
1
2
∑

Γij_qi_qj − V(q1, q2, q3). (C.9)

Notice that this transformation shifts the timederivative in the light-matter couplingLagrangian from
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the dipole moment to the field coordinate. We now transform LT to the Hamiltonian picture. For

further convenience we define the canonical coordinate Qk =
√
ε0VeffAk and obtain the conjugate

momenta:

pi =
∂LT

∂_qi
=
∑
j
Γij_qj, (C.10)

Pk =
∂LT

∂ _Qk
=
√
ε0Veff

_Ak −
μξsk√
ε0Veff

. (C.11)

The Hamiltonian then becomes:

H =
∑
i
pi_qi +

∑
k

Pk_Qk − LT

=
1
2
∑
ij

Gijpipj + V(q1, q2, q3)

+
∑
k

[
1
2

(
Pk +

μξsk√
ε0Veff

)2
+
1
2
ω2kQ

2
k

]
, (C.12)

whereGij are the elements of the matrix inverse to Γij. Finally, to obtain the Hamiltonian in the form

expressed in Eqs. (4.1) and (4.2) of the main text, we apply the canonical transformation (change of

phase-space coordinates):

Qk =
pk
ωk

, (C.13)

Pk = −ωkqk, (C.14)
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and obtain

H =
1
2
∑
ij

Gijpipj + V(q1, q2, q3)

+
∑
k

[
1
2
ω2k

(
qk −

λk
ωk

μ · ξ
)2

+
1
2
p2k

]
, (C.15)

where we have identified λk = sk/
√
ε0Veff.

Finally, it is interesting to consider the connection between the variables pk (qk) and the original

fields:

pk = ωk
√
ε0VeffAk, (C.16)

qk = −
√
ε0Veff
ωk

_Ak + μξ
sk

ωk
√
ε0Veff

. (C.17)

We see that the momentum pk is proportional to the amplitude ωkAk/c of the magnetic field of mode

k, and the coordinate ωkqk is proportional to the electric field plus the dipole moment (related to the

polarization), and is thus resembling the displacement field of the cavity mode.

With this we can write the energy of the transverse electromagnetic field of a single cavity mode

(k = c) as

EEM =
1
2
ε0Veff

(_A2
c + ω2cA2

c
)

=
1
2
ω2c

(
qc −

λc
ωc
μ · ξ

)2
+
1
2
p2c . (C.18)

Interestingly, the coupling term is fully embedded in the energy of electromagnetic field. The me-
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chanical energy of the system is

EM =
1
2
∑
ij

Gijpipj + V(q1, q2, q3). (C.19)

We find that there is no extra energy associated with the coupling between themolecule and the cavity

field.

C.2.2 Initial states

Webriefly review themethod of generating initialmolecular states, as originally described inRef. 198,

and discuss how it is generalized to initialize the cavity.

For a given molecule energy Emol, we compute the minimummmin and maximummmax possible

values ofm ∈ {q1, q2, p1, p2, p3} corresponding to the cases when Emol is contained entirely within

the potential or kinetic energy associated with m. Then, we generate all possible initial states from

uniformly spaced arrays withN values betweenmmin andmmax. For each of these states with energy

less than Emol, we choose the positive root of q3 − q03 that results in a total energy of Emol. To obtain

converged results in this study, we chooseN between 15 and 23, where larger values are necessary for

survival probabilities and smaller values are sufficient for Fourier spectra and time-dependent energy

curves.

When the total field energy EEM is set to 0 as in Fig. 4.3 and Fig. 4.5, Qc is fixed by the cavity

strength λc and Pc is set vanishingly small to ensure numerical stability.

To initialize the molecule-cavity system with a given Etotal dictated byHmol +HF, as in Fig. 4.6, we

adapt the procedure from the case of the bare molecule described above, except that we generate all

possible initial states from uniformly spaced arrays of q1, q2, q3, p1, p2, p3,Qc and select the value of

Pc that gives the desired total energy.

To initialize the cavity with a given Ecav = P2c/2 + ω2cQ2
c/2, as in Fig. C.10, we first compute the
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minimum Qmin,c and maximum Qmax,c possible values of Qc corresponding to Ecav = ω2cQ2
c/2. For

the study ofQc > 0 (Qc < 0), for each molecule initial state, there is only one initial cavity state with

Qc = Qmax,c (Qc = Qmin,c = −Qmax,c) and Pc = 0. For the “uniform Qc” studies, for each molecule

initial state, we generate Nc cavity states, where Qc selected from a uniformly spaced array with Nc

points betweenQmin,c andQmax,c and Pc is chosen such that Ecav = P2c/2 + ω2cQ2
c/2.

In the present study we generate ensembles of trajectories picked from constant energy hypersur-

faces198 to elucidate the fundamental physics. Future studies could consider differently chosen ensem-

bles of initial states relevant toparticular experimental conditions. For instance, to simulate conditions

of vibrational excitation at room-temperature, energies and momenta of the molecule and cavity can

be selected from a Boltzmann distribution. Alternatively, to simulate population via infrared laser

pumping, only optically accessible initial states can be chosen.

C.2.3 Estimating the Rabi splitting

Wedemonstrate how to estimate theRabi splitting induced by the cavitymode in the dipolarmoment

spectrum of the vibrational modes in a manner similar to Refs. 366,130,244. As an example, we as-

sume that the single cavitymode c is aligned along the in-plane axis through the center of the tri-atomic

model to q3/2, such that the only component of the permanent dipole moment μ relevant to light-

matter coupling is given by A cos(q3/2)(q1 + q2), where the coefficient A is fitted with experimental

or computational data describing the permanent dipole moment of ozone at vibrational equilibrium

and we have assumed ionic dissociation with a simpler functional form. With these simplifications,

we can re-writeHF as

HF =
1
2
ω2cQ2

c +
1
2
P2c +

1
2
μ2λ2c − ωcμλcQc. (C.20)

The first two terms correspond to the classical total energy of the cavity mode, the third term is
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the dipole self-energy term more relevant in the ultrastrong coupling limit, and the last term,HDF, is

the conventional light-matter dipole-field interaction term on which we now focus our attention. To

make further analytical progress, we assume that the molecule is close to its vibrational equilibrium

state. By doing so, we can approximate the permanent dipole moment as μ ≈ μ0 +
∂μ
∂q |q0(q − q0)

where q is a generalized vibrational coordinate. Whether this assumption holds depends on the degree

of vibrational excitation. For instance, this assumption encounters no issues with considering solely

thermal population in the tri-atomic model, where the harmonic vibrational frequencies are several

times higher than kBT. However, in our numerical studies, the molecules are initialized with energies

larger than the dissociation energy that is itself several times larger than the vibrational frequencies,

so throughout the IVR process, the vibrational mode displacements from equilibrium can be large.

Nonetheless, for the purpose of providing a simple, analytic form of the Rabi splitting that can be

generalized to higher orders if necessary, we plug this term intoHDF:

HLM = −
[
ωcμ0λcQc +

∂μ
∂q

∣∣∣
q0
(q− q0)ωcλcQc

]
. (C.21)

The latter term corresponds to the coupling between a vibrational transition and the cavity photon,

and the Rabi splitting energy should correspond to the scaling factor of this term. We replaceQc and

qwith quantized field operators:

∂μ
∂q

∣∣∣
q0
ωcqλcQc =

∂μ
∂q

∣∣∣
q0
ωc

√
h̄

2Mωv
(b̂† + b̂)λc

√
h̄
2ωc

(â†c − âc), (C.22)

whereM is the effective mass of the vibration, ωv is the frequency of the vibration, and b̂ and âc are

the annihilation operators of the vibrational and cavity modes, respectively.

We collect all the non-operator terms, multiply by a factor of two, and call this term the estimated
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Rabi splitting energy, or the energy difference between the lower and upper polariton:

h̄Ωest
R =

∂μ
∂q

∣∣∣
q0
h̄λc
√

ωc
Mωv

. (C.23)

In our numerical studies, we have found that the cavity mode influences the unimolecular dissoci-

ation rate most strongly when the cavity is resonant with a vibrational mode dominated by the local

mode vibration, such as q3 when the cavity is x-polarized, especially for vanishing local vibrational

mode-mode momentum coupling ε. Therefore, for the cavity field along the x-direction we approxi-

mate ∂μ
∂q |q0 as

∂μ
∂q

∣∣∣
q0
≈ ∂μ

∂q3

∣∣∣
q03
= −A sin (q03/2)(q01 + q02)/2. (C.24)

We estimate theRabi splitting for typical parameters used in our numerical studies in atomic units,

whereh̄ = 1. For instance, for A = 0.4 a.u. so that the permanent dipole moment at equilibrium

μ0 is 1 e·Bohr, q01 = q02 = 2.416 Bohr, q03 = 2.039 rad, Mq3 = 1/G(0)
33 = (2.88 · 10−5)−1 a.u.,

ω3 = ωc = 2.88 · 10−3 a.u., and λc = 0.01 a.u., we estimate a Rabi frequency Ωest
r = 4.364 · 10−5

a.u. or 9.577 cm−1. Using λc =
√

2/ωc|Ec| =
√

1/(ε0V) in atomic units, we estimate the mode

volume as 15 nm3 for λc = 0.01 a.u. and 0.1 nm3 for λc = 0.16 a.u.. This estimate indeed matches

the splittings observed in Fourier transforms of the vibrational coordinates of the coupled molecule-

cavity system under the conditions described, as in Fig. C.4, where the molecule is initialized with

energy ≪ h̄ωi to prevent the appearance of overtones and combination spectra. We propagate the

same initial condition for all λc: {p1, p2, p3, q1, q2, q3,Pc,Qc} = {5, 5,−5, 2.8, 2.8, 2, 0.01, 0.01} in

atomic units.

Experimental demonstrations of vibrational polariton chemistry rely on the collective coupling

of many molecules to the cavity mode to achieve the Rabi splittings observed in the dipole moment

spectra on the order of 10 cm−1 to 100 cm−1. It is thus desirable to extend our model that considers
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Figure C.4: Rabi splitting of the local bending mode q3. We set ε = 0 and initialize the molecule with low enough energy
such that the vibrational coordinates are close to equilibrium. The molecule is placed inside a cavity with frequency
in resonance to the local bending mode, i.e. ωc = ω3 for varying cavity strength λc. The estimated Rabi splitting
Ωest

R ∼ 10 cm−1 for λc = 0.01 a.u., closely matching the actual Rabi splitting observed.
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a single molecule coupled to the cavity to the collective case and explore the effects of disorder87, or

ensemble-enhanced coupling of the cavity mode to a single molecule363,370, among others.

C.2.4 Charged dissociation

Figure C.5: Cavity‐modified unimolecular dissociation rate with survival probability as a function of time (top) and time
required for 95% of molecules with initial energy of 34 kcal/mol (bottom) for an initially empty cavity. In (a)‐(b), we vary
the cavity strength λc for ωc = 520 cm−1 and x‐polarized cavity mode, resulting in the dissociation rate slowing down
the most around λc = 0.04 a.u. before decreasing with further increasing λc. In (c)‐(d), the cavity frequency ωc is varied
for λc = 0.01 a.u. and x‐polarized cavity mode; the dissociation rate slows down between ωc ∼520 and∼590 cm−1,
the same frequencies of the peaks in |μx − μ0x | in Fig. 4.3(b).

Here, we study the effect of dissociation into charged, rather than neutral, species. Charged disso-
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ciation is modeled by replacingF (qi) = qie−(qi−q0i )2/(2σ2) → F (qi) = qi such that the dipole moment

increases monotonically with increasing inter-atomic distance after dissociation rather than asymp-

totically dropping to zero. In Fig. C.5, we show the analogue of Fig. 4.4 for charged dissociation of a

single molecule in a cavity, where we note similar results except for different relative peak heights for

the resonant effect.

C.2.5 Orthogonally polarized cavity

We also explore the effect of coupling the cavity to different molecular resonances. As we show in Fig.

C.6(a), the y-polarized dipolar moment spectrum for long-lived trajectories has peaks around 600 and

1000 cm−1, away from the resonances at 520 cm−1 we explore in the main text. Therefore, we can

expect the light-matter coupling interaction for a y-polarized cavity to also be relatively high at these

frequencies. We set a constant cavity strength λc = 0.05 a.u. along the y-direction and then vary

the cavity frequency ωc from 100 cm−1 to 1100 cm−1. Here, we observe a broader resonant effect

at a different frequency of∼900 cm−1, corresponding to the broader peak in the y-polarized dipolar

moment spectrum, as opposed to the sharper double peak∼520 cm−1 and 580 cm−1 in Fig. 4.4(c)-(d)

where the cavity field is oriented along the x-direction.

C.2.6 Resonance with varying λc

Here, we investigate the change in resonance frequencies for varying cavity strength λc.

C.2.7 Small ε

To that end, we calculate the decay time of the initial reactants by varying ε ∈ {1.0, 0.3, 0.1, 0.01}

withfixed cavity strength λc inFig. C.8. The survival probability thresholdsSth ∈ {0.05, 0.2, 0.6, 0.7}

differ for each ε because as ε decreases, the timescale of decay increases, resulting in increased compu-
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Figure C.6: Dissociation in a y‐polarized cavity. (a) y‐polarized dipole moment spectra μy(ω) of short‐ and long‐lived
trajectories of the molecule outside the cavity. (b) Survival curves and (c) unimolecular dissociation rate for the model
molecule in a y‐polarized cavity. We vary cavity frequency ωc for cavity strength λc = 0.05 a.u. and observe a broadly
resonant rate slow‐down around∼900 cm−1.
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Figure C.7: Resonance effect for varying λc. As λc increases, the higher‐frequency peak corresponding to resonant
tuning to a stretching mode, as shown in Fig. 4.3(b), broadens.
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Figure C.8: Weak mode‐mode coupling regime. Time tth required for survival probability threshold Sth(t) = 0.05, 0.2,
0.6, and 0.75 as a function of cavity frequency for vibrational mode‐mode momentum coupling ε = 1, 0.3, 0.1, and 0.01,
respectively. The blue line corresponds to the molecule inside the cavity with varying frequency ωc and cavity strength
λc = 0.01 a.u., and the red line corresponds to the molecule outside the cavity, or λc = 0. At larger ε = 1, 0.3, and 0.1,
the unimolecular dissociation rate only decreases inside a resonant cavity relative to outside the cavity, while at small
ε = 0.01, the unimolecular dissociation rate can also be increased.
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tational cost. Also, we note that lower ε roughly corresponds to e.g. higher mass of the center atom

relative to the other two atoms37. For ε = 1.0, 0.3, and 0.1, the time tth to reach Sth inside the cavity is

larger, or the reaction rate decreases, whereas for ε = 0.01, the time to S(t) = 0.75 can also decrease at

a particular resonance frequency. Hence, the reaction rate can be faster. This effective increase of the

reaction rate can be interpreted as follows: for large ε, the dynamics of energy distribution are dom-

inated by vibrational mode-mode momentum coupling, whereas for small ε ≪ 1, the dynamics are

dominated by coupling to the cavity, which then can assist in transferring energy between vibrational

modes.

The case of relatively small ε can be loosely analogized to the case of intermolecular vibrational

energy redistribution, since the energies of intermolecular interactions are one to three orders of mag-

nitude lower than intramolecular ones. Alternatively, the weak mode-mode momentum couplings

could represent coupling to low-frequency intramolecular vibrational modes known to serve as baths

for vibrational energy413. Regardless of the interpretation, the results in Fig. C.8 demonstrate that

the cavity mode can effectively augment the coupling between vibrational modes and accelerate the

reaction rate. These results may be relevant to the studies showing enhanced reaction rates when tun-

ing the cavity into resonancewith a vibrationalmode of solventmolecules226,446 that are vibrationally

weakly coupled to reactant molecules outside the cavity.

C.2.8 Molecule energies

In Fig. C.9, we show qualitatively similar changes in chemical reactivity between molecule energies

Emol ∈ {30, 34, 36} kcal/mol with varying cavity strength λc and cavity frequency ωc.
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Figure C.9: Cavity‐modified time to reach S ∈ {0.2, 0.05, 0.02} for Emol ∈ {30, 34, 36} kcal/mol for an initially
empty cavity. In (a), we vary the cavity strength λc for ωc = 520 cm−1 and x‐polarized cavity mode, and in (b), the
cavity frequency ωc is varied for λc = 0.01 a.u. and x‐polarized cavity mode. The trends remain consistent for varying
Emol.

C.2.9 Initial cavity state

To explore whether certain initial cavity states, which could potentially be preferentially generated by

non-equilibrium effects such as coherent pumping, can affect dissociation dynamics differently, we

explore the following different regimes in Fig. C.10: Qc > 0 and Pc = 0 (dark blue), Qc < 0 and

Pc = 0 (green), and uniformly sampledQc andPc (light blue). Different initial signs ofQc could result

in qualitatively different effects because the angle θ of the molecule orientation breaks a symmetry

of the system, such that for positive (negative) Qc, the light-matter interaction is negative (positive).

Then, for each of these states, in Fig. C.10(a) we calculate the reaction time tS=0.05 of molecules with

fixed initial energy 34 kcal/mol for varying initial cavity energy Ecav = P2c/2 + ωcQ2
c/2. We note that

while these initial conditions may not be straightforward to prepare experimentally, they illustrate

critical physics of the system.

For “uniform Qc” and Qc < 0, as Ecav increases, we find that the reaction rate increases and can

become even faster than the reaction outside the cavity (dotted yellow). Notably, the reaction rate of
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Figure C.10: Reaction rate dependence on cavity state. (a) Time tS=0.05 for 95% of molecules to dissociate for varying
cavity energy Ecav, where the cavity is initialized withQc > 0 and Pc = 0 (dark blue), uniformly sampledQc and Pc
(“uniformQc” in light blue), andQc < 0 and Pc = 0 (green). In (b), we plot the time‐dependent energy distribution for
the colored shapes in (a). The local maximum in tS=0.05 forQc > 0 is a result of competition between absorbing more
energy from the molecule and the cavity returning it quickly. Qc < 0 (pink) results in faster reactions thanQc > 0
(orange) at the same Ecav because in the former, energy is initially transferred from the cavity to the molecule. The
black, dotted line marks the minimum (maximum) energy of the molecule after the first oscillation of energy transfer to
(from) the cavity.
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the “uniformQc” case with Ecav ∼10 kcal/mol equals the reaction rate outside the cavity, where both

cases have approximately the same amount of energy per degree of freedom. In contrast, forQc > 0,

the reaction rate slows down further from Ecav = 0 to∼ 3 kcal/mol and decreases the rate outside the

cavity with further increasing Ecav until Ecav is as high as 25 kcal/mol.

To explain these results, in Fig. C.10(b), we plot the time-dependent energy distribution for the

conditions marked by the colored circles in (a). For Qc > 0, increasing Qc with cavity energies Ecav

from nearly 0 (red) to 5 (orange) to 25 (purple) kcal/mol results in two competing effects: the maxi-

mum amount of energy the cavity can absorb from the molecule increases while the rate at which the

cavity returns the energy to themolecule also increases. The competition between these two processes

results in the local maximum in tS=0.01 for Qc > 0. Qc < 0 (pink) results in faster reactions than

Qc > 0 (orange) at the same energy because in the former, energy is initially transferred from the cav-

ity to the molecule. The initial direction of energy transfer differs between positive and negative Qc

because the sign ofQc determines the overall sign of the light-matter interaction term ωcμλcQc, which

then affects the initial sign and magnitude of the time derivatives of the molecule-cavity coordinates.

Overall, these results suggest that cavities even “hotter” than the “hot”molecules can appreciably affect

dissociation dynamics if the state of the cavity can be controlled, potentially with coherent pumping.
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