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Direct experimental detection of anyonic exchange statistics in fractional quantum Hall systems by
braiding the excitations and measuring the wave-function phase is an enormous challenge. Here, we
use a small, noisy quantum computer to emulate direct braiding within the framework of a simplified
model applicable to a thin cylinder geometry and measure the topological phase. Our algorithm
first prepares the ground state with two quasiholes. It then applies a unitary operation controlled
by an ancilla, corresponding to a sequence of adiabatic evolutions that takes one quasihole around
the other. We finally extract the phase of the wave function from measuring the ancilla with a
compound error mitigation strategy. Our results open a new avenue for studying braiding statistics
in fractional Hall states.

I. INTRODUCTION

Fractional quantum Hall (FQH) states are correlated
states of matter in which topological order emerges from
strong electron-electron interactions. They have unique
properties, such as excitations with fractional charge and
fractional statistics [1]. Experimental confirmation of the
latter is especially challenging: only recently have signa-
tures of fractional statistics been observed through in-
terferometry and noise signals probed by transport mea-
surements in FQH systems with filling fraction ν = 1

3
[2, 3]. In addition, there have been theoretical proposals
for detecting signatures of anyonic braiding in the quench
dynamics [4]. Still, detecting the anyonic statistics of
FQH states by directly braiding one excitation around
the other through adiabatic Hamiltonian evolution re-
mains an open experimental challenge. Meanwhile, there
have been extensive advancements in theoretical mod-
els for the fractional Hall states, such as one-dimensional
(1D) model Hamiltonians [5–7] that are particularly suit-
able for implementation on small, noisy quantum devices
[8, 9], that capture two-dimensional (2D) physics. Such
devices have been used for studying topological braiding
in the toric and surface codes without emulating Hamilto-
nian evolution [10, 11]. Furthermore, the braiding of Ma-
jorana fermions on quantum computers has been studied
in Refs. [12, 13].

In this paper, we realize fractional statistics of FQH
states by emulating direct adiabatic braiding of FQH
quasiholes on IBM’s digital quantum computers with a
composite error mitigation strategy. Our results demon-
strate the potential of small, noisy quantum devices to
realize novel quantum phenomena that are challenging to
study in natural systems, especially the dynamical prop-
erties of correlated electron phases.

The remainder of the paper is organized as follows. In
Sec. II, we present a 1D model that captures the physics
of the 2D FQH system in cylindrical geometry for a range
of cylinder circumferences. We then discuss the quasi-
hole states within the framework of this model. Then,

in Sec. III, we discuss the parent Hamiltonian and the
adiabatic braiding process. In Sec. IV, we discuss the
quantum algorithm for the implementation of braiding
and measurement of the statistical Berry phase. The re-
sults of executing the algorithm on IBM quantum hard-
ware are presented in Sec. V. Finally, the conclusions
are presented in Sec. VI. The appendices include details
of the interpolation scheme for approximating the wave
function along two segments of the trajectory, as well as
examples of the circuits for preparation of the initial state
and implementation of the braiding unitaries.

II. 1D MODEL FOR QUASIHOLES

When a 2D electron gas is placed in a perpendicular
magnetic field, the dispersing electronic band structure
transforms into a set of degenerate levels separated by a
finite gap [14]. The FQH states result from the interac-
tion between electrons partially filling one Landau level
[15, 16]. The effective Hamiltonian for FQH states corre-
sponds to the projection of the electron-electron interac-
tion into the degenerate orbitals of a partially filled Lan-
dau level. In this paper, we focus on fractional quantum
Hall states in the cylinder geometry [17]. We set the mag-
netic length to 1 and use the Landau gauge with the vec-
tor potential in the x direction. The Landau orbital wave

functions are then given by φn = 1√
π1/2Lx

e−inκx−
(y−nκ)2

2 ,

where κ = 2π/Lx. The many-body state in the lowest
Landau level is labeled by the occupation number of the
degenerate Landau orbitals. The effective Hamiltonian
with interactions projected onto the lowest Landau level
is then given by

Ĥ =

Nφ−1∑
j=0

∑
k>|m|

Vk,mc
†
j+mc

†
j+kcj+m+kcj , (1)
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where the coefficients Vk,m supporting a Laughlin-type
state are

Vk,m ∝ (k2 −m2) exp

(
−κ2 (k2 +m2)

2

)
, (2)

with Nφ representing the number of flux quanta, or the
degeneracy of the Landau level [7]. Each of the Nφ Lan-
dau orbitals corresponds to a site in 1D model. Although
interactions lead to coupling between electrons in all or-
bitals, in the case of thinner cylinders or large κ, longer-
range interactions are suppressed. The interaction in-
volves two-particle hopping by m lattice sites in opposite
directions, preserving the center of mass. As a result, the

momentum operator K̂ =
∑
j jc
†
jcj is conserved. Thus,

the many-body eigenstates of the Hamiltonian in Eq. 1
can be labeled by its eigenvalue K.

In the 1D limit where Lx → 0, the ground state
of Hamiltonian (1) is the charged-density-wave (CDW)
state |100100...100〉. For fractional-1/3 systems, there are
three CDW states |100100...〉, |010010...〉 and |001001...〉,
which correspond to three topological sectors labeled by
c = 0, 1, 2, respectively. A unitary operator Ŝ(Lx, L

′
x)

transforms the ground state with circumference L′x into
the ground state with circumference Lx [17]. The
Laughlin-type state in one topological sector is then given
by

|Ψ1/3(Lx)〉 = Ŝ(Lx, 0)|100100..〉, (3)

with the CDW state serving as a root [7]. The approx-

imate form of Ŝ(Lx, 0) is given in Ref. [7] for Lx ≤ 7`B
and was subsequently implemented on a quantum com-
puter [8] to generate the state in Eq. (3) up to 7`B . Us-
ing this truncated model, the FQH geometric excitations
were simulated on IBM quantum devices [9].

For quasihole states, we note that inserting a 0 in
the CDW |100100100...〉 → |1001000100〉 corresponds
to adding a flux quantum to the system while keep-
ing the number of electrons N fixed. The state
Ŝ(Lx, 0)|1001000100...〉 is then a quasihole eigenstate of
Hamiltonian in Eq. (1) [18]. Introducing the reduced
register notation of Ref. [8],

| 100︸︷︷︸
q=0

100︸︷︷︸
q=1

100︸︷︷︸
q=2

... 100︸︷︷︸
q=N−1

〉,

where each block of three consecutive sites is represented
by a reduced register q, we label the CDW patterns where
the empty site 0 is inserted between the qth and (q+1)th
reduced register as |c, q〉, e.g., |0, 1〉 = |1001000...100〉.
Then Ŝ(Lx, 0)|c, q〉 is the quasihole state with the ad-
ditional flux quantum inserted at position κbc,q in the
Lx = 0 root pattern, where bc,q = 3q + 2 + c for the
ν = 1/3 system [17]. To generate the braiding statistics,
we must move a quasihole in the 2D plane. Thus, we
create a state where a quasihole is localized at a point

h = (hx, hy) in two dimensions as in Ref. [17]:

|ψc(h)〉 = N
∑
q

φc,q(h)Ŝ(Lx, 0)|c, q〉,

φc,q(h) = exp

(
− iq(hxκ+ π)− 1

6
(hy − κbc,q)2

)
,

(4)

where N is the normalization constant.

FIG. 1. Schematic diagram of braiding process on a cylinder.
The quasihole at h1 completes a cyclic trajectory around h2

by moving through two horizontal contours C1 and C2 along
the circumference of the cylinder and two vertical contours
C3 and C4 along the axis of the cylinder. Contours C3 and C4

run in opposite directions and do not contribute to the total
Berry phase.

FIG. 2. The Berry phase as a function of Φ̃ = Φ mod (6π),
where Φ is the flux through the braiding trajectory for various
parameter sets. The numerically obtained Berry phase for all
paths parametrized by circumference Lx, quasihole position
h2, and yt, the y coordinate of C1 trajectory (see Fig. 1) agrees
with the analytical result of Eq. (7).
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Similarly, a two-quasihole state can be written as [17]

|ψc(h1, h2)〉 =
∑
q1<q2

φc,q1,q2(h1, h2)Ŝ(Lx, 0)|c, q1, q2〉,

(5)
where |c, q1, q2〉 has two additional zeros inserted at re-
duced registers q1 and q2. As an example, |0, 2, 4〉 =
|100100100, 0, 100100, 0, 100...〉. When κ(q2 − q1) � 1,
the wave function amplitude factorizes as [17]

φc,q1,q2(h1, h2) ≈ N2φc,q1(h−)φc+1,q2(h+), (6)

where (h−, h+) = (h1, h2) for h1y < h2y and (h−, h+) =
(h2, h1) otherwise. In the above expression, N2 is the
normalization constant. The important shift c → c + 1
in the topological sector of the second quasihole is due to
the presence of the first quasihole.

III. ADIABATIC BRAIDING AND PARENT
HAMILTONIAN

We are interested in the braiding statistics when one
quasihole fully encircles the other, as shown in Fig 1.
When one quasihole is adiabatically moved around the
other, there are two contributions to Berry phase γ: one
arises from the Aharonov-Bohm effect and is proportional
to the magnetic flux Φ enclosed by the encircling path,
and the other is from the anyonic exchange phase 2π/3
of two quasiholes [17]:

γ = −i
∮
d~l.〈ψc(h1, h2)|∇h1

|ψc(h1, h2)〉 = −Φ

3
+

2π

3
.

(7)
We consider the braiding trajectory shown in Fig. 1.
Two comments are in order regarding this setup. First,
the flux through the trajectory is given by Φ = Lx(yt −
yb). Therefore a shift of 3κ to yt− yb changes the flux by
6π, giving rise to an equivalent Berry phase. All fluxes
are then equivalent up to shifts of 6π, and we can only
focus on flux modulo 6π, represented by Φ̃. Second, the
factorization of the wave function in Eq. (5) is not valid
unless |h1y−h2y| � 1. Notably, the wave function of Eq.
(5) is not continuous when the y components of the two
quasiholes cross along the C3 and C4 paths. As discussed
in Appendix A, we approximate the wave function by a
continuous function by promoting the topological sectors
to continuous variables and interpolating the phase. The
contributions of paths C3 and C4 to the Berry phase can-
cel each other, so this approximation has no effect on the
measured exchange statistics. Thus, the only paths that
contribute to the Berry phase are C1 and C2.

To obtain the correct exchange statistics, we need suf-
ficient separation between the two quasiholes. We also
need to capture the liquid nature of the phase to have a
nearly uniform charge density. Thus, both the length Ly
and the circumference Lx of the cylinder must be large
enough. It has been found that Lx > 9`B is sufficient to
realize the liquid limit [19]. We have found that the two

conditions needed to obtain the correct Berry phase can

be satisfied for N ∼ LxLy
6π > 24. In this paper, we use

values of N between 24 and 30.
To emulate the braiding of the quasiholes on a small,

noisy quantum device, we must change the position of
the quasihole must adiabatically. The adiabatic theorem,
however, is formulated for the slow parametric change of
a Hamiltonian, which then results in the transformation
of the wave function. Thus, we need to construct parent
Hamiltonians that support the quasihole states as their
eigenstates. Physically, to braid the quasiholes in a 2D
electron gas, one would apply a confining potential that
localizes the quasiholes and breaks the degeneracy be-
tween different quasihole positions. This operation adds
a potential term to the Hamiltonian, parameterizing the
position of the quasihole [18].

We take an alternative approach suitable for quantum
computers to extract the Berry phase by efficient use of
quantum resources. We can directly construct a parent
Hamiltonian

Hpr(h1, h2) = 11− |ψ(h1, h2)〉〈ψ(h1, h2)|, (8)

which supports our quasihole wave function as a zero-
energy eigenstate. All of the time dependence is then
encoded in the parameter h1, the position of the mov-
ing quasihole. All other eigenvalues of Hpr are degen-
erate and separated from the zero-energy ground state
by a gap equal to one. We can see this by noting that
we can write the identity in Eq. (8) as its resolution
in terms of all eigenstates of Hpr as 11 =

∑
n |n〉〈n|,

where n = 0 corresponds to |0〉 = |ψ(h1, h2)〉 such
Hpr(h1, h2) =

∑
n 6=0 |n〉〈n|. This relation implies that

all other energies are equal to one. The Hamiltonian is
not local in terms of the original Landau orbitals. Never-
theless, it has the same quasihole state as an eigenstate
of a physically motivated local Hamiltonian, and since
the evolution is adiabatic, all other eigenstates, which
distinguish this Hamiltonian from a local one, do not
participate in the evolution. Once we make the quasi-
hole wave functions continuous, the parent Hamiltonian
by construction inherits the continuous dependence on
h1, lending itself well to an adiabatic process with time-
dependent h1. Furthermore, the gap between the quasi-
hole state and all other eigenstates is constant regardless
of the position of the quasihole.

To generate adiabatic braiding, we slowly move the
quasihole coordinate h1 on the contours by integrating
the Schrödinger equation

i~
∂|ψ(h1, h2)〉

∂t
= Ĥpr(h1(t), h2(t))|ψ(h1, h2)〉. (9)

Each of the four legs of the trajectory is traversed over
a time T , with the entire process completed in time 4T .
We have found that for Lx ∼ 10−20`B , timescales of T =
500−1000 are sufficient for maintaining adiabaticity with
> 0.999 overlap between the final and the initial states.
As discussed in Appendix. A, for contours C3 and C4, we
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take a time T/2 to bring the y component of h1(t) to y2,
the y component of h2 for the stationary quasihole. This
choice allows us to make the wave function continuous.
The time dependence of h1 is summarized below:

Contour Time h1(t)

C1 0 < t < T [Lx(1− t/T ), yt]

C3 T < t < 3T/2 [0, yt − 2(yt − y2)(t− T )/T ]

C3 3T/2 < t < 2T [0, y2 − (y2 − yb)(2t− 3T )/T ]

C2 2T < t < 3T [Lx(t− 2T )/T, yb]

C4 3T < t < 7T/2 [Lx, yb + 2(y2 − yb)(t− 3T )/T ]

C4 7T/2 < t < 4T [Lx, y2 + (yt − y2)(2t− 7T )/T ]

During the entire process, the position of the second
quasihole is time-independent: h2(t) = [Lx/2, y2].

The results of these numerical simulations are shown
in Fig. 2. The Berry phase is shown as a function of
the flux Φ (modulo 6π) for various sets of parameters.
It exhibits excellent agreement with Eq. (7). As men-
tioned earlier, for paths C3 and C4, a continuous inter-
polation of the topological sector is used as discussed in
Appendix A. The results are obtained by directly solv-
ing the Schrödinger equation as an ordinary differential
equation.

IV. QUANTUM ALGORITHM AND BERRY
PHASE MEASUREMENTS

A. Efficient basis of physical qubits

To extract the Berry phase from adiabatic braiding on
small, noisy quantum devices, we seek basis states that
efficiently encode the states participating in the dynamics
and maximally utilize the quantum resources. In the
Laughlin case, the basis states are labeled by q1 and q2
in Eq. (5). The unitary Ŝ is independent of h1 and h2
[17] and therefore the states Ŝ(Lx, 0)|c, q1, q2〉 form an
orthonormal basis:

〈c, q1, q2|Ŝ†(Lx, 0)Ŝ(Lx, 0)|c′, q′1, q′2〉 = δc,c′δq1,q′1δq2,q′2 .

The number of relevant basis states Ŝ(Lx, 0)|c, q1, q2〉
is quadratic in the number of orbitals. An efficient quan-
tum algorithm should utilize all 2M states of M physical
qubits. Thus, we map these states to the bitstrings of the
physical qubits and make the gate decomposition local in
terms of the physical qubits. This is done by choosing an
ordering of the Ŝ(Lx, 0)|c, q1, q2〉 states for a fixed c and
assigning a bitstring to each state such that the bitstring
is the binary representation of the position of the state
in the ordered list. We can further improve the basis’s
efficiency by truncating the Gaussian amplitudes’ tails
and keeping a subset of all allowed q1 and q2.

Further simplification is possible by noting that for
c = 0, placing C1 at a multiple of 3κ will contribute to the

Berry phase by a multiple of 2π, which can be seen from
the expression for the Berry phase. The contribution of
C1 to the Berry phase is given by

γ1 = −i
∮
C1
d~l.〈ψc(h1, h2)|∇h1

|ψc(h1, h2)〉

= −2πN 2
2

∑
q1<q2

q1e
1
3 (h2y−κbc,q2 )

2

e
1
3 (h1y−κbc+1,q1

)2 .

(10)

The above expression is equal to −2π〈q1〉. Note that the
integrand becomes independent of h1x, and the effect of
the integration is a factor of Lx. Although the summa-
tion is constrained to q1 < q2, due to the Gaussian decay
of the probability amplitudes, most of the contribution
comes from q1 and q2 near the peak of the two Gaussians.
Thus relaxing the constraint leads to minimal error. In
the absence of the constraint, the sum factorizes, and
the average of q1 corresponds to the peak of one Gaus-

sian as 〈q1〉 =
h1y

3κ − 1, which is an integer when
h1y

3κ is
an integer, leading to a trivial contribution to the Berry
phase. Thus, our simulations can be carried out for C2
only, given that C3 and C4 cancel out. To control the en-
closed flux, we change the position yb of C2, while keeping
yt fixed to an integer multiple of 3κ.

Since we only implement the braiding around C2, with
a stationary h2, we can pin q2 to a single site q∗2 cor-
responding to the peak of the Gaussian without losing
any significant topological feature. Assuming the suit-
able truncated range of q1 starts at qmin

1 , the explicit
identification of the basis states is given below

Ŝ(Lx, 0)|0, qmin
1 , q∗2〉 = |0...00〉,

Ŝ(Lx, 0)|0, qmin
1 + 1, q∗2〉 = |0...01〉,

Ŝ(Lx, 0)|0, qmin
1 + 2, q∗2〉 = |0...10〉.

...

Ŝ(Lx, 0)|0, qmin
1 + 2M − 1, q∗2〉 = |1...11〉.

(11)

Our truncation criterion for C2 is that |0, q1, q2〉 if
|φ0(h1, q1)||φ1(h2, q2)| > 10−6. The widths of the Gaus-
sian amplitudes are controlled by κ and hence Lx. There-
fore, the larger Lx, the more physical qubits are required
for emulating the process.

B. Ground state preparation

Since we have compressed the number of physical
qubits exponentially, we use generic (exponentially ex-
pensive) state preparation schemes to prepare the ini-
tial state that remains polynomial in the number of elec-
trons. A general state for M qubits can be written as

|Ψ〉 =
∑2M−1
i=0 ai|i〉, where N = 2M is the total num-

ber of basis states. At the start of C2, the amplitudes
of the states are related to the wave function as a0 =
Nφ0,qmin

1
(h1)φ1,q∗2 (h2), a1 = Nφ0,qmin

1 +1(h1)φ1,q∗2 (h2).
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The general algorithm of Ref. [20] then requires O(NM2)
one- and two-qubit quantum gates and utilizes the follow-
ing single-qubit unitary:

U0(α) =

[
cos(α) sin(α)

sin(α) − cos(α)

]
. (12)

This unitary can be written as a special case of the uni-
tary

U3(θ, φ, λ) =

[
cos( θ2 ) −eiλ sin( θ2 )

eiφ sin( θ2 ) ei(φ+λ) cos( θ2 )

]
(13)

for θ = 2α, φ = 0 and λ = π. In the first step, we
apply the unitary in the Eq, (12) for an angle α1 =

tan−1
(√∑

i2,,..in
|a0i2i3..in |2/

∑
i2,..in

|a1i2i3..in |2
)

to

create the superposition
√∑

i2,i3..in
|a0i2i3..in |2|00..0〉 +√∑

i2,i3,..in
|a1i2i3..in |2|10..0〉. In the next step,

we create the appropriate superposition of
|00..00〉, |01..00〉, |10..00〉 and |11..00〉 by ap-
plying two controlled rotations by angle α20 =

tan−1
(√∑

i3,..in
|a01i3i4..in |2/

∑
i3,..in

|a00i3i4..in |2
)

and

α21 = tan−1
(√∑

i3,..in
|a11i3i4..in |2/

∑
i3,..in

|a10i3i4..in |2
)

to the second qubit, controlled by the first qubit; the
α20 and α21 rotations are applied when the first qubit is
in state 0 and 1 state respectively. In the next step, four
doubly controlled rotations are performed on the third
qubit in the same manner. This sequence continues
until the last step, where we perform 2M−1 controlled
rotations controlled by all M − 1 first qubits. In the last
step, the rotations can involve the complex amplitudes
of the basis states:

Uαni1i2..in−1
=

 A0√
|A0|2+|A1|2

A1√
|A0|2+|A1|2

A∗1√
|A0|2+|A1|2

− A0√
|A0|2+|A1|2

 , (14)

where A0 = ai1i2..in−10 and A1 = ai1i2..in−11 and
ai1i2..in−11. An example of the circuit decomposition for
one segment of the trajectory is presented in Appendix B.

C. Braiding unitary circuit

As discussed above, the unitary operators that emu-
late the braiding process are obtained from constructing
a parent Hamiltonian labeled by the quasihole position,
changing the position by several increments along a cyclic
trajectory, and determining the individual unitaries in
the sequence. Then, the unitaries corresponding to differ-
ent segments of the quasihole trajectory are decomposed
in terms of local quantum circuits.

Gate decomposition in terms of physical qubits will
be obtained by using the approaches [21, 22]. Once we

FIG. 3. Using an ancilla controlling the braiding unitary to
extract the Berry phase φ from measuring the probabilities of
0 and 1 for the ancilla qubit.

create these unitary circuits, we can directly apply the
sequence of all these circuits to an initial two-quasihole
eigenstate prepared by the circuit discussed above. Each
unitary moves the quasihole by a certain distance emu-
lating its physical motion. The product of all these uni-
taries, which we refer to as Ubraid, brings the state back
to the initial eigenstate up to the overall Berry phase.
An example of the circuit decomposition for one segment
of the trajectory is shown in Appendix C.

D. Measurement of the Berry phase

We need to extract the Berry phase by measurements
at the end of the process. As we can only read out proba-
bilities, which are independent of the overall phase of the
wave function, measurements on the qubits representing
the quantum Hall state are insufficient. However, using
an ancilla qubit allows the extraction of the exchange
statistics. We implement a more complex circuit shown
in Fig. 3, where the ancilla controls the entire Ubraid ob-
tained by applying a sequence of unitaries for different
segments of the trajectory on the initial quasihole state.
The construction of this controlled unitary is straightfor-
ward once Ubraid is decomposed into one and two-qubit
gates, as each gate in the circuit for Ubraid is promoted
to a control gate, controlled by the ancilla. After this
promotion, the circuit for each segment is then optimized
using the Berkeley Quantum Synthesis Toolkit (BQSKit)
[23]. An example of the ancilla-appended optimized cir-
cuit is presented in Appendix C.

A comment is in order regarding this approach. Be-
cause the net effect of the whole product of the unitaries
on the initial state will be a phase factor, it is crucial to
apply Ubraid as a sequence of adiabatic transformations
without any circuit-level simplification that goes across
the individual unitaries for different trajectory segments.
While we individually optimize the unitary (controlled by
the ancilla) for each segment, we perform no optimiza-
tion on the product of these unitaries. By keeping the
individual segment unitaries intact in the sequence, we
transform the state through the intermediate positions
of the quasihole, producing a genuine adiabatic braiding
process in the quantum hardware.
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V. QUANTUM HARDWARE RESULTS

2 3 4 5 6

101

102

103

104

3 4 5

20

40
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FIG. 4. Circuit depth and the number of CNOTs as a function
of the number of physical qubits M . The inset shows the
circumference Lx that can be simulated for a given M .

A. Results on exchange statistics

To generate quantum circuits for each adiabatic path,
we input segment unitaries with dimensions 2M × 2M

obtained from numerics on C2 into the routines provided
by Qiskit [21, 22]. The circuit depth of a single segment
is independent of the number of total segments in an
adiabatic trajectory. The depth of each segment for a
10-segment path is shown in Fig. 4 as a function of M .
After the unitary circuit of each segment is obtained, we
append the ancilla qubit to each segment’s circuit, by
promoting every gate in the circuit to a control gate. We
then optimize the resulting circuit for each segment and
run them on IBM devices. The ancilla-appended circuits
are then optimized with BQSKit to reduce the gate count
and appended to the ground-state preparation circuit to
complete the path of C2.

Here we use two qubits for the unitary dynamics and
one ancilla qubit for the measurements. We move quasi-
hole h1 along the path C2 in 3 or 4 steps, each correspond-
ing to the quasihole movement by length Lx/3 or Lx/4.
Our state are labelled as |0, 2, p〉 → |00〉, |0, 3, p〉 → |01〉,
|0, 4, p〉 → |10〉 and |0, 5, p〉 → |11〉. To obtain the Berry
phase as a function of the flux, we move C2 by changing
yb = 14.25κ to 17κ in small steps. For each value of yb, we
implement the initial state circuit on IBM devices using
the method described in the Sec. IV B. We then apply the
braiding unitary that is controlled with the ancilla qubit.
Once the h1 makes a complete circle around C2, we mea-
sure the ancilla in the computational basis and record
the probability of the ancilla qubit being in the state |0〉.
This probability is expected to be equal to [1+cos(γ)]/2.
This probability is shown in Fig. 5(a)-(b) for three- and

four-segment trajectories, respectively, with and without
error mitigation techniques. From the ancilla probabil-
ities, we extract the Berry phase and compute its slope
and the intercept as a function of the flux. We find the
slope and the intercept from the error-mitigated results,
-0.32 and 2.09 (-0.31 and 1.90), for three (four) segments
to be in agreement with the analytically expected results
of 1/3 and 2π/3 ≈ 2.09. The Berry phase is shown in
Fig. 5(c)-(d) for the three- and four-segment trajecto-
ries, respectively.

B. Error mitigation

We mitigate errors on IBM’s superconducting proces-
sors with a composite strategy comprised of error sup-
pression and error mitigation methods adapted from,
e.g., Ref. [24]. To suppress coherent errors, we twirl
[25] each circuit 20 times, such that the total number
of twirled circuit times shots per circuit is conserved at
8,000, and insert evenly spaced XY4 dynamical decou-
pling pulses [26] in idle periods to reduce coherent error.

Resulting noisy bitstrings from each shot are miti-
gated by first correcting readout error with the so-called
‘M3’ method [27], where the number of calibration cir-
cuits scales favorably linearly with the number of qubits.
Then, the bitstrings probabilities are post-selected given
physical constraints. In particular, it is known a priori
that braiding simply applies a global phase to the original
state. Therefore, the noisy bitstring probabilities of the
system qubits marginalized over the ancilla qubit should
be the same for both the initial and braided states, so
we filter the latter’s bitstring probabilities to match the
former’s. Notably, this procedure does not leverage clas-
sical simulations of the braided system, as the bitstring
probabilities for both the initial and braided states are
measured on the quantum simulator. Finally, we apply
zero-noise extrapolation [28, 29], where we linearly ex-
trapolate the ancilla probability to the zero-noise value
using the expectations with 8,000 shots at noise factors
of 1 (corresponding to the original circuit) and 3 (where
each gate in the transpiled circuit is locally folded once
using the Qiskit Prototype [30]). The total shots over-
head for the entire composite error mitigation strategy is
thus only two times the original number of shots.

VI. CONCLUSIONS

In this paper, we use a quasi-1D model of ν = 1/3 FQH
state as a framework to develop an efficient quantum al-
gorithm for braiding quasiholes on a quantum computer.
We execute this algorithm on a small, noisy IBM quan-
tum computer and directly measure the fractional statis-
tical angle after Hamiltonian evolution corresponding to
adiabatic braiding. To do so, we directly construct a par-
ent Hamiltonian from the two-quasihole wave function,
map orthonormal states that are superpositions of the oc-
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FIG. 5. Braiding FQH quasiholes on quantum hardware. (a)-(b) The probability Pa(0) of measuring the ancilla in the 0 state

after braiding. (c)-(d) The resulting flux-dependent Berry phase, as a function of Φ̃ = Φ mod 6π. The results were obtained
with two physical qubits plus one ancilla. We compare results from analytical calculations (‘analytical’), IBM’s noiseless Aer
simulator, and quantum hardware without and with error mitigation. (a) and (c) panels are the results for the braiding path
with 3 segments, while (b) and (d) are for 4 segments. This data was collected between December 6, 2022 and January 25,
2023 on ibmq mumbai. The median CNOT and readout errors were 0.9% and 2%, respectively, that varied between the qubits.
There were small variations of median CNOT and readout errors between these dates. In the case of 3 (4) segments, the slopes
are -0.32 (-0.31) and the intercept are 2.09 (1.90).

cupation basis states of the Landau orbitals to bitstrings
of physical qubits, and break the process into several seg-
ments. Analogous to phase estimation, we then control
the entire adiabatic braiding circuit with an ancilla qubit,
which allows us to extract the Berry phase from proba-
bility measurements on the ancilla. Finally, we apply a
suite of quantum error mitigation techniques to improve
the hardware results significantly. To simplify the pro-
cess, we also chose a particular braiding path, where two
legs cancel by construction.

Moving forward, we expect the development of more
powerful quantum devices would make it possible to
access more general trajectories and use the physical
qubits in one-to-one correspondence with the local or-

bitals. Paired with further advances in the error mit-
igation techniques leveraged in the present work, such
devices could then be used to study different problems
in the dynamics of correlated electron systems, such as
the topological and geometric excitations of more exotic
quantum phases like non-Abelian fractional Hall states
[31] through suitable adiabatic and quench processes, as
well as emergent phenomena in topological Floquet sys-
tems.
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Appendix A: Interpolation of the topological sector
for C3,4 contours

Contributions to the Berry phase in the present work
come from contours C1 and C2, where one quasihole is sig-
nificantly away from the other quasihole and κ(q1−q2)�
1. For contours C3 and C4, the y coordinate of one quasi-
hole crosses that of the nonmoving hole. In general,
κ(q1 − q2) � 1 does not hold as q1 ∼ q2 configurations
are not suppressed during the crossing. Although the
contribution from C3 and C4 cancel out for our particular
geometry, to investigate the full cyclic process, we need
a continuous Hamiltonian. Thus we utilize a scheme to
circumvent the abrupt change of the topological sector
and phase of the wave function. We give the expression
of the wave-function amplitudes that only differ substan-
tially from Eq. (6) in the regime where the validity of
Eq. (6) breaks down but avoids any discontinuity arising
from topological sector change.

We focus on contour C3, which is traversed over time
T < t < 2T . A similar construction is used for contour
C4. Let t′ = t − T be the time parameter along C3. For
0 < t′ < T/2, the quasihole moves vertically from yt to
y2. Eq. (6) in this case is equal to φ0,q1,q2(h1, h2) ≈
N2φ0,q1(h2)φ1,q2(h1). Similarly for T/2 < t′ < T ,
Eq. (6) gives φ0,q1,q2(h1, h2) ≈ N2φ0,q1(h1)φ1,q2(h2),
where the quasihole moves from y2 to yb. We first
make the magnitude of the wave function continuous
by changing the topological sector continuously so that
|φ0,q1,q2(h1, h2)| is given by

|φ0,q1,q2(h1, h2)| t′

|N2φt′/T,q1 [h2(t)]φ1−t′/T,q2 [h1(t)]| 0 < t′ < T/2

|N2φ1−t′/T,q1 [h1(t)]φt′/T,q2 [h2(t)]| T/2 < t′ < T

We can further make the phase continuous. For simplic-
ity, we take h1x = 0 and h2x = Lx/2. Then the phase
of the wavefunction switches from e−iq1κLx/2 = eiπq1 to
e−iq2κLx/2 = eiπq2 at the crossing. We can use a phase
ei[π−α(t

′)]q1+iα(t
′)q2 , where α(t′) is respectively close to 0

FIG. 6. A three-qubit ground state circuit.

and π before and after crossing and continuously inter-
polates between these two values in close vicinity of the
crossing.

Appendix B: Ground state circuit

For a state with Lx = 10`B and h1 = (0, 14.5κ), with
amplitudes

a000 = 2.69× 10−5, a001 = −2.07× 10−3,

a010 = 4.86× 10−2, a011 = −3.50× 10−1,

a100 = 7.71× 10−1, a101 = −5.19× 10−1,

a110 = 1.07× 10−1, a111 = −6.75× 10−3,

we find α1 = 1.21 in U0(α1) and two controlled U0 ro-
tations by α2,0 = 1.565 and α2,1 = 0.115. For the last
stage, we apply four doubly controlled U3 gates with an-
gles ~α3,00 = (−2× 1.558, 0, 0), ~α3,01 = (−2× 1.433, 0, 0),
~α3,10 = (−2 × 0.593, 0, 0) and ~α3,11 = (−2 × 0.063, 0, 0),
where we denote the three arguments of the U3 unitary
by ~α = (θ, φ, λ). We are able to write the unitary of
Eq. (14) as a U3 operator because our state is real for
h1 = (0, h1y) at the beginning of the adiabatic process.

FIG. 7. A 3-qubit unitary segment.
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Appendix C: Circuit details

The unitaries for braiding a hole around C2 are ob-
tained by numerically solving the adiabatic Schrödinger
equation on a classical computer. We then choose our
qubit basis according to Eq. (11) and obtain the cor-
responding quantum circuits through Qiskit functions
[21, 22] that deterministically decompose unitaries into

one-qubit gates U3 and U1(λ) =

[
1 0

0 eiλ

]
and two-qubit

CNOT gates, as shown in Fig 7 for a 3-qubit system where
Lx = 9`B and C2 is placed at 12.5κ. The circuit corre-
sponds to a single segment.

We then append the ancilla qubit to this circuit, which
increases the depth of the circuit by changing the rotation
gate to an ancilla-controlled rotation and the CNOT gate
to a Toffoli gate. To reduce the gate count, we then re-
transpile the ancilla-appended circuits in BQSKIT. For
example, the unitary segment of Fig. 7 with an appended
ancilla and that has been re-transpiled is given in Fig. 8.
This process is repeated for each segment to obtain a
complete unitary, as shown in Fig. 3.

q0

q1

q2

q3

q0

q1

q2

q3

q0

q1

q2

q3

q0

q1

q2

q3

3 /2, 4.78, 5.41
U3

1.2, 4.4, 6.62
U3

1.52, 0.173, 2.86
U3

3.22, 1.58, 3.3
U3

3.14, 3.86, 1.27
U3

6.38, 3.74, 0.971
U3

1.54, 6.43, 4.1
U3

3.15, 0.819, 0.875
U3

1.45, 5.98, 3.08
U3

5.03, 6.17, 1.78
U3

7.98, 3.24, 5.02
U3

1.51, 1.23, 4.66
U3

1.57, 7.24, 1.47
U3

4.71, 3.03, 4.28
U3

1.63, 1.82, 5.33
U3

4.88, 4.53, 1.94
U3

3 /2, 4.76, 6.37
U3

0.445, 1.97, 4.72
U3

, 0.921, 3.74
U3

0.525, 4.26, 1.97
U3

6.39, 9.95, 5.92
U3

5.62e 07, 4.67, 7
U3

3.32, 4.32, 4.18
U3

2.29, 4.06, 0.463
U3

6.64, 5.74, 0.141
U3

6.28, 0.822, 2.32
U3

3 /2, 1.27, 10.5
U3

5.15, 0.0997, 4.47
U3

8.04, 3.53, 6.41
U3

1.28, 1.88, 1.71
U3

9.96, 3.21, 1.85
U3

7.84, 0.0817, 1.95
U3

0.0432, 3.22, 3.49
U3

1.27, 4.17, 3.32
U3

3.15, 4.1, 4.61
U3

3.87, 2.1, 0.392
U3

6.77, 1.45, 2.62
U3

3.12, 0.479, 8.97
U3

3.14, 5.08, 1.9
U3

3.08, 0.473, 0.501
U3

7.85, 1.06, 6.88
U3

4.03, 0.0664, 4.68
U3

5.65, 3.32, 1.2
U3

1.59, 2.84, 6.25
U3

0.0928, 6.15, 1.4
U3

0.0453, 1.68, 1.68
U3

, 0.861, 1.69
U3

0.0929, 4.09, 6.15
U3

3.1, 5.59, 2.44
U3

6.28, 2.1, 1.05
U3

0.631, 2.17, 6.92
U3

1.58, 3.22, 0.00358
U3

1.57, 3.13, 1.48
U3

0.0102, 5.64, 4.34
U3

1.24, 4.67, 1.14
U3

4.72, 5.31, 6.28
U3

7.54e 07, 4.98, 0.432
U3

1.53, 2.82, 1.58
U3

FIG. 8. A 3-qubit unitary segment when controlled by ancilla
qubit after circuit optimization.
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